CHAPTER 2

ESTIMATING MATRIX OF NORMAL MEAN

Assume that

X: mxp~N(B,I,®%),
S: pxpr~ Wy(E,n), (2.1)
X and § are independent,

B and ¥ are unknown.
Based on (X, S) we consider the problem of estimating B with respect to the loss function
L((B,%),B) = t+="YB - B)(B - B). (2.2)
The risk function corresponding to this loss function is
R((B, %), B) = E 5 3[L((B, ), B)]

Several authors have considered the minimaxity under this risk function. Baranchik[1]

obtained a class of minimax estimators when m > 3 and p = 1 and Straderman(50]
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extended Baranchik’s class of minimax estimators, while Lin and Tsai[35] treated the case
where m = 1 and p > 3, and obtained a class of minimax estimators similar to that of
Baranchik. They assume that variance or covariance matrix is unknown, but it is noted
that their method to prove minimaxity is a direct evaluation of the risk function. Our
interest is how these theoretical results concerning the parameter of univariate normal law
may be extended to the multivariate one.

The case ¥ = I, is considered by Stein[48] where our basic approach described in
Section 1.2 was introduced. Using the result of Stein, Zheng[54] extended the results of
Baranchik to the multivariate one. Later, the case where ¥ is unknown and p < m is
considered by Zidek[55] where the underlying method, a multivariate version of that of
James and Stein[24] , uses zonal polynomials expansions for the distributions of certain
noncentral statistics, while Efron and Morris[15) proposed minimax estimator, called Efron-
Morris type estimator, from an empirical Bayes argument. More recently, Bilodeau and
Kariya[3] treated the case where m > p and proposed several types of minimax estimators
by using the unbiased risk estimate.

The objective of this chapter is to demonstrate a systematic search for superior al-
ternatives to the commonly used estimator X by following the basic approach described
in Section 1.2. In Section 2.1, we provide the basic identities, called Normal-identity and
Wishart-identity, and record some calculus on eigenstructures to help in computation of the
unbiased risk estimate. In Section 2.2, a certain form of equivariant estimators under the
group of natural transformations is introduced so that the representation of the unbiased
risk estimate could be obtained in terms of the eigenvalues of the usual F-matrix X' XS5~ 1.
In Section 2.3, such calculation is undertaken. Following an approach by Haff[23] , an
alternative estimator as the solution of the Euler-Lagrange system of partial differential
equations is obtained. Furthermore, the new classes of minimax estimators are proposed.
In Section 2.5, other forms of estimators are considered for the case where m > p + 1,

which beat the commonly used estimator X.



2.1. PRELIMINARIES

In this section we shall state basic identities and some useful calculus lemmas on eigen-
structures. For this end, we introduce additional notation.

Let Vy be m x p differential operator whose (7, ) element is given by (8/0X|;) for
X = (Xi) and let D, be a p x p differential operator whose (,7) element is given by
(1/2)(1 + 6;;)(8/3S;;) for a Kronecker’s delta é;; and S = (Si;). We define VxT(X) =
(3°7_, 0t;/0Xix) as a formal product followed by differentiation at the component level
for a matrix T(X) = (%), where t;; is a differentiable function from R™*? to R, and
Vxt(X) = (0t(X)/0X;) for a scalar function #(X). The operation of D, on a matrix or a

scalar valued function is defined in the same way of that of V,.

LEMMA 2.1.1 (Normal-identity). Lety: px 1 ~ Ny (§,X) and f: RP — RP be
differentiabie with E|0f;/0y;| < o0 (1,5 =1,...,p), where y = (y;) and f = (f;). Then

E [f(y)(y - €)'] = E[0f(y)/9y]%,

where 0f(y)/0y = (0fi(y)/0y;).

This lemma is taken from Bilodeau and Kariya[5] and hence the proof is omitted.

Essentially the same lemma can be seen in Loh[36].

Let @ = Q(S) be a p X p matrix-valued function whose (z, j) elements ¢,; are differ-
entiable with E|¢;;| < oo and E |0¢;; /0S;;| < co. The following lemma and its proof can
be seen in Haff[17] and Loh[36].

LEMMA 2.1.2 (Wishart-identity). Let S be a p X p Wishart matriz with n degrees of

freedom and mean n¥. Then

E[trQS ) =2E[tr D,.Q]+(n—p- 1)E[tr S™'Q].

Combining these identities gives the next lemma, which is taken from Bilodeau and

Kariya[5).



LEMMA 2.1.3. Assumethat G(X,S) is an m X p matriz whose elements are absolutely

continuous functions of X and S such that
EG‘?J- < 0, E|0Gi;/0X4:| < 00, and E (8G;;/05::)? < oo
and that the conditions in Theorem 2.1 (Haff[18]) are satisfied. Then we get

R((B,%), X + G(X,S)) =pm + 2E [ tr V;G(X, S)] + 2E [ tr D,G'(X, 5)G(X, S))]
+(n-p-1E[trG'(X, S)G(X,S5)S™1).

Next we record two lemmas which state the action of the differential operator. See

Haff[18, 21] for the detail of the proofs.

LEMMA 2.1.4. For any symmetric matriz S = (Si:), the derivatives of S™! are given
by
35—1/35}:; = —S_l(ekeg + e} )5—1/(1 + 6x:1),

where e; denotes the kth unit column vector and 6;; is a Kronecker’s delia.

LEMMA 2.1.5. Let Q and T be matriz functions of S. Assuming all relevant products

and derivatives exist, we have

DSQT = (‘DS‘Q)T + (Q’Dls)’T'

REMARK 2.1.1. The familiar law for the transposing products is not available in

above lemma. The product Q'D. is computed, then the transpose is to be taken.

LEMMA 2.1.6. Assume that m > p and thai Q is a p X p matriz-valued function of
W = (W;;) = X'X and S. Furthermore, let D, = (d'}) where d'J = (1/2)(146;;)(0/0W;)

for a Kronecker’s delta 6;;. Assuming that the derivatives exist, we have

(1) trViXQ =mtrQ+ tr X'V Q',
(11) VxQ =2XD,Q,
(iii) tr X'V, SQ = 2tr SD,WQ' — (p+1) tr SQ.
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Proor. (i) Let @ = (¢i;). The left hand side can be expressed as

P m
9 . Oy
> Y pr e = > ¥ {&Mka*l“’“’“aXf,L

ki, ky=1ky=1 3 ki, kg—l k=1
3qzz !
38
=m E : 6k1k3qkak1 + § : E :Xh ks
ki,ky=1 k1, ky=1k;=1 ks

=mtrQ+ tr X'V, Q'

(11) Using the symmetry of W and the chain rule, the (7, ) element of VxQ can be expressed

as

P
aqku
Zax Ty = Z 2 Wi, 1, ax Weat,

k=1 ky=1k; Cks .
? (2.3)
B . 2 k3
k],k],k3:1 2 aIVklk! a‘X—!k]
From W = X'X,
0 m 8
—‘/V = — ‘X
a‘Yikl kok,y 12::1 6X|~k] kokg X’Nka
3 . i (2.4)
= Z {6'bk46k1k2‘xk§k3 + 6&46&11:3-}(&41:2}
ke=1

= Ok, 1, Xiky + Okyky Xit, -

Putting (2.4) into (2.3) and using symmetry of D,, give that

?

1496 '
Z +‘7k2k3 6?;1;” {61:11:2‘Xik3 + 5}‘1"3){”‘7}
i 2 kaks
1+ 0k,k, O
_9 Z E 1 k1 1 X
ki=1k;=1 2 aIVk
= 2(-YDWQ)fj'

(111) The left hand-side can be expressed as

2 9
Z Z}lkgklskgk,ax— qm,
ki, ky ke=1ky=1
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P m P
14+ bkks Oqayr, O
B Z Z Xhaks Sk, Z 2 OWi it 0Xi.2 Wisie
ki ky ke=1kys=1 kg k=1 Sh¢ 2R3
?

m
1+ Okgks Oryx . i
= Z Z th‘sk’h' 2 = aVV* . (61:31:5){}:11:6 +5ksks)tk1k5)
ki k3 ke ks, kg=1k;=1 ~ ke kg

P
1+ 65,1 3
=2 Z Skah”hks 228 Qkek
9 1
ks ks ke ks =1 2 Wiy,

=2tr S(WD,,)Q',

where the second equality follows from (2.4) and the last equality follows from symmetry

of W and D,,. Using Lemma 2.1.5 and noting that D, W = ((p + 1)/2)1,, we get

1
D, w@ =20 +wb, ).

Combining these two equalities gives the desired result.

