CHAPTER 3

ESTIMATING EIGENVALUES IN
THE MULTIVARIATE F-DISTRIBUTION

Suppose that S; and S are independent Wishart matrices with S; ~ W, (&, £;) where I,
is positive definite matrix and k; is degrees of freedom, i = 1,2. The eigenvalues éy,...,4,
(b1 >--->6,>0)of 5,55 ! are important, for example, in the problem of testing £, = £,
against ¥; # Y, as the power function of any invariant test statistics under a natural
group of transformations depends only on 6y, ...,6,. The literature includes DasGupta[9],
Dey([10] , Muirhead and Verathaworn[42] and Leung and Muirhead[33]. Ideally, a decision
theoretic approach would specify a loss function in terms of 6é;,...,6, and risk calculation
would be done with respect to the expectation of the joint distribution of the eigenvalues
Ly....,(ly >--->1, >0)of 5155 1. However, this approach seems unfeasible mainly due
to the complexity of the distribution of the ordered eigenvalues i, ..., ;. Instead, following
approach by Muirhead and Verathaworn[42], we construct a p X p positive definite random
matrix U with the scale matrix (whose eigenvalues are equal to é;,....8,) and the degrees

of freedom k; and k3 as a function of S and S2 such that the eigenvalues of a p X p random
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matrix U have the same distribution as those of $; 55 * and this distribution depends only
on éy,...,0,. As we restrict our attention to the class of orthogonally invariant estimators
A(U) of A, the eigenvalues of A(U) may be interpreted as estimates of 6, .. ., 6p, and then
it is natural to expect that the eigenvalues of 'good’ estimate A(U) of A will perform well
as estimates of 6y,...,6,.

Let U be a p X p positive definite random matrix having density function
C(det A)~F1/2(det UY*1-2-D/2det (I, + A~U) /2, (3.1)

where k = k) + ko,

1 1 1 e T 1,
C =Ty (5k)/{Te(5k)Ts(5k2) },  Tpla) = aX*" D[ (e~ 5(i - 1)),
=1

ki > p+1,1=1,2, and A is a positive definite parameter matrix. Let us denote this
distribution by Fy(ky,k2;A). This distribution generalizes usual F-distribution in much
the same way that the Wishart distribution does the x2-distribution. Some of properties of
the multivariate F-distribution are similar to those of the Wishart distribution, which are
discussed in several papers such as Dawid[8], Khatri[26], Konno[27], Olkin and Rubin[43],
Tan[52], Mitra[39], Perlman[45], and De Waal[53].

In Section 3.2, we first derive the first and second order moments for this distribution,
which are useful for the statistical inference on the parameters of the multivariate F-
distribution.

Next, we consider the problem of estimating the eigenvalues é;,...,6, in terms of the

loss functions

Li(A, A(U)) = tr (AP A(U)) - logdet (A™*A(U)) - p, (3.2)
and

Lo(A, A(U)) = tr (ATPA(U) - )2 (3.3)

These loss functions are originally proposed for the estimation problem of the eigenvalues

of the normal covariance matrix. Recently, Bilodeau[4] proposed a loss function

La(A, AU)) = tr{(A + U)"HAW) + U)} - logdet {(A + U) HAU) + U)} - p. (3.4)
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The corresponding risk function is denoted by R;(A, A(U)) = E [L(A, AU))) (i =1,2,3)
taking expectation with respect to the distribution given by (3.1). Following an approach
similar to that of Haff[22] in the problem of estimating the normal covariance matrix,
Muirhead and Verathaworn[42] developed an approximation to the Bayes rule under the
loss function (3.2). Later, using an approximation to the risk function R; (appeared in
Muirhead and Verathaworn[42]), Gupta and Krishnamoorthy[16] and Dey[11] proposed
new estimators, which are analogous to the Stein’s adjusted minimax estimator and Dey
and Srinivasan’s estimator of the normal covariance matrix, respectively. However, it
has not been established that the estimators proposed have a frequentist risk uniformly
smaller than the best multiple of U under the loss function (3.2) which is just the unbiased

estimator

Apw =2—2~"p. (3.5)

On the other hand, Bilodeau[4] obtained the improved estimators under the loss function
(3.4), which beat the best multiple of U under the same loss function.

Section 3.1 deals with preliminary lemmas concerning the action of a matrix of dif-
ferential operator and identity for E[tr (A“'A(U))]. After deriving the exact moments
of U in Section 3.2, several new estimators are proposed in Sections 3.3 and 3.4. An
improved estimator which modifies all eigenvalues of the estimator AU ~(U) in the same
direction similar to that of Haff[18] for the eigenvalues of the normal covariance matrix is
given under the loss function (3.2). Next, it is shown that the estimator similar to that
of Perron[46] for the eigenvalues of the normal covariance matrix is better than Aun(U)
under the loss function (3.2). Finally, for the case where p = 2, the estimators of Gupta
and Krishnamoorthy[16] and of Perron-type, are minimax under the loss function (3.2).
In Section 3.4, it is shown that Haff-type estimator beats the best muiltiple of U under the

loss function (3.3).
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3.1. PRELIMINARIES

In this section we state calculus leminas and the F-identity which is similar to the Wishart-
identity in Lemma 2.1.2. For notation, let D be a p X p matrix of differential operator
whose (¢, j) element is given by (1/2)(1+ é;;)9/0U;; for U = (U;;) and a Kronecker’s delta
6;;. The following lemma describes the action of the operator D on matrix products of U,

A, and a p X p matrix Q.