Now we record the calculus lemmas on eigenstructures for the case when m > p. For
notation, let A = (a,;) be a p X p nonsingular matrix such that A'SA = I,, A/X'X4 =
diag (F), F = (fi,---, fz),and fi > f2 > --- > f, are the ordered eigenvalues of X' X S5~1.
Furthermore, recall that D; = (d ) with d” = (1/2)(1 + 6;)(9/8S;;) and S = (S;). The

following lemma and its proof are obtained from Loh[36] by minor modification.

LEMMA 2.1.7. Assume that m > p. With A = (a;;) and A~ = (a¥), we have

_ %
(1) d, fi = — aiaxifi,
g1 . 1 fu
5 8 R ¥ S T V'; i o
(ll) dS a _.2a ak!aa! + 2 ”Z#:'a (akla’;l +a;|akil) f'/ —f"
(i) dy fi =aiax,
Co 1 Y. 1
(iV) dé{,a'-’ == Ea'lj (aha;‘»/ +a;;ak{/)—.
2 i fi= fu

PROOF. On differentiating $ = A’ 'A~! and W = A’ ! diag(F)A"!, we have

dS =A'"N(dA™Y) + (d4' " Hy4!

and
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dW =A""" diag (F)(dA™Y) + (dA'™ ) diag (F)A™! + A~ ! diag (dF)A™ L.
Multiplying these equations by A' on the left and by A on the right leads to

AldSA =(dA 1 )A + A'(dA'™H) (2.5)

A'dW A = diag (F)(dA™Y)A + A'(dA'™ ") diag (F) + diag(dF). (2.6)

I For obtaining the derivatives with respect to S;;, we may assume that dW = 0. From

(2.5) and (2.6), we can see that
diag (dF) = (dA™ 1) A diag (F) — diag (F)(dA™')A — A'(dS)A diag(F). (2.7)
Then the (7,12) element of (2.7) becomes

dfi = = a;i(dS)jx axi fi.

klj

For : # j, the (¢,7) element of (2.7) provides

[(dA™H AL, f; — fil(dA™1)A]; — [A'(dS)A]i; f; = 0,

since [diag (dF));; = 0. This reduces to

((@4)4), = L), (2.9

Furthermore, from (2.5), we can get
1
[(dA™HA); = ;[A'((]S)A];;. (2.9)

Combining (2.8) and (2.9) leads to

P
(dA™1); =D [(dA™ ) AJiiva'
=1
:l[A,(dS)A]""aij + ) [4'(dS)Afiwa’ fu

=Z{%ak;(d5)k:a:.‘a" +3 ari(dS)paziat 7 Je f}'
kNS N

i
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Noting that
g

65}:’;”

1 1
(dS): (5(1 + b1 ) = 5(51:1:'5::' + 83106:x1 ),

we can conclude that

T |
d, a" :‘—)-a Jagian + = Z 'J(ak.a 0+ a ak,/)

24 f'

11 For obtaining the derivatives with respect ot W;;, we may assume that dS = 0. Similarly
we get

diag (dF) = (dA™ ')A diag (F) — diag (F)(dA™ ')A + A'(dW)A. (2.10)
Then (7, 1) element of (2.10) becomes
dfi =) aji(dW)jraxi. (2.11)
3,k
For 7 # j, the (7,7) element of (2.10) provides that
[(dA™DA]; f; = fil(dA™ D) Al + [A'(dW)A4); =0,

which reduces to

[(dA™H)A);; =

A'(dW)A];;.-

t

From (2.5) and dS = 0, we can see [(dA~ I)A];; = 0. Hence we can get

(dA™Y);; = l(dA™) Afwa’

E

= Z z';{ah(d"V)uazi'a"’j 2 _1 For }

tife k

Thus we can conclude

tol»—a

1
agayy + a:eaw) -
z;; ( ‘ fi— fu

which completes the proof.

The first part of the following lemma is also taken from Loh[36] by the minor modifi-

cation.
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LEMMA 2.1.8. Using the notation as in Lemma 2.1.7, assume that

@(F) = diag((pl(F),(pg(F),. "’¢?(F))

is differentiabie on {fi > fo > --- > f,}. Then we have

)
(i) tr DoA™ Tp(F)A™! :E{Pw frorr — Z fk fLP },
and
)
(i1) tr Dy, A" p(F)A™ :Z{‘pu +y 2= },
k=1 51 i 1.
where prr = dpx (F)[0fi, k =1,2,...,p.
PROOF. (i) The first part of this lemma is taken from Loh[36].
tr DA AT =) d;j a* ppat!
1,5,k
0
_,;{"”‘“k'd @+t ot +a"a"’2 as;fd fu }
:Z{?S‘gkak'd:akl E kit k; a‘Pk duf‘ }
i3,k

The last equality holds since the symmetry of D,. Now applying Lemma 2.1.7 gives that

DA A =3 [wah{a“a"ka"" + > a"(airaji + aj a;.v)f,fj fr }
1.0,k "9‘-‘1: f

Z kit k; ]
- a a;irag fo
- 1/ Uyl Jyt af'

:Zk:{mﬂ-zf“tpf fkaa(’;:}

1k

freps f."%"}
=D 9ok — from — D, T
k { 1>k fr = fu
The last equality holds since

i ‘Pk firor — fror + frox
Z ft Z f fk

o' £k £k ¢
kaOk fwk
=(p— g — Y, T+ AT Z
>k i d
k !
—(p—1)ps - Z fre f« i
>k
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(11) Similarly we have

DWA'—1<p(F)A_ Zd” at ppat’

1,9,k
6,5,k

Now using Lemma 2.1.7 leads to

- . . - 1
DWAI lgp(F)A_l :Z[(Pkak' Ea"(a,‘kaﬁ/ +ajk(l|‘,'l) + k'ak’aﬂ/a“/ 0991:]
ik (I£k fi — fir . A fi
- Pk
=E{Z P Fo +<Pu}
k=1 ‘o' £k k= Je
- Pk — Py
=Z{‘Pu + 7 f' }
k=1 >k P I

which completes the proof.

Next we state calculus lemmas on eigenstructures for the case m < p- For this end,

let F'=(F;;) = XS™'X' and D, = (d) with (&) = (1/2)(1 + 6;)(8/0F;).

LEMMA 2.1.9. Assumethat m < p. Let @ and T be matriz functions of F. Assuming

all relevant products and derivatives exist as needed, we have

(i) ViQ=25"'X'D,Q,

(ii) trV,QX =ptrQ+ tr XV.Q,
(iii) D,QT' = (D,Q)T' +{Q'D.}¥T
(iv) tr(Q'D,)T' = trQ'D,T.

PROOF. (i) The (¢, j) element of V. Q is equal to

Z Z aqsu ) 5333 _ i 1+65253 ) 6£]su~ .anzg, (:) 19)
OF.,., 6&,. oo 2 or,,,, 00X, 2.12

s1=1s3<sy

where @ = (¢;;). From F=XS8"'X' and chain rule,

OF,,s,

p
aXs,{ = Z {6’1’25‘54X535+ + 63133 S's*‘){$29§}’ (2-13)

s¢=1

15



where S~! = (S§Y). Putting (2.13) into (2.12) and using the symmetry of ¥, we get the

desired result.
(ii) From Lemma 2.1.5, we get
tr V, QX = tr(Q'Vy)X + tr(V.LQ)X.

Using that tr(AB)'C = tr ABC' for matrices 4, B, and C and noting that VX' = pI,,,
we can see that tr(Q'Vy)'X = p tr Q, which completes the proof.

(iii) See Haff[20].

(iv) The proof follows from the straightforward calculation.

Recall that F' = (f1,...,fa)and fi > fo > --. > fm are the ordered eigenvalues of
F,or equivalently XS~ X',
The following lemma is taken from Stein[48] and Haff[22].

LEMMA 2.1.10. Assume that m < p. Let R = (Ry,R2,...,Ry,), where Ry is the nor-
malized column eigenvector corresponding to fi, and let o(F) = diag (¢1(F),...,om(F))
where o (F)(k = 1,...,m) is a function from F to [0,4+00). Assuming that all relevant

derivatives ezist, we have

(i) D, fi = ReR;,

(i) D Ry = fiRe, £ =(1/2) > 1/(fi - fo),
and *

(iii) D,[Rp(F)R'] = Re\(F)R!,

where o(F) = diag (&(F),. .., ¢ (F)) and

AD(F) = %ZW(F)—%(F)_'_&PJ:(F), k=1.....m

25 fr — fi Ofi

Proor. Taking the differential of F' = Rdiag (F)R' we obtain

dF' = (dR)diag (F)R' + R diag (F)(dR)' + R diag (dF)R'.
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Multiplying on the left by R' and on the right by R, we have

R'(dF)R = (R'dR) diag (F) + diag (F)(R'dR)' + diag(dF).

But, taking the differential of R'R = I, we have

(dR)'R + R'(dR) = 0.
This means that R'dR is antisymmetric:

(R'dR)' + R'dR = 0.
Reverting to coordinates, we obtain from (2.14) and (2.15),

(R'dR)x = 0,
(R'dR); = ! [R'(dF)R]y: for k #1,
fi—h

dfy = [R'(dF)R]x.

From above equations we may find that

1

(dR)x: = (RR'dR)y; = ERH’ fi— fa

{131

[R'(dﬁ’)R]i’!,

which gives that
d;,j Ry = %,Z;&: %(Rﬁ'&z + R;i Ry:).
Also we can see that
df fr = Rii:Rjx.

Hence (i) is obtained from (2.17).

(ii) Using (2.16) we can seec that the mth entry of D, Ry is given by

Zdi:n“ R“k = %Z Z R""" (Rmi’Ritk + Rm"Rmk)

L £k fe = fu
|2 %)

= a5 Rmk’
2 '-,Z#__:kfk_fi’

17
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which completes the proof of (ii).
(iii) The (k,!) element of the matrix D, RpR' becomes

ka ka ka ka
> d. RagiRy =) osRud, Ra+ ) @sRad, Ry + ) RaRad, ¢
ﬁ,b d,b a,b a,b
Denote these successive terms by A, B, and C respectively. From (2.18) we can see that

—(U")Z%RbRuE

t/£b

fb ft .

From (2.16) we can see that

_ (1/))22}?;“,12,, i f:

b '#b

ZZRkt’Ri’fb f' -

o b
Exchanging b with ', we may get that

/‘))ERH,RI,Z f ‘P‘f:'

i/#b

Furthermore,

C= ZRabRbZa%

D

= Y RuyRyRimRum 7

a,b,m afm
_ Oy
= ; Ry Ry 3]

In summary, it is readily seen that 4 + B + C is equal to the (k,!) element of RADR’,

which completes the proof of (iii).

REMARK 2.1.2. If o(F) is smooth enough, D] [Rp(F)R'] can be obtained by recur-
sion of (iii) of Lemma 2.1.10. We shall use notation D} [Rp(F)R'] = RAL(F)R' where

o(F) = diag (K(F), ..., o8 (F)).
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2.2. DERIVING THE CLASS OF ESTIMATORS
First let us recall the results by Stein[48] concerning the problem of estimating matrix of
mean of normal populations with identity covariance matrix. Assume that
X;mxp ~ N(B, I, Q1) (m>p+1), (2.19)
and let the loss be tr (ﬁ -B )'(é — B). He introduced the estimators of the form
z - |
B(X)=X+ 5Vx h(Y), (2.20)

where ¥ = (y1,...,¥p), M(Y) is a scalar valued function from R? or R™ to [0,00) as
needed, y; > --- > y, are the ordered eigenvalues of X'X, and Velh(Y)= (Oh(Y)/0X;)
for X = (X;;). Then using the Normal identity and calculus on eigenstructure the unbiased
estimate of the risk of these estimators is obtained in terms of the eigenvalues of X' X and
the first and second derivatives of h(Y") with respect to Y. Next consider transformations
X — XC for a p X p nonsingular matrix C. Then it is readily seen from Lemma 1.1 in

Kariya and Sinha[25] that the model (2.19) is transformed into
X ~ N(BC,I.®(C'C))

and the estimator of the form (2.20) is changed into

2 ~ 1
BC =XC+35V3h(Y).C
- 1 ¥s !

where V- = (3/05{',5) for X = (_;:’,'j) =XC, Y =(i,... yUp), and gy > -+ > §p > 0 are
the ordered eigenvalues of X' X(C'C)~!. The last equality above holds since V; = V :C".
Now let us return to the original model (2.1). If ¥ = C’'C is unknown and the estimate

of £, that is S, is available, it is natural to consider the estimator of the form
- 1
B(X,S)=X+ 5Vx h(F)- S, (2.21)

where F' = (f1,..., fmin(m,p)) and f1 > -+ > frin(m,p) > 0 are the ordered eigenvalues of

X'X S~ It is readily checked that these are invariant under the group of transformations
(X,5)— (0XC,C'SC),
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where O is an m X m orthogonal matrix and C is a p X p nonsingular matrix.
The following representation of the second term on the right hand side of (2.21) gives

better understanding of our estimators. For m > p, (2.21) can be rewritten as

B(X,8) = X[I, + AH(F)A™ 1], (2.1

[S™]
S
[CV)
N’

where H(F') = diag(hi(F), h2(F),...,hp(F)), he(F) = Oh(F)/0fi, k = 1,2,...,p, A is
a p X p nonsingular matrix such that A'SA = Ip and diag(F) = A'X'X 4. This can be

seen from the following argument. First use (ii) of Lemma 2.1.6, then we have

%Vxh(F) = XD, h(F).

From ordinary chain rule and (iii) of Lemma 2.1.7, it is seen that the (z,j) element of

D,, h(F) can be rewritten as

hiydY fy

]~

dIh(F) =
k

Il
—

NE

hk Ak Qyk,

k

Il
—

from which it follows that D h(F) = AH(F)A'. Using the fact A’'SA = I,, we can
conclude that

LV, h(F)S = XAH(F)A~".
For m < p, we have, from (i) of Lemma 2.1.9 and noting that h(Y) is a scalar, that
1 ,a—
§Vxh(F) =D, h(F)XS5™ '
Using ordinary chain rule and (i) of Lemma 2.1.10, we can see that
D, h(F) = RH(F)R'.

From these, we can get that

1
5 Vxh(F)S = RH(F)R'X.
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Finally it follows that , for m < p, (2.21) can be expressed as
B(X,S) = [I, + RH(F)R'|X, (2.23)

where H(F) = diag(h(F),...,hm(F)) and diag(F) = R'XS"'X'R with an m x m
orthogonal matrix R.
It is worth noting that (2.21) becomes

X[ +a(X'X) 1S+ oL,/ tr (X' X)SY, form>p+1;

BlX.5) = { [Im +er(XSTIX) ! + oI/ tr (X' X)STHX for p>m+1,

if we put h(F) = ¢; log([ 1 fx)+c2log(3"; fi)- This shows that the estimators of the form
(2.21) include the Efron-Morris type estimators.

For the case when m > p+ 1, we can consider different forms of estimators fromn that
given by (2.21).

Recall that W = X'X and let W = OYO' in which 00" = 0'0 = I, and Y =
diag (y1,...,yp) with y; > -+ > y, so that y; is the k-th largest eigenvalues of W. We

introduce the forms of estimators

- ~ S ¥ # ! DI

B(X,S) =X [Ip +— S_lOT(Y)O] (2.24)
and

B(X,$) =X[I, + OT(Y)0'S], (2.25)

where T(Y') = diag (¢,(Y),...,t,(Y)) and tx(Y), k = 1,...,p, is an absolutely continuous
function of Y to [0,00). The first one is a multivariate version of Stein-type estimator con-
sidered by Bilodeau and Kariya[5] and the second one includes Efron-Morris type estimator

given by Bilodeau and Kariyal5].
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2.3. UNBIASED ESTIMATE OF RISK

In this section we shall compute the unbiased estimate of the risk of an almost arbitrary
equivariant estimator given by (2.21). First we start with a notation.