LEMMA 3.1.1. Let () be a p X p matriz. Then we have

p+1

() tr DQU =21= tr g,

(i x DUQU =(p+1) tr (QU),

(i) (QDYU =3{tr(Q)L, +Q}  (Haff22]),
(iv) DUA™'U :%( tr ATIU)I, + 7%2 "Ly

PRrOOF. (i) It follows from Haff[18).

(ii) Put Q@ = e,'e;» where e; is the ¢ th unit column vector. The direct calculation shows

that

P
0 1 0
trDUe.'e",-U =Z{-6U7UHU,'}¢ + 3 Z CT?—I—]:UHUJ.;}
k=1 k£! :
=2U;; + Z U,
k£
=(p+ 1)e;Ue;,

which completes the proof of (ii).

(iii) Direct calculation of the (7,7) element of the right hand side yields that of the left
hand side. See also Haff[21] for the proof.

(iv) Using Lemma 2.1.5 (replaced S and D, by U and D, respectively) and noting that U

and A are symmetric, we have

DUAYU = (DUA™N)U + (A™'UD)'U.
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From DU = ((p+ 1)/2)I, and the third part of this lemma, it follows that

(DUA™YYU = I%lA‘lU
and
(A-'UD)YU = % (tc(A7'V), + A71T).

Combining these equations we obtain the desired result.

Next we state the F-identity due to Muirhead and Verathaworn[42]. For notation, let
QY = (8i54i; + r(1 = &;;)qij) where @ = (gi;) and r is a constant. Furthermore, recall

that U = (Uij) and D = (di;) with di, = (1/2)(1 + 6;)(8/Ui;).

LEMMA 3.1.2. Let U follow the Fy(ky,k2;A) distribution defined by (3.1). For a
suttable choice of a p X p matriz-valued function V(U,A) and a scalar function g(U), we

have

FE[g(U) tr (A +U)"'V] = E [2¢(U) tr(DV) + 2 tr (05'5%(,))
o (3.6)
+ (b = p = Do(0) 1 (U7V)],

where 9g(U)/0U = (8g(U)/0U;;) and k = ky + ko.

PROOF. See Muirhead and Verathaworn[42] for the proof.
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3.2. MOMENTS OF THE MULTIVARIATE F-DISTRIBUTION

Using Lemma 3.1.2 we shall compute the first and second order moments of the random

matrix U.

THEOREM 3.2.1. Let U follow the Fy(ky, ky; A) dsstribution and put A = (Ayj), then

ky

(i) E [Uj] B—

A,‘_,' ifkg—p—1>0,

k
(k2 — p)(kz - - 0h —p—3) (ke =P = 2) + 2}Ai A

+(k—p—-1)(Aj A + A5;4A¢)]  ifky—p-3>0,

(i1) E[U;U] =

where k = ky + ks.

PROOF. (i) In the equation (3.6), set g(U) =1 and V = (A + U)ejelU, where ¢; is
the sth unit column vector. If k3 — p — 1 > 0, the expectation of each term in (3.6) exists.

Use (i) and (ii) of Lemma 3.1.1, then we obtain the desired result.

(ii) Set g(U) = U;j and V = (A + U)erei U in (3.6). Note that the left hand side in (3.6)
becomes kE [U;;Uy;]. Using (i) and (ii) of Lemma 3.1.1, the first term of the right hand
side in (3.6) provides

p+1
2

E[g(U) tr (DV)] = ApE[U;] + (p+ 1)E [Uy;Usi].

Noting that dg(U)/0U = (e;e! + e;€;)/(1 + 6i;). the second and third terms of the right

1

hand side become

og(U 1
E[tr( %(U)V(i-))] :§E [UriAj: + Up; A 4 Us:Uss + UiUyy ],

E[g(U) tr (U™ V)] =E [Ui;Ax: + Ui;Uri),

respectively. Combining these equations and using the first part of this theorem lead to

(kg -p-1E [U,‘jUk;] - E[U]‘;Uk.‘] - E [U,';Ukj]

1 3.7
= ——1—{k1A(J'AI;;' + AjZAki + Ac;’-&k]’}' ( )
k2—p-1
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In the similar way, from g(U) = Uiz and V = (A + U)e:e; U, we obtain

(kz — p — DE[Ui U] — E[Ui;Us:] - E [Us; Ui

ky (3.8)
- A A + Ardji + Bidyjl,
and, from g(U) = U;; and V = (A 4+ U)e;ei U, we get
(k2 — p = V)E [UiUs;] — E [UxiUj:] — E [Up:Us;]
ky (3.9)
T -p-1 l{klAij.‘: + AjiAgi + AijAp: }.

Thus E[U;;Uy;] is determined by the linear equations of (3.7), (3.8), and (3.9), which

completes the proof.

COROLLARY 3.2.1. IfU follows the F,(ky,k2; A) distribution and ky —p—3 > 0, then

. ki(k—p—1) { 2
Cov (Ui;, Ur:) = Aij Bk
(i) ov (Uij, Ukt) (e —p)k2—p-D(k2-p-3) \kz—p—2 “°*
+ A A +Ak,‘A.':},
. k
(ii) E[UQU] = : [{k1 (ks - p - 2) +2}AQA

(k2= p)(k2 —p—1)(k2 —p-3)
+ (k= p— D{(AQA) + tr (AQ)A}].

for k =k, + k3 and a p X p mairiz Q.
PROOF. From Theorem 3.2.1, direct calculation leads to the result.

REMARK 3.2.1. The results of Theorem 3.2.1 and Corollary 3.2.1 include the moments
of the Wishart matrix in Haff[18] as a special case. Put U* = k,U in Corollary 3.2.1 and

assume that @ is symmetric, then we get

lim E[U*QU"] = ky(ky + DAQA + ky tr (AQ)A,

kg—'oo

which is equal to Ew [WQW] , W having the Wishart distribution W,(k;,A), as U”

converges to W weakly.

REMARK 3.2.2. We derive the second order moments of the matrix U by using the

identity (3.6), however Professor Sinha pointed out that combining the Wishart moments
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due to Haff[18] with the inverted Wishart prior on a covariance matrix also gives the same

results without using the identity (3.6). Namely, assuming that
W~ Wo(k1,2)  and 71~ W (kz, A7),

the joint density of W and £7! is

3"’"/2(det A)"z/z(det W)(In -p-1)/2
t
T,(ky/2)T, (k2/2)(det £)F-p-D72 {

SN W+ A)}(dW)(dT Ly, (3.10)

where k = kj + k». By making a transformation ® = (W 4+ A)Y25~Y(W + A)Y/2, we have
the joint density of W and &

2-Pk/2(det AY1/2(det W)k1-2-1)/2
Tp(k1/2)Tp(ko/2)det (W + A)E/2

(det ®)*-#- 1)/2et1< )(dW)(d(I)) (3.11)

...

Furthermore, by integrating out (3.11) with respect to ®, it is seen that the marginal
density of W becomes the Fy(ki,k2;A) distribution. From (3.10), it follows that the

second order moments of the multivariate F-distribution can be calculated by

Pk/2(dem)*2/2(detW)(*l p-1)f2 1
W; —_=n Y dW)d2 !
f / VW, T 20T, (ha/2) Aot S)0 7 72 e"’r{ 5% (““’A)}( X <)’
3.12)

where W = (W;;). First, integrating (3.12) with respect to W ( having the Wishart

distribution W,(k;, X)) gives

2‘(Pk2/2)(det A)(hﬂ)
Ey(Zi X5 + 2% SPNY
/ 1( k ].+ i Jk +l‘l J k-) I\p(k2/2)

X etr (—%AZ“I)((IE‘I).

(det 2—1)(1!1 -p-1)/2

(3.13)

From Haff[18], we get

1
(k2 —=p)ko—p—-1)(ka —p-3

where ©7! follows the W,(k2, A™!) distribution. By exchanging k with j or j with I,

E[Z;Zu] =

){(kz —p—2)A; A+ AuApn + Ay )

similar formula for E [£,; ;] or E [£,:%;,] is obtained. This gives (ii) of Theorem 3.2.1.

If U follows the Fy(ki,ka; A) distribution, then U~ follows the F,(ko, ki3 A71) dis-
tribution. Immediately, Theorem 3.2.1 and Corollary 3.2.1 give the following inverse mo-

ments.
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COROLLARY 3.2.2. IfU follows the Fy(ky,kz; A) distribution and ky —p—3 > 0, then

ko

: -1 _ -1
1 EU"’UL = 2 kolky —p—2 +2 AuAk;
R ) e LA A
+ (k= p — 1)(AF A% 4 AV AT,
T, ka(k —p—1) [ 2 .
iii) Cov (UY,U*) = 2 A AK
(i) ( ) (ky —p)(ky —p=1)(k1 —p-3) [l1 —p-1
+AFAR 4 A“A“],
(v) BU-'QU-Y = b [{ka(k - p— 2) + 2}A71QA!

(k- p)ky—p—1)(ky —p-3)
+(k—p-1{(A71QA™Y + tr(ATIQ)ATY,

where Q is any p X p matriz, U™! = (UY), and A~! = (AY),

3.3. SOME IDENTITIES

Recall that our goal is to estimate the eigenvalues of A using the eigenvalues of the random
matrix U. Hence we shall restrict our class of estimators of A to the orthogonally invariant

estimators of the form

A(U) = He(L)H', (3.14)

where H is a p X p orthogonal matrix such that U = HLH' with L = diag({,...,,) and
ly >--->1, >0, and ¢ = diag(p1(L),- -, pp(L)).