Let

P

T(n,m,pi) = 3 {2 = p+ D) + e + D3

k=1

frhy — filu
fi— F

2h2 2h2
+(n+p—3)fkhf—4fk2huhk Zf f },

where hy = Oh(F)/0f: and hyy = 8%h(F)/0fE, k=1,2,...,p

Now we have the following
THEOREM 2.3.1. Assume that h(F) satisfies the condstions
Ehl < oo, E|0ht/0X;| < oo, and E(0h[0Sij)? < oo,

as well as the regularity conditions of Theorem 2.1 in Haff [18]. Then the unbiased estimate
of the risk of the estimator of the form (2.21) s given by

(i) R((B,%), B) = pm + T(n,m,p; h) for m > p,
and
(i1) R((B.£),B) = pm + T(n + m — p, p,m; h) for p>m.

PrOOF. (i) From Lemma 2.1.3, the unbiased risk estimate for (2.21), equivalently

(2.22), can be written as

2tr Vi XAH(F)A ' 42 tr D A" diag (F)H?(F)A™ ' 4+(n—p-1) tr diag(F)H?(F)+pm.

2.26)

where D, = (d”) is a p x p differential operator whose element is given by (1/2)(1 +

8:;)0/0S;; for S = (S,;) and Kronecker’s delta §;;. We shall compute (2.26) term by term.

Using (i) of Lemma 2.1.6 and noting that V,X = ml,, it can be seen that the first term
of (2.26) yields

omtr H(F) +2tr X'Vx (AH(F)A™'Y. (2.27)
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Furthermore, from (ii) of Lemma 2.1.6, we get that

tr X'Vx (AH(F)A™'Y =2 tct WD, (AH(F)A™ 'Y
=2 tr D, WAH(F)A™! — (p+ 1) tr H(F), (2:28)
where D, = (dJ) and d2 = (1/2)(1 + &;;)8/0w,; for W = (w;;) and a Kronecker’s delta
6i5. The last equality of (2.28) holds since trD,Q1Q> = tr(Q2D,Q; + Q| D,, Q%) for
p X p matrices @; and Q2 and D, W = ((p + 1)/2)I,. Combining (2.27) with (2.28) and
noting that W = A'~1 diag (F)A~! lead to

2tr VY XAH(F)A ' =2(m —p— 1) tr H(F) + 4 tr D, A'" ' diag (F)H(F)A™!. (2.29)

Applying (ii) of Lemma 2.1.8 to the second term of (2.29) gives

P

hi — fih:
tr D,, A'™} diag (F)H(F)A™} = ) :{fk hek +he + ) f—*f"——J{—‘—} (2.30)
P — I
k=1 >k :

and similarly we can see that the second term of (2.26) provides

P

tr D, A ding (FYHH(F)A™ = 3o { -2 habs + (o~ DA = 3
>k

k=1

i = f:
(2.31)

fihg - fzzh?}

From (2.29) through (2.30) we complete the proof of (i).

(11) Using (i) of Lemma 2.1.10, we can see that the estimator given by (2.21) is changed into
[(Im + D h(F)]X where F=(F;)=XS5'X"and D, = (d: ). Similarly, it follows, from
Lemma 2.1.3, that the unbiased estimate of the risk for X 4+ D h(F)X can be expressed

as

2tr Vy D h(F)X +2 tr D, {X'(D, h(F))*X}

+(n—-p-1tr F’(D‘.’h(F))2+pm. (2.32)

We shall calculate (2.32) term by term. From (i) and (ii) of Lemma 2.1.9 and symmetry

of D_h(F), it follows that the first term in (2.32) becomes

2p tr D, h(F) + 2 tr XVy D h(F) = 2p tr D, h(F) + 4 tr FDZh(F). (2.33)
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Next, applying Lemma 2.1.5 to the second term in (2.32) provides that

2 tr D, {X'D, (F)}(D, h(F))X+2 tr [{X'D,h(F)} D.]' (D, h(F))X (238
2.34
=4 tr (D h(F))X Ds{X'D,h(F)}.

The last equality follows from (iv) of Lemma 2.1.9. Using ordinary chain rule and (iii) of

Lemma 2.1.9, we shall show that
, ~ ~ m+1 -
XD {X'D h(F)} = —FD, (FD h(F)) + ——FD, h(F). (2.35)

It can be seen that the (i, j) element of X D, {X'D h(F)} is

f]i 1
Z ZXm 2 (X d” B(F))

13,13 =113=1
P i J ot
w1us 133 g
Z Z ‘X'hXisiz (d- (F)) ﬂx'"& (2'36)
11,13=113,%;,94=1
d i wiue 133 i 1
- 194 3 112
= Y Y Xy Xou X Xaw, (4, 47 H(F))d; ~ S™%2,
13,02, %2,43=113,%1,44=1
where the last equality can be obtained by noting Fy,,, = PZ wy=1 a9 Xy
Using Lemma 2.1.4, (2.36) becomes —Fiy, By, d:;”H iu h(F), which follows that

XD, {X'D,h(F)} = —F(FD,) D, h(F)

= —FD, (FD,h(F)) + MFD p H(E)-

The last equality holds since (iii) of Lemma 2.1.9 and DFF = ((m 4+ 1)/2)I,n. Hence,

putting (2.35) into (2.34), it is seen that the second term in (2.32) can be rewritten as
—4 tr (D (F)) - FD,{FD h(F)} + 2(m + 1) tr F{D h(F)}*. (2.37)
Combining (2.33) and (2.37) with (2.32) leads to
pm 4+ tr [QpDi_ h(F) +4FD2h(F) + (n+2m — p+ 1)F{D, h(F)}
(2.38)

- 4(D1.,h(F))FD,,{I7’DFh(F)}] :
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Furthermore, using (iii) of Lemma 2.1.10 it follows that

tr D, h(F) = Z hi (F),
(2.39)
tr F{D, h(F Z fi b3 (F).

Noting that Df_h(F) = D,RH(F)R' where H(F)=diag(hi(F),...,hn(F)) and applying
(ii1) of Lemma 2.1.10 where ¢(F') = diag (F)H(F'), we can find that

tr FD?h(F) :i[fJE {hu(F) + %Z hk(l;k) - 'fz:(F) }]

k=1 T t#k

(2.40)

“ Sfihi (F) = fihi(F)
I R Y )

Similarly, we can get that

tr (D, h(F)) FD,{FD,h(F)}

1 fihi (F) = fil(F)
fkhk(F){hk(F)‘i-fkhkk(F)‘*'5; Sl fi — fi }] (2.41)

F) = fhi(F)
fk f{

s

e
Il
po

5

fERE(
fkhk(F)+fkhk(F)hu(F)+ Z

T >k

i

n
Il
—

Finally, putting (2.39), (2.40) and (2.41) into (2.38), we obtain the desired result.

REMARK 2.3.1. We use the same notation as in (2.19) and (2.20). Furthermore, let
us define the similar notation in Theorem 2.3.1. Stein[48] showed that, for the case where

¥ = I, the unbiased estimate of the risk of the estimator (2.20) is given by

?
h y: h
=Z{ (m —p+ 1)hg + 4y hix +4Zyky:T+ykh2} + pm,
k=1 >k

where hy = Oh(Y)/Oyx, k = 1,...,p. Theorem 2.3.1 is a counterpart of the result of Stein.

Now let us compare the distribution of the eigenvalues of X' X S~! in the cases m > p

and p > m. Assume that B = 0 for simplicity. Then, from Muirhead[40], it can be seen
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that the joint density of the ordered eigenvalues of X' X S~! is , apart from normalizing

constants,
m p-1)/2 ?