In an attempt to obtain the unbiased estimate of the risk of estimators (3.14) with
respect to the loss function (3.2), Muirhead and Verathaworn[42] applied Lemma 3.1.2

(being V = (A + U)"'A~'A and ¢(U) =1 in (3.6)) and derived that

~ Sy — P — - 2 .
E[tr(AT!A) =E [kl—pl— tr(U™'A) + — tr (DA)
ko ko
5 (3.15)
+ = tr(A-IUDA)].
ko
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Unlike the problem of estimating the normal covariance, it is impossible to get rid of
unknown parameter A completely in (3.15). At this point they used a heuristic approxi-
mation to the right hand side in (3.15), namely they replaced U in the right hand side by
its expectation (k;/(k2 — p — 1))A, which gives the approximation

2(k-p-1) A ky—p-1 -1“]
tr(DA)+ ——— tr (U™ "A)|.

From this, they obtained the unbiased estimate of the approximate risk (omitting con-

E[tr(AT'A)~ E

stants) given by

b 2bmp=1) i kiopel L
R = tr (DA) + —— tr (U™ "A) — logdet A. 3.16
oy (PR + =T — (UM A) ~log (3.16)

Gupta and Krishnamoorthy[16] and Dey[11] also employed this approximate risk to look

for new estimators. However, this approximate risk is not helpful to find orthogonally
invariant minimax estimators. To this end, we apply Lemma 3.1.2 recursively and obtain

more precise formula for E [ tr (A~ A)] where A belongs to (3.14).

THEOREM 3.3.1. Assume that the third order moment of U exists and that /_&(U)
satisfies (3.14). Then
u by —p-1 a 2(k-1 -
E[tr(AT'A) =E [i tr (U™ 'A) + 2k-1) tr (DA)
ks ko(ke — 1) _
4+ ———— tr (A7) tr (DA) + M (A) + 1V12(A)],
ka(ks — 1)
where D s p X p differentiation operalor matriz whose elements are given by (1/2)(1 +

6i;)(0/0Us;),

My (A) “HlE = f)(kz =5 {(k —1) tr (UD?*A) + tr (U) tr (D?A) + 2 tr (L72D3A)}
and
My(A) prw f)(kz - { tr (A7) tr (UD?A) + tr (A™U?) tr (D?A)

+2 tr(UzA‘lUD:"A)}.

PROOF. We will evaluate E [ tr (A~UDA)] in (3.15). Putting V = (A+U)A~'UDA
in (3,6), we obtain

kE[tr(AT'UDA) =E[2 tr (DUA™'UDA) + 2 tr (DUDA)
) ] (3.18)
+ (k1 —p-1)tr (DA + AT'UDA)).
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From Lemma 2.1.5, the first term of the right hand side in (3.18) becomes
tr {(DUA™'U)DA} + tr [{(UA™U) D'} DA.

Applying (iv) of Lemma 3.1.1 to the first term above and using the fact that U, A, D,
and DA are symmetric, we have

P+H

tr (DUA™'UDA) = tr (A~ 1UDA)+-tr(A 1U) tr (DA)
+ tr(UA 'UD%A).

Similarly we get
+

.4

tr (DUDA) = 22~ tr(DA) + tr (UD?A).

Substituting these two equations in (3.18) and some simplification give
1

E[tr(AT'UDA) :kz—_lE (k1 tr (DA) 4 2 tr (UD?A) (3.19)

+ tr (A7) tr (DA) + 2 tr (UA™UD?A)].
Furthermore, an application of Lemma 3.1.2 (being V = (A + U)A~'U(D?A)U in (3.6) )
to the last term of the right hand side in (3.19) yields

kE[tr(UAT'UD?A)] =E [2 tr {DUA™*U(D*A)U} + 2 tr {DU(D*A)U} (3.20)
3.20
+ (k1 —p—1) tr(UD?A + UAT'UD?A)).

Use Lemma 2.1.5 and note that (D?A)U and UA~'U are symmetric, the first term of the
right hand side in (3.20) becomes

tr {(DUATIUYD?A)U} + tr[UA-'UD{(D?*A)UY). (3.21)
From Lemma 2.1.5 and (iii) of Lemma 3.1.1., we get
D{(D*AY] = (D*A)U + %( tr D?A)L, + > DA,

Applying (iv) of Lemma 3.1.1 to the first term of (3.21) and putting above equation in the

second term, some simplification leads to

p+3

tr{DUA-1U(02A)U}_ tr (UA~ 1UD2A)+ tr (ATU) tr (UD?A)

tr (AU tr (D?A) + tr (U?ATUDBA).

wl»—‘
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Similarly we get

p+2

tr {DU(D*A)U} = —

tr (UD?A) + 3 tx (U) tr(D?A) + tr (U DPA).
Putting these two equations into (3.20), we get

E(tr(UAT'UD?A)] =kl—9E [(k1 +1) tr (UD2A) + tr (U) tr(D?A)
-
+2tr (U?D®A) + tr (A™'U) tr (UD?A) (3.22)

+ tr (AU tr (D?A) + 2 tr (U?A U D3A)).
From (3.15), (3.19), and (3.22), we finally get (3.17), which completes the proof.

Note that the right hand side of (3.17) in Theorem 3.3.1 contains the differentiation D
up to the third degree. The following corollary is obtained from (3.15) and (3.19), which

contains the diffferentiation D up to the second degree.

COROLLARY 3.3.1. Assume that the second order moment of U exists and that A(U)
satisfies (3.14). Then

13 ki—p—1, 0 2k-1) .
Elt 1 = T . 1 AR
[tr(A™'A)] E[ — (U A)+k2(k2_1) tr (DA)

2 o A .
ey (A™U) tr (DA) (3.23)

tr (UD?A) +
ko

4 n
— _w(@ATUDA)|.
TS )]

P
ka(kz — 1)

REMARK 3.3.1. Formula (3.17) can be generalized up to k-th order (k is a positive

integer) provided k-th order moments exist. But we don’t develop it here.



3.4. IMPROVING UPON THE UNBIASED ESTIMATOR

Here we give two types of estimators which beat the unbiased estimator (3.5) with respect

to the loss function (3.2).

3.4.1. HAFF TYPE ESTIMATORS

Consider the estimator of the form
Ar(U) = a{U + zt(2)I,} (3.24)

where a; is a constant and ¢(z) is an absolutely continuous, nonincreasing, and nonnegative
function of z = 1/ trU~!. It is analogous to the empirical Bayes estimator of the normal
covariance matrix by Haff(19]. Note that these estimators belong to the class (3.14).

To prove that Ag beats Ayy under certain conditions on t, we need the following

lemma.

LEMMA 3.4.1. Let U have the Fy(ky, ky; A) distribution. Then we have an inequality

E l:t(zgrt[;_Al'l] <E I:t(z)(t: :1;+ 1)]’

where equality holds iff p =1 and t(2) is a constant.

PROOF. Put g(U) = t(z)/ tr(U™!) and V(A,U) = (A 4+ U)A~! in (3.6). Then.
noting that

tr (DUA™Y) = p—jl tr A

<

(see Haff[18]),

the first term of right hand side in (3.6) is equal to
(p+1DE[t(z) trA™Y/ tr (U™Y)).
Using (8/0U) trU~! = _U(_2§ (see Haff [19]), we get

2y )Wo'
au " T (wU-12 T (wU-1)
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From these and the equation tr A¢,yB1/,y = trAB forany pXp matrices A and B, direct

calculation shows that (3.6) provides

t(z)trA™] E [242) tr(U"rA™Y 4+ U?) N 2'(z) tr (U2 4+ U TATY)
trU-1 | (trU-1)? (trU-1)3

kE [
(3.25)

)k - 1)
Note that #(z) > 0. Applying tr (U AN < (trU 1) (trA™ ) and tr U~?/( tr U1y <
1 to the first term of right hand side in (3.25) and noting that the second term of right

hand side in (3.25) is less than zero because of t'(z) < 0, we get the desired result.

THEOREM 3.4.1. Forp > 2 and k; > p+1(: = 1,2), the estimators of the form (3.24)

gtven by a; = (k2 —p—1)/k1 end t(z) an absolutely continuous and nonincreasing function

bounded by
2(p—1)(kr + k2 —p—1)
ki(ke — 2) ’

beat the unbiased estimator Ayy under the loss (3.2) .

0<t(z) < (3.26)

Proor. Put

a1(A) = Ri(A, Ag) — Ri(A, Apy).

Noting that log |[I + 4| > tr A —(1/2) tr A? for any positive definite matrix 4, a condition
for a;(A) < 0 may be written as

E Btz(z) —t(z) + %] <.

Using Lemma 3.4.1 it is seen that the condition (3.26) is sufficient for a;(A) < 0.

REMARK 3.4.1. Since S = kU converges to Wishart distribution W,(%,, A) weakly
as ny tends to infinity, the estimators in Theorem 3.4.1 with t*(z) = t(k2z) reduces to the

estimators of the covariance matrix A given by
AH = (1/k1)(S + ut*(u)Ip),

where #*(u) is an absolutely continuous, nonincreasing function of z = 1/ tr ™! bounded
by
2(p—-1)

<t (z2) <
0<t*(2) < T
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Theorem 3.4.1 implies that Ag dominates Ayy = S /k; which was obtained by Haff[19]

3.4.2. PERRON TYPE ESTIMATOF{

For notation, let L; = diag(l1,...,li-1,0,fi41,.-.,0p), 2 =1,

...,p, and
1 if m=0,

tl‘m(L)I ZIS'.1<"'<" PSP H;nzl l{,- lf m=1,...,p,
0 ] otherwise.

Furthermore, let

Wim = trpm-1(Ls) tl‘;l_l(L) — tr (L) tr,_nl(L)

and let dy,...,d, be nonnegative constants with d; < --- < d,. Consider the estimator of

the form Ap = Hp(L)H' with o(L) = diag(py(L),...,¢,(L)) and

»
wi(L) =1 Z Wipn Ayn -
m=1

We shall record the computational lemma from Perron{46].