H (1 +f )(n+m)/2 H(f" £) ]._Ildf"

in the case m > p while it is

p m-1)/2 m

H (1 + fi )(ﬂ+m)/2 q(fk - f)k];[ldfk

in the case p > m. It is easily checked that the second distribution can be obtained from

the first one by making the substitutions
m-—p p—m, n—n+m-—p. (2.42)

Theorem 2.3.1 tells us that the substitution rule (2.42) is valid to the unbiased estimate
of risk and the estimator of the form (2.21) so that the estimator better than the usual
estimator X in the case m > p+1 results in that in the case p > m+1 by using substitution

rule (2.42).



2.4. ALTERNATIVE ESTIMATORS

In this section, using Theorem 2.3.1, a systematic search for alternative estimators is

carried out.

2.4.1. THE VARIATIONAL FORM OF CERTAIN BAYES ESTIMATOR

Here we derive the variational form of Bayes estimator following an approach due to
Haff[23].

First we concentrate on the case m > p+ 1. Let w(A) be an orthogonally invari-
ant prior distribution (i.e., #(HAH') = n(A) for any orthogonal matrix H) where A =
(B'BYYD-Y(B'B)1/2), Denote by g(F|A) the conditional density of F = (freeos fo)
given A = (Ar,...,Ap), Ax (kK =1,2...,p), being the k-th largest eigenvalue of A. Finally
the marginal density of F is denoted by

9:(F) = [ g(FN)dr ()
where 7*()\) = [, 7(HAH')dH. Following argument in Haff[23] the Bayes risk of the
estimator B(X, S)=X+(1/2)Vxh(F)-S is given by
r(h,dh,7) = /{Pm + T(n,m, p; h)}g.(F)dF,

where h = (h1y.o oy hy), dh = (h11,-..,hyy). Since the loss function is convex, the formal
Bayes rule is then unique and is obtained by minimizing the functional r(h, dh, 7). Theo-
rem 2.1 in Haff[23] tells us that the minimizer h must satisfy the Euler-Lagrange partial

differential equations

or 9 0 aT 9
- a1 ;= 9
Ohy  Ofy Ohy T+ <6h“ ) (0f logJ'(F)) k=1,2,....p,

where, by regarding T as T(n,m, p; h), the partial derivatives with respect to h; are com-

puted. It is readily checked that the solution of this system is given by

hy = [(m p—1)+°zf P —‘>fkaf loggf(F)]

. S .
/[fk{(71+11+1‘)—2§;fk_kf ,fkaf logg,(F)}], k=1,2,...,p.

SV
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If g« (F) is a constant, then the estimator of B becomes
B(X,S)=X[I, + AH(F)A™1], (2.43)

where A is a p X p nonsingular matrix such that A'SA = I, and A'X'X A = diag(F),
H(F) = diag(hy,...,hy), and

R e s
hi [m P 1+2;fk—f! fisn+p+1 2;)’&—]‘: , 1,2,...,p.

Next we shall consider the case for p > m+1. Recall that F = (f1,..., fm), diag(F) =

R'XS 'X'R, and R is an m X m orthogonal matrix . Using substitution rule (2.42), we

can see that the variational from of the Bayes estimator, g,(F') being a constant, becomes
B(X,S) = (I, + RH(F)R'X, (2.44)

where H(F') = diag(hy(F),..., hn(F)) with

g e s ) oo
hy [p 1+2;fk—f: [fk{n-{-Zm p+1 2§fk—f! , k=1,2,... m.

REMARK 2.4.1. Let X'X = Odiag(Y)0' with Y = (y1,...,y,) and let O be a
p X p orthogonal matrix. In the problem of estimating B based on X in (2.19), Stecin[48]

proposed the estimator of the form
X(I, + 04(¥)0")

where ¢(Y) = diag(¢1(Y),...,¢,(Y)) and

¢ (Y) = - m—P—1+QZ o ]/yk, k=1,...,p.

zx U

The estimators (2.43) and (2.44) are counterpart of that of Stein for the case when ¥ = I,

»
and the loss function tr(B — B)'(é - B).

REMARK 2.4.2. The estimators proposed are modified in such a way as to make
hi’s are increasing sequence, but there may be some reversals of the order. It has not
been established that the estimators proposed by (2.43) and (2.44) have a frequentist risk

uniformly smaller than the commonly used estimator X.



2.4.2. EFRON-MORRIS TYPE ESTIMATORS

When m > p+1, Bilodeau and Kariya[5] obtained the Efron-Morris type estimators. That
is of the form

B(X,8) = X[I, — a(X'X)™'§ - bS/ tr (X' X)],

witha=(m-p-1)/(n+p+1)and b= (p-1)/(n+p+1). Unfortunately, this form
does not belong to the class given by (2.21) while it belongs to the class given by (2.25).

In this section, we derive another Efron-Morris type estimators which are in the class of
(2.21).
THEOREM 2.4.1. (1) For the case where m > p + 1, the estimator
BEM(X,S)=X[I, — a(X'X)™ 'S — bI,/ tr (X'X)S™) (2.45)

is minimaz relative to the loss function (2.2) ifa=(m—-p—-1)/(n+p+1) and b =
(P* +p—-2)/(n-p+3).
(11) For the case where p > m + 1, the estimator

BPM(X.8) = [In — a(XS7T'X') ! — bl / tr XS X)X (2.46)

is minimaz relative to the loss function (2.2) ifa=(p—-m-1)/(n+2m —-p+1) and
b=(m?+m—2)/(n—-p+3).

PROOF. (i) Let

HO(F) = ~{log H fi+ 1og(Z fio) (247)

where a and b are nonnegative constants. Set hil) = Bhil) /0fx and hglk) = Bzhil) JOfE,

k=1,...,p. We may observe that

(1) a b
b (fk + u)
b

Sclk) - (f2 u2)’
P f h(l) fih(l) Uy — 1 b
k=11t>k%

sz:sz (h(l))z f (hgl))z _ Z{Q(p — Dab + 2(p - 1)b? },

k=11>k fi = f k=1 ¢ i
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where u = 3 7_, fi. Use (i) of Theorem 2.3.1 and note that Y ;_, fZ/u? < >.5_,(1/p)
and 35, fi =3.7_, u/p. Then we get

A =R((B,%),X) - R((B,x), BEM)

; i n a>—2(m—-p-1)a
Z"E{;[ﬂ(( +p+1)a - 2(m - p—1)a)

1
+ p—u{(n —p+ 3 + Q(pn + 2) ab — 2(mp — 2)b}] } (2.48)
The first term of the right side in (2.48) is minimized when a = (m —p—1)/(n+p+1), in

which the term is negative. For a = (m — p — 1)/(n + p + 1), the second term is bounded

above by

2(n + m)(p® +p — 2)b
n+p+1

(n—p+3)b% — <(n—-p+3)b* —2(p* +p—2)b.

It is minimized when b = (p 4+ p — 2)/(n — p+ 3) in which the term is negative. This

completes the proof of first part.

(i1) The second part of this theorem can be obtained by using substitution rule (2.42).

This completes the proof of the theorem.
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2.4.3. ADJUSTED STEIN ESTIMATOR

We consider the approximation to the estimators given by (2.43) and (2.44), i.e., the
approximation to the term 3, .4 fi /(fi — f:) in these estimators. Since 5., fi/(fi—fi) >
p—1and Z;# fo/(fp = f) < 0 for the case m > p + 1, so we replace the term by p — £

simply. Note that 337, 3.0y fi/(fi — f1) = S i _(p—k).

THEOREM 2.4.2, (i) In the case m > p + 1 the estimator
BAP(X,S) = X[I, - AH*P(F)A™],

where HAP (F) = diag(d1/f1,...,dp/fp) and dy > --- > d, are nonnegative constants, is
minimaz with respect to the loss function (2.2) ifdy = (m+p—-2k-1)/(n—p+2k+1),
k=12,...,p.

(i1) In the case p > m + 1 the estimator
B4P(X,S) = [I, — RHAP(F)R')X,

where HAP(F) = diag(d,/fi,...,dm/fm) withdy > --- > d,,, diag(F) = R X'S"'XR,
and R is an m X m orthogonal matriz, is minimaez with respect to the loss function (2.2

ifdi =(p+m-2k-1)/(n—p+2k+1), k=1,2,...,m.