LEMMA 3.4.2.

(1) tr (L) = 4 tr - 1(Li) + trom(Li).
(i1) Z tr m(Li) = (p — m) tr o (L).
(iii) Setting

L,‘J‘ = djag(ll,...,l,'_l,o,l,‘+1,...,lj_1,0,1j+1,...,lp) fori;éj,

DD trm(Li) =(p—m)(p—m=1) trm(L).

Y,
trm(L,')— trm(Lj)z(lj—l,-) trm_l(L,‘j) fori#j.

tr2 (L) — trpm_1(L) tr e (L) >0 form=1,...,p—1.

(iv)

PROOF. (i) may be obtained from the combinatoric calculation.
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(ii) Observe that
> (L) =D {trm(L) = b trm-2(Li)}

=ptrm(L) =Dl trm-1(Li)

= (p - m) tI‘m(L),

Zli trm—l(Li):Zli Z Hl'\i

i A< <im-1
1S

- 3 I‘H“"“L > 1,~H1;,.

t<A1<-<Amy A1 <i<A< <A my

LR D DR | LY

Ay <A <t J
- ¥ I,
A< g
=m tr,,(L).

since

(iii) Using (i) of this lemma, it can be seen that

oS trm(Li) =Y (p—m—1) trm(Li)

Y i
=(p-m)(p—m-1)trn(L),
which completes the proof of (iii).
(iv) Using (i) of this lemma and the direct calculation give the desired result.

(v) If m = p the proof is trivial. In order to complete the proof for m < p — 1, define
A(k2) :‘[(011,...,0'1k],(121. o ﬁa‘Zkz) : kl = :)(m - k2)’1 S a;;p <--- < Gk, S D,

1<agy <+ < axn, <p{ai,....an, }N{asz, ..., a2, } = ¢}.

By a combiantoric argument it can be seen that

m 2 k.
tr2(L) = trmoy(D) trman @)= > S TT114..

k2=0v(2m-p) A(k;)r=1s=1
which is always greater or equal to zero. This completes the proof of (v).
LEMMA 3.4.3.
(i) W = (w;;) is doulbly stochastic.

61




Liwim(L) — Lwjm(L
o 5~ D) it

=p-m.
1>

(iv) Ifdy <---<dp, then
d <¢1<d2<---< ¢p <dp

where ¢; = fn:l Wiyn Ao -

(v) Ifly > > 1, then oy > -+ >, where p;’s are given by (3.27).

PROOF. (i) From (i) of Lemma 3.4.2 it may be seen that
tr m-1(Ly) tr (L)
im L — _— - -—_ = —m - — =1,
Z{ win(L) E tr m_1(L) Z‘, wn(z) PN pom) =1

Also,

o trm-1(Li)  trm(Li)
¥w"" —Xm:[ trm-1(L) trm(L)]
_ tI‘o(L,’) _ tl‘p(L") =1

tro(L)  tryp(L)

since tro(-) = 1 and trp(L;) = 0. Finally, using (i) and (v) of Lemma 3.4.2 and some

calculation show that

tl‘m_l(L() tl‘m(L) — tl‘m(Lg) tl‘m_l(L)
trm—1(L) trm (L)

:l,{ trfn_l(Lg) — tl‘m(Lt') trm—?(Li)} >0
6 m-1(L) tr (L) =5

Wim(L) =

These complete the proof of (i).

(i1) is obtained from the direct calculation.
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(iii) If m = p then Liwim(L) = wjm(L). For m < p -1,

Liwim (L) — ljw;m (L
33 ()= i)

i <t
-y{2E - sl B il IVACRE
et )
-Crllespene - sl

(by (i) of Lemma 3.4.2 )
_ trm—l(Lij) _ t"r?'ﬂ(Li'J')
—ZZ[ tI"m—l(L) trm(L) ]
(by (v) of Lemma 3.4.2 )
1 trm-1(Lij)  tr (L)
- 522[ trm—ll(L) - trm(L) ]
= J{p-m+1)p—m) ~ (o~ m)(p—m 1)
(by (iii) of Lemma 3.4.2 )

=p-—m,

which completes the proof of (iii).

(iv) Observe that
?
e E Wi Ao
m=1

-1
_ trm(L,‘)
A ;:: (D) T )

Since tr,(Li) < trm(L;)if 7 < j, it can be seen that ¢; is nondecreasing in 7 . Moreover,
& is convex combination of dy,...,d,, therefore d| < ¢; < dp,7=1,...,p.

(v) If 2 < j, then

P
i — ;= Lwidy — wjidi + ) (hwim — wjm)dm
m=2
Y ~ . ?
_ trz(LJ) tr Z(L')dl + Z(liwim _ ljwjm)dm-
m=2

tr (L)
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The remainder of the proof is to sce that ljwim — jwjm > 0form =2,...,p. Em =p

then Lw;m = ljwj,,. For m < p—1, similar argument as in the proof of (iii) of this lemma

leads that
Liwim — l,‘wjm _ trm_l(L;_,') tr,,l(L,'J')
L= " trm-1(L) trm (L)
trm-l(Li) t"rm(Lt’j)
= W, 1 tm 2> 0,
w,m(L.) trm_l(L) +w| (L) t m(L") _0

which completes the proof of (v).