PROOF. (i) Let

P
KO(F) == dilog f
k=1

in (2.22). Similar calculation to the proof of Theorem 2.4.1 shows that the risk difference

between X and the proposed estimator is

A =R((B,%),X) - R((B,=), B4P)

p

--E Z{—z(m—p—l)‘;—:+(n+p+1)j—f}}

[ k=1 (2.49)

[ p
4dy + 2d% — (4d; + 2d?)
TE ZE fk - fi
Lk=11>k%k
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Set yr = 4d; + Qdf. Note that y; > --- > y,. Then we get
2 Yr — Ut 1
22 5 i Z

k=11>k
k4
(p— ’»yk y
SIUEIEDY L
>k =1

(yk Yt)

i

\I._.

(2.50)

IV

1

since fi /(fx — f1) > 1 for t > k. From (2.50), (2.49) is bounded below by

P
Zfl{ (n—p+1+2k)df —2(m+p—1-2k)dy +Z(4df+2df)}]'

1>k

Define
z(di) = (n—p+1+2k)d} —2(m+p—1-2k)d + ) (4d +2d7), k=1,....p,
1>k

where dy > d2 > -+ > dp. It is sufficient to prove that z;(dy) is negative when

m+p—1-—

= &), k=1,...,p
77—p+1+‘7k (sav ), ’ P

We shall fix dy 43/ = d2+k' (K =1,...,p— k) to choose dy. Then we can see that z;(d;)

is minimized when d; = d? and that
2(d}) < z(d)4y) = zea1(dh ;) < -+ < 2,(d3) <0,

since dY > -+ > dg. This completes the proof.

(i1) The minor modification of the proof of (i) leads to the desired result.
REMARK 2.4.3. Let
BEM = X[I, - {(m - p - 1)/(n +p+ 1)HX'X)7'5].

This estimator was proposed in Efron and Morris[14] and called the crude Efron-Morris

estimator. Using the notation as in the proof of Theorem 2.4.2, it can be seen that

R((B,%),X) - R((B,%), B°*¥) = _ E [Z flkz,(dg)]
k=1

and



R((B,%),X) - R((B,%),B4?) > — E[Zf zk(do)]

These give that

R(B,), 5°¥) - R(B,2), 54%) > -B [ Y- H{ar (&) - 5(@)}] >0,

k=1

since z,(d9) > zx(d}), k = 1,2,---,p. This concludes that the adjusted estimator BAD g

better than the crude Efron-Morris estimator BCEM

2.4.4. BARANCHIK TYPE ESTIMATORS

The following theorem is a generalization of the results of Baranchik[1] and Lin and Tsai[35]

who treated the case of m > 3 and p = 1, and of p > 3 and m = 1, respectively.

THEOREM 2.4.3. (i) Assume that m > p+ 1. Let A'SA =1I,, diag(F) = A’X'XA
where F = (f1,..., fp), and let A is a p X p nonsingular matriz. Let 1z (t) (k=1,2,...,p)

be functions satisfying

() 0< 1(t) < 2(m —p—1)/(n+p+1),
(b) 7:(t) is nondecreasingint ,k=1,---p
(c) (1) > y2(t) > - -+ > ,(t) for Yt > 0.

Then the estimalor

BB4(X,S) = X[I, - AH™(F)A™Y,

where v = (71,...,7p) and

H(1)(F) = diag(’)’l(fl)/fla- .o ”YP(fP)/fp)v

is minimaz relative to the loss function (2.2).

(i) Assume that p > m 4 1. Let diag(F) = R'XS 'X'R where F = (fi,...,fm) and R

is an m X m nonsingular matriz. Let 1 (t) (K =1,2,...,m) be functions satisfying

(a') 0<u(t)<2(p-m-1)/(n+2m—p+1)
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as well as the conditions (b) and (c) (replacing p by m). Then the estimator
BB4(X,S) = [I,, - RH"(F)R')X,
where v = (71,...,7p) and

H(7)(F) = diag(')’l(fl)/fl,---a')’m(fm)/fm)v

is minimaz relative to the loss function (2.2).

PROOF. (i) Similar to the proof of Theorem 2 in Zheng[54], first we suppose that
1(t), k=1,---,p, are absolutely continuous and have bounded derivatives on [0, 00). We
shall use the notation B(y) instead of BB4(X,S) for convenience. Using (i) of Theorem

2.3.1 with by = = (fx)/ fx, we get that

A =R((B,%),X) - R((B, %), B(»))

_ g | {tpt Dnlf) Ym-p-1)
—_E kz;l{ T (v (fr) Tl )}
? ‘Yk(fk) (2.51)
+E[Z{4(1+n(f FA {14 5 (0 + %)}
k=1 1>k
{7k(fk) J’Z:(fi)}}]

From the above and the conditions on v;, we find that A > 0, which follows that B(7) is
minimax.

Suppose now that v (t)’s, k = 1,.--,p, are general functions satisfying the conditions
of the theorem. Let +{" = (7&'.), ces Y )) where ’y( g & =1,...,p, are functions which
are absolutely continuous and have bounded derivatives; such that 'yg") (t) converges to
v(t) as i — 4co. Then the estimator B(1(") converges to B(¥) (a.e.) as i — +co. From
(2.51), it follows that B(7(") is minimax and || B("))-B ||? has the bounded expectation
independent of 5. So B('y) is minimax. This completes the proof.

(i1) The minor modification in the proof of (i) leads to the desired result.

Using Theorem 2.4.3 we will now give examples of minimax estimators.
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EXAMPLE 2.4.1. (i) In the case m > p+ 1, set v, kK = 1,2,...,p, all equal to a
constant (m —~p—1)/(n+p+1). Then we obtain the crude Efron-Morris estimator BCEM
given in Remark 2.4.3.

(ii) In the case p > m + 1, set 14, k =1,2,...,p, all equal to a constant (p —m —1)/(n +
2m — p+1). Then we obtain the estimator

p—m-1
n+2m-—-p+1

B(X,S) = [I,,, - (Xs-lx')-l] X.

EXAMPLE 2.4.2. (i) In the case m > p+ 1 set

 m-p- 1 9 1 (1 +t)(n+m)/2 (m—p3)/2 -1 .
() = n+p+l n+p+1 [/0 (1 +tA)(n+m)/2+1’\ dA| - (2.52)

As in Lin and Tsai[35], it can be seen that these v, k = 1,2,..., p, satisfy the conditions
(a), (b), and (c) of Theorem 2.4.3.
(i1) In the case p > m + 1, set

()= P=MZL 2 /1 (L2 ayz g, -1
n+2m—p+1 n+2m—p+1[J; (14 tA)n+m)/2+1 '
(2.53)

Similarly, it can be seen that these ;s satisfy the conditions (a'), (b), and (c).

REMARK 2.4.4. When p > 3 and m =1 or m > 3 and p = 1, based on the
method of Brown[7] and Brewster and Zidek[6], Kubokawa[32] showed that the Baranchik
type estimator using (2.52) or (2.53) beats the crude Stein estimator relative to the loss

function (2.2). However, such frequentist risk result in the multivariate case has not been

established.
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2.5. OTHER CLASS OF MINIMAX ESTIMATORS

For m > p + 1, we consider other class of minimax estimators which do not belong to
(2.21).

Recall that X'X = OY O’ in which 00" = 0'0 = I, and Y = diag(y1,...,yp) s0
that y;,...,y, are ordered eigenvalues of X'X. We introduced two classes of estimators

of the form

X[ + oT(Y)0'] (2.54)

1
trS-1
and

X[I, + OT(Y)O'S] (2.55)

where T(Y) = diag(t1(Y),...,t,(Y)) and ¢;,(Y) (i = 1,..., p) are an absolutely continuous
function of Y. Using Lemmas in Section 2.1 we can get the unbiased risk estimates for

these forms given by (2.54) and (2.55) respectively.

THEOREM 2.5.1 (i) Assume that T(Y) satisfies the regularity conditions needed to
establish Lemma 2.1.3. The unbiased estimate of the risk of the estimators given by (2.54)

with respect to the loss function (2.2) ss

P

pm+(1/tr 1 Z{?(m—p+1)t‘~(Y)

=1

1>t LA

5~ W) - uit (Y)}

—p—1
+ m tr (OYTX(Y)0'S™?) + :t—rs”_f)z tr (OYT2(Y)0'S™Y).
(2.56)
(ii) The unbiased estimate of risk of the estimators given by (2.55) is
pm+ trOC(Y)O'S (2.57)

where C(Y') = diag (c1(Y),...,¢p(Y)) and

G(Y) = (n+p+ Dyt (¥Y) + 2(m — p+ (V) + dys o =2 '( i Ey't(};):’;’t(y)
JF J

PROOF. (i) From Lemma 2.1.3, the unbiased estimate of the risk of the estimators
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given by (2.54) becomes

2 1
~ 1y ! 9 2 i
pm+ oy tr (Vo XOT(Y)O') + 2 tr (D, (w51 oY T“(Y)O") .
n-p-— 2 1 B
+(t 5-1)2 tr(OYT (Y)O'S™).
Using (i) and (ii) of Lemma 2.1.6 with Q@ = OT(Y)O' it is seen that
tr V, XOT(Y)O' = mtr OT(Y)O' + tr X'V, OT(Y)O'
(2.59)

=mtrT(Y)+2tr D,WOT(Y)O' — (p+ 1) tr T(Y)
where W = X'X. The last equality holds since

tr D, WOT(Y)O' = tr WD, OT(Y)O' + ((p+1)/2) tr T(Y).

Using (ii1) of Lemma 2.1.10 (replacing F' by W) and noting that

(I/O)ZZ yiti(Y) — y;t;(Y) ZZ Yiti (Y)-—y,t ;(Y)

=1 j#¢ Yi — Yj =1 3>1¢ Yi Yj

we get

tr D, WOT(Y)O' = tr D,,OYT(Y)O'

=Z{ LIS SR ETT m}. (2.60)

> Y — Yy

From Lemma 2.1.4 we may see that D (1/(trS$~1)?) = 2( tr S~})"35-2. Using this fact
and putting (2.59) and (2.60) into (2.58) give the desired result.

(i1) Similarly we get an unbiased estimate of the risk of the estimators given by (2.55) as
pm+2tr Vo XOT(Y)O'S + 2 tr D,SOYT*(Y)O'S+ (n— p—1) tr OYT*)(Y)O'S. (2.61)

From (i) and (iii) of Lemma 2.1.6 we get
tr VoXOT(Y)O'S = (m — p — 1) tr OT(Y)O'S + 2 tr SD,, OY T(Y)O'. (2.62)

Using Lemma 2.1.5 and noting that tr (AB)'C = tr ABC' for matrices A, B, and C, the

third term of (2.61) becomes
tr (D,SOYT?*(Y)0")S 4+ tr[{SOYT*Y)0'}YD,]'S

(2.63)
=(p+1)trOYT*(Y)O'S
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Putting (2.62) and (2.63) into (2.61) and using Lemma 2.1.6 straightforward calculation

lead to the desired result.

Noting that tr AB < ( tr A)( tr B) for any p X p positive definite matrices 4, B and
that the risk of the unbiased estimator X is equal to pm, we obtain the following corollary

from (i) of Theorem 2.5.1.
COROLLARY 2.5.1 The estimator given by (2.54) is minimaz with respect to the loss
function (2.2) if

So{ (= p 4 ) 4 2m DY) + 40 T

=1
4+ (VY L4 ~

- v — U
Y Y — Y

2.5.1. OTHER FORMS OF BARANCHIK ESTIMATORS

Here we give a class of minimax estimators derived from (2.54) and (2.55). Define T(Y")
by

(Y .
t‘-(Y)=—7-—g(/'J), i=1,--,p
\

where 7;(t) is an absolutely continuous and nonnegative function of t > 0.

THEOREM 2.5.2. Assume that m > p+ 1. Let vi(t), ¢ = 1,...,p, be functions

satisfying

(i) 7 (t) is nondecreasing in t,

(i) N> y2(t) > oo > plt)  for V> 0.
Let

T(r)(y) = diag (’Yl(‘.‘!l)7 ’72(’J2), o ’Yp(yp))
Y1 Y2 Yp
where v = (11(y1)s72(y2),-- -, ¥p(yp)), Y = diag(y1,y2,.-.,¥p), and O ss an orthogonal

metriz such that X'X = OY O'. Then the estimator
B{(X,S) = X[I, - (1/ tr S~HOTM(Y)0']
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is minimaz if

(iii) 0< %(t) < , 1=1,2,...,p,

and the estimator

BY(x,8) = X[I, - OT™(Y)0'S]
is mimimaz if

m-p-—1 .
! <y L ———, =12,...,p,
(iii) _*r()_ner+1 Z p

with respect to the loss function (2.2).

PRrOOF. We shall prove the minimaxity of Bg7). Then the minimaxity of l§€7) is
obtained in the same way.

Similar to the proof of Theorem 2 in Zheng|54], first we supposed that v,(t), : =
1.2,...,p, are absolutely continuous and have bounded derivative on [0,00). Using (2.57)

we get that
A(y) =R((B.%), X) - R((B, %), B”)

(2.64)
= —E[tr OC"(Y)0'S]
where CO)(Y) = diag({(V), §(Y), ..., &(Y)) and
204 Ai(ys
CE’)')(Y') (n +p+ 1)7« (yi) _ 9( )71(3/() — 4y 'g?(j/t)
1 5 ax
72 7: y| ] yJ)’ ’i=1,2,...,p. (MGO)
J# Y

From the conditions (i), (ii), and (iii)', it follows that c$7)(}’) < 0. So A(y) > 0 since S is
positive definite matrix.

Suppose now that v(t), ¢ = 1,2,...,p, are general functions satisfying the conditions

(i), (ii), and (iii)’. Let 4) = ('ygk)(t) 'ygk)(t) ...,'ypk)(t)) where ~ ( ), i=1,2,...,p, are

functions which are absolutely continuous and have bounded derivative; such that ’y'k) (t)

B('I( ))
2

converges to ¥;(t) as k — +oo. Then converges to Bg ") (a.e.) as k — +oo. From

(2.64) and (2.65), it follows that B(”'(k)) is minimax and || B("( N _ B || has bounded
B(’Y)

expectation independent of k. So is minimax. This completes the proof.
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EXAMPLE 2.5.1. Setting 7i(t1) = (m—p-1)/(n—p+3)in BE")(X, S) and v(t) =
(m—p-1)/(n+p+1)in Bg')(X, S) yields Stein-type shrinkage estimators

m-p-—1(X'X)"!
n—p+3 trS-!

B (X,8)=X[I, - (2.66)

and

B,o(X.5) = X[I, - %;—ll(x'xrls] (Efron — Morris(15])  (2.67)

respectively. Note that both estimators reduce to the usual Stein estimator for the case

p=1

EXAMPLE 2.5.2. Let v(y;) = di(1 + dly'-_l)'1 in Bg”(.’(, S) and ~v(y;) = d2(1 +
oy ")V in BS(X,S) for 0< dy < (m—p—1)/(n—p+3) and 0< dy < (m—p—1)/(n+

p + 1) respectively. Using Theorem 2.5.2 we get that the estimators
B§7)(_Y, S) =X (Ip - dl(Xl‘X’ + dlfp)_l/ tr S_l)

and

B{(X,S) = X (I, - do(X' X +da1,)""S)

are minlmax.
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2. ADJUSTED ESTIMATOR

Now we give another multivariate extension (being of the form (2.54)) of the Stein estima-

tor.

THEOREM 2.5.3. Let
B(X,8)=X[I, - OT")(Y)0'/ tr §1) (2.68)

where T(I)(Y) = diag(di/y1,d2/y2,...,dp/yp) and dy,d2,...,d, are constants with dy >
dy > --->dy, > 0. Then the estimator (2.68) is minimaz relative to the loss function (2.2)
whendi =(m+p—-2i—-1)/(n—p+3),:=1,2,...,p.

ProoF. From Corollary 2.5.1 it suffices to show that
4 2

A=Z{(n—p+3)d—':—2(m—p—l)d—l_— Z y’}<0

=1 Y Y
Noting that y,/(y; — yj) >1forj>ianddy >dy >--->dy, >0 we get

I zyzy_yw—d»z S - 4)

1= 1)>¢ = 'J>!