The next lemma describes the action of D? over the estimators proposed in this

section.
LEMMA 3.4.4. Put D?*[Hp(L)H'] = HPCNL)H' where
AD(L) = diag (g (L), ..., o{(L))-
Ifoi=16LY,, Windny, thencp( )<0 i=1,...,p.

Proor. Applying Lemma 2.1.10 gives that

liwimdm — Lwjmd
(l) EZ b I, _lw) +Zwtmd + = 61 Ewlm

J#! m

Observe that
Lwimd, — w;mdny, trn-1(Lij) tr (L)
2.2, L —1; _z;d 22{ trm_1(L) nn(L)}

m
-SR]

JF
= tr m(Lij)
_mzl(dm-}-l - dm) ; m + (p - 1)d1
Pl (p-m—1)trm(L;)
= Z trm(L)m - (dm+1 - dm)+ (P— 1)(11.

The last equality follows from (ii) of Lemma 3.4.2. From (ii) of Lemma 3.4.3 and noting
that

P p-1
D Wimdm =di+ Y, trm(Li) tr ;2 (L) (dma1 — dim)s
m=1 m=1
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it can be seen that

? 21 tr2 (L)
Z w:m m = Zwtmd +dl+z t,;(L m+1_dm)'

These imply that

p-1 2
—m—1) tr.(L; tr,, (L;
é”=3§i¢+§j{@ m 1) trm(l) | tr ()}wwn—¢n. (3.28)
m=1

tr (L) tr2 (L)

Again applying Lemma 2.1.10 to (3.28), the straightforward calculation leads to

—m — 1){ trn(Li) — tra(L; trfn(Li)— tr?n(Lj)
(2) ozz{(P H (L) ( )}+ }

7 oyt trm (L)L = 1) tr % (L)L = 1)
Sy T
Note that
trm(L,'Iz : ler(Lj) <0
and

wh(L) = (L)
I, — lj' -

As trpn(L) =L trpnoy (L) + tr(L;), we have

0 1 trm-i(L)
Ol trp(L) ~ tr2 (L)

<0.

From these and d, 41 > d,,, we can conclude that 9052) < 0.

THEOREM 3.4.2. Assume that ky > 3 fori=1,2. Let
Ap(U) = He" (L)H'

where H is an m X m orthogonal matriz, U = HLH' so that L = diag(l;,...,1l,) are
eigenvalues of U, and ¢F(L) = diag(<pf,...,cpf) with ©F given by (3.27) and d; =
(k2 —p=1)/(ky+p=2i+1),i=1,...,p. Then the estimator Ap(U) beats the unbiased
estimator (3.5) with respect to the loss function (3.2).
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PROOF. Using Lemma 2.1.10, (i) and (iii) of Lemma 3.4.3, the direct calculation leads

to

tI‘(DAp) =Z{(p— 'I7l+].)dm +Zl'aillwlmdm} (329)

m

From (ii) of Lemma 3.4.2, we get

.3 = trm(Li) ]
Zl al wcm m — 18—1'[(11 =1 tl_m(L) (dm+1_dm)

M‘l

trmL)( ,_ trm(Li)

tr (L) tr o (L) >(dm+1 = ds) <0,  (3.30)

m=1

which implies that

tr (DAp) < Z(p - m+ 1)d,,. (3.31)
Note that E[tr (A~*U)] = pk1/(k2 — p — 1) from Theorem 3.2.1 and that
log det (A,) > Z{logl +logdm}

from the convexity of logarithemic function and the Jensen’s inequality. Applying Corollary

3.3.1 and using (3.31) give that

- —p-1 2k —p—1)
R, Ap) = Ryl Bum) <2 T ngkz_p _1)2 Cm+1)d
ky —p—1
—Zlogdm +plog<%) -p
m 1
4 X )
—_ —F 2 ATYUD?A}Y).
+ D) [tr {UD?A + UA™'UD?A}]

Note that the last term of the right hand side involving the expectation is negative by

Lemma 3.4.4. So we can sec that

2k —p—1)
Ri(A,Ap) = Ry(A, Apy) < Zd + kng _p — 1)Z:(p m + 1)dpm,
ky—p—1
‘Zlogd +plog(—2kp—) — P (3.32)
1

with d,, = (k2—p-1)/(k1+p— 2m+1), m = 1,...,p. The remainder of the proof proceeds
as in Gupta and Krishnamoorthy[16]. Lemma 3.1 in Gupta and Krishnamoorthy[16] tells
us that

?
Z log(k+p—-2m+1) < plogk

m=1
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for any positive integers k and p, & > p. From this it follows that the right hand side of