>0

Zp: (p—1) Z,‘x d;
1=1 Ye

since y; /(yi — y;) > 1. It follows that

1>t

P
1
ASZ; {(n—p+3)d.2—2(m+P—2i—1)d«'+4ZdJ’}'
=1 7!

Denote the term inside curly bracket of the above inequality by z;(d;). Then it suffices to
show that z;(d,) is negative when d; = (m+p—-2i—-1)/(n—p+3) (say d°). i =1,2,....p.
For fixed d; (j =¢+1,...,p), zi(d;) is minimized at d;, = d?, which follows that
7(d7) < zi(dyy) = zia(dlyy).
Then
zi(d}) < zin(dPy) <o < 2(d7) <0,

since df > --- > dJ. This completes the proof.
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2.5.3. IMPROVING UPON STEIN TYPE ESTIMATORS

Bilodeau and Kariya[5] gave the estimator (included in (2.55)) which beats the Efron-
Morris estimator given by (2.67) for the case p > 2. In this section we consider two classes
of estimators which beat the Stein-type shrinkage estimators given by (2.66) and (2.67)
for the case p > 2, respectively.

Let a(Y) be a real-valued function of Y = diag(y,¥2,..., yp) satisfying

(Y)>0 foryy 2 y2 >0y, 20 (2.69)
EB,z|a;(Y)\/E| < o0 (2.70)

where a(Y) = 0a(Y)/0yi, 1 = 1,2,...,p.

THEOREM 2.5.4. (i) Assume that

> { B e -y >0 (

V]

71)

Then ,when m > p+ 1 and p > 2, the estimalors

)+ - Y 1 o v/ Y)-
le(‘X’S) =X [IP - (n —p+ 3) tr §-1 {(m p 1)(‘\ -Y) !

w25/ (svn-2 )]

beat the Stein estimator B;1(X,S) given by (2.66) with respect to the loss function (2.2).

(i) Assume that
p+1

— 4+ 2a;{(Y)>0 t=1,2,...,p (2,72)
p—1
and that ,
1
Z {p;{- a(Y) - yga,'(Y)} > 0. (2.73)
t=1 -p
Then, when m > p+1 and p > 2, the estimators
1 tr X' X
X X _— —p-1)(X'X)! 21/( 'Y)}S]
BX,9) = X [ - {m—p- ) w2r, [ (S55 40

beat the Stein estimator B.o(X.S) given by (2.67) with respect to the loss function (2.2).
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PROOF. (i) Let
u

plp+1) -2
where u = tr X'X. Then B? can be written as X[I, + OT(Y)O'/ tr S~!] where T(Y) =
diag (t;(Y),t2(Y),...,t,(Y)) and

1 m—-p-1 2 ) .
ti(Y)=- + , 1=1,2,...,p.
¥) n—p+3< Y g1(u, @) P

gl(u,a)z +CY(Y)

Using (2.56) it can be seen that

A =R((B.T), B};) - R((B, %), B1)

4 | m 2y; 091(3")}
—n—p+3E[§ trS‘l{-gl(u,a)+ 93(u,a) By,

4+
(trS-1)3

+ tr(0Q(Y)0'S™ 2)+(t—sT)_2 tr (0Q(Y)0'S" )]

where Q(Y) = diag(q1(Y),¢2(Y),...,q(Y)) and

. 1 m—-p-—1 Yi ) .
(Y) = + , i=1,2,...,p.
() n—p+3( gi(u,a) = gi(u,a) P

As ¢;(Y) is nonnegative by the condition on a(Y’), we have

tr(OQ(Y)O'S'_z) < tr@-( trS“l)2
and

tr(0Q(Y)0'S™ ) < tr@Q- tr S

It follows from these inequalities and some simplification that

p+1 yi 2y 9g1(u,a) o -
mSlZ{ T+ = , . (2.74)
=1

i(wa) | gFua) | glua) O

4
- n—p+3

Differentiating g,(u, «) with respect to y; and noting that Y 7_, y; = u, we can see that

the term inside curly bracket in the right hand side of (2.74) is equal to

D+ Da(Y) + 2y,;0,(Y
Z —(2 ((u)’a)y (¥Y)
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which follows that A < 0 by the condition (2.71). This completes the proof of (i).

(ii) Let
u 1 m-—p—1 2
- Y (V) = — _
g2{w. ) p—1+a() and ti(¥) n+p+1( Yi +gﬂma0
Similarly, using (2.57) and straightforward calculation give that
A =R((B, %), B;) - R((B, %), B.2)
4 p+1
=——E[tr (0Q*(Y)O'S) — tr S
T (0@ M09 - o ry ]
where Q*(Y') = sdiag(¢(Y),¢5(Y),...,qp(Y")) and
. Yi p+1 . ) .
"Y = ( +2a.'Y y 221,2,..., .
%) g3(u, @) \p—1 ) P

As ¢’(Y) is nonnegative by the condition (2.72), we have tr(0Q*(Y)0'S) < tr@Q*(Y)-
tr S. Using this inequality and noting that u =3 7_, y,, we can see that

SZ{ 2iai(¥Y) _ (p+1) (Y)}]

g2 u,a) pgz(u a)

4
—n+p+1

This completes the proof from (2.73).

EXAMPLE 2.5.3. (i) Let a(Y) = tr X' X/{p(p+ 1) — 2}. Using Theorem 2.5.4 we get

that the estimator

A . m-—p-—1 a1 plp+1)—2 )
B (X.8)=X (1, - X'x)" ! -
(X, 5) <p (n_p+3)ﬁ54( X) (n—p+3)trS-Ttr X'X

beats the estimator B,;(X,S) given by (2.66).
(ii) Let a(Y) = tr X'X/(p — 1). Then the estimator B}, becomes

- . . m-—p o p—1 S _
B (X =X, - ——(X'X 2.75
52( ’S) ( » n+p+1( ) n+p+ 1 tr‘x’[}() ( ID)

which beats the estimator B,3(X,S) given by (2.67). The superiority of B, over B,y is

proved by Bilodeau and Kariya[5] while it is also seen from Theorem 2.5.4.
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EXAMPLE 2.5.4. Let a(Y) = Z‘-q ¢ij /(yi — y;) where ¢;; is a nonnegative constant.

Using the conclusion of Theorem 2.5.4 we get that the estimator

B m—-—p-—1
(n—p+3)trS-!

5%, 5) =X (1, o)

tr X' X G
—;X/ (n-—p+3)tr S| ————x+ ) ——
p(p+1)-2 ;ye—w
beats the estimator le(X, S).
But the condition (2.72) is crucial so that we can’t obtain the estimator of the second

form in Theorem 2.5.4 which beats the estimator Bsz(X ,.S) for this choice.

2.6. CONCLUDING REMARKS ON THE PROPOSED ESTIMATORS

For the case m > p+1 Efron and Morris[15] derived the estimator given by (2.67) from the
empirical Bayes argument. Later, using Lemma 2.1.3, Bilodeau and Kariya[5] obtained the
estimator given by (2.75) for the same case. Since these two estimators take into account
the matrix structure of mean B, they are‘ not trivial extension of the Stein estimator of
the normal mean vector. However, their method involves in the direct calculation and
the eigenstructure is used implicitly. The representations of the unbiased estimate of risk
in Theorems 2.3.1 and 2.5.1 shed new light on this structure and suggest us to utlize
the imformation of the ordered eigenvalues of X'XS~! or X'X. These unbiased risk
estimators facilitate a systematic seacrch for alternatives such as multivariate extensions
of Baranchik estimators, adjusted estimators, and the variational form of Bayes estimators
for the case p > m + 1 as well as m > p+ 1. However, from rather complicated nature of
the estimators proposed, it appears that the analytic comparison among these estimators
is not possible at this point. But it is our belief that by taking into account the terms
s  (fERE — 2R/ (fi — fi) and 3oy (fi ki — fih:)/(fi — fi) of the unbiased estimate of
the risk in Theorem 2.3.1, one should be able to obtain superior alternatives which have
substantial improvement in risk over the usual estimator X. Now work is in progress along

this direction.
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