(3.32) is less than zero if

p

ki —p—1 < ky—p—1 2(k — p—l p—m+1
< p. 3.33
ko §1k1+p—2m+1 Z 1+P—°m+1_p ( )

Writing the left hand side of (3.33) as

ky—p-—1 i: (k1+p—2m+1)—2(p—m+1)+2(k—p—1)Xp: p—m+1
. ky

Ei+p-2m+1 k2 ~ hi+p-2m+1
:p(kg— —1) 2k, ZP: p—-m+1
ko kz m=1L1+p—2m+1

shows that (3.33) holds if and only if

b4
Z p—m+1 < plp+1)

ky+p-2m+1 2k
equivalently
zp: p—m+1 _p—m+1}<0
o} L1+p—2m+1 k
Let
p—m+1 p—m+1
Gm k1+p—2m+1 k]_

and &y = @y +ap_m41, m =1,...,p. Note that z,, <0 if m < p/2 and that aep+1)2 =0

if p is odd. So we can see that

?
Eamz

m=1

Zp/zlrm <0 if piseven
S D/2, <0 if p isodd .

This completes the proof.
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3.5. ORTHOGONALLY INVARIANT MINIMAX ESTIMATORS

Muirhead and Verathaworn[42] derived the best upper triangular invariant estimate of the
form Ay (U) = T'GT where T is upper triangular with the positive diagonal elements,
U=TT,G = diag(d{f,...,d¥), and

aM = (k2 —p—14i)(ka —p—2+1)
o+l —p- 14D+ (- k-p-1)

i=1,...,p.  (3.34)

Since the group of upper triangular matrices is solvable, Ay is minimax and beats the
unbiased estimator Ayy in terms of the exact risk Ry. However it is not orthogonally
invariant so that the eigenvalues of Ap may not be taken as estimates of those of A.

Later, Gupta and Krshinamoorthy[16] considered the estimator
Aan = HoAM (L)H', (3.35)

where 4™ (L) = diag (o™ (L), p4™M(L),...,02M (L)), oM (L) = dM1;, and d¥ is given
by (3.34). Their Monte-Carlo study indicated that it is minimax. However, it has not been
established that the proposed estimator has a frequentist risk uniformly smaller than the
minimax risk.

In this section, following Konno[31], we shall prove the minimaxity of the estimator
A 45 when p = 2 by showing that A 4 p has smaller risk uniformly than A a - Furthermore,

we consider the estimator of the form
Apy = HoP™ (L)H', (3.36)

where oM = diag (T, o8M) and

[ !

P A 1 M 2 M

= dr + d {
o1 (l1+lz ! 11+122)1’

l {

PM 2 M 1 M

= d d ls.
2 (ll-i-l:zl-’-h'l'lzz)2

The estimator (3.36) is a special case ( p = 2) of the Perron-type estimator. We shall show

that this estimator is also minimax.
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THEOREM 3.5.1. Assume that k; > 3 fori= 1,2 and that the third order moment of

U exists. When p =2, the estimator
Aam(U) = Ho*M(D)H',

where pAM (L) = diag(d¥1;,d¥ ;) and

" (kp — 3+ i) (ky — 4 +1)
Tt l-ik-3+0)+(2-)(k-3)

i=1,2, (3.37)

beats the minimaz estimator Ay with respect to the loss function (3.2). So it is minimaz.

ProOOF. First, assume that p > 2. Consider the estimators of the form
As(U)y=Hp(L)H' (3.38)

where U = HLH', (L) = diag(i,...,9,), and p; = d;l; (1 =1,...,p) with nonnegative

constants d; < --- < d,. From (3.17) in Theorem 3.3.1, the risk of A4 can be wriiten as

- 2k — - -
Ri(A,A4) =E [M tr(DA4s) + tr (ATU) tr (DA L)

2
ka(k2 — 1)

ky(ko — 1)
. (3.39)
+%trw IAA)+MI(AA>+zvfz(AA)+C]

where M, (A,) and My(A,) are given in Theorem 3.3.1 and

> log(dil)

=1

C,=-E + log det A — p.

Note that C, is a constant term which is independent of parameter A. Using (iii) of

Lemma 2.1.10, we get

r(DAL) <) (p—i+1)d;.

u'M@

Putting above inequality in (3.39) and noting that E [ tr (A1) = pk,/(k2 — p—1), some
simplification shows that R;(A, A 4) is bounded above by

2k —p
ko(ks —

—1) Z(p i+1)d 4zl Zd +EM(Ag)+ My(AQ)] + C,.
=1
(3.40)
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Since ]VIl(AA) and .AC[Q(AA) involve in higher order derivatives of D, it is difficult to
evaluate their expectations for general p. From now on, we assume that p = 2. Then it is

sufficient to show that
Ri(A,Aun) < Co +2
in order to prove minimaxity. Note that the right hand side is the risk of minimax estimator
Ay when p=2and d; =d¥ fori =1,2.
Now we evaluate M;(A4) and M2(A,) in (3.40) respectively. From (iii) of Lemma

2.1.10, we have

(2) _(di — da)(ly = 2y)
A e
_ 2 —
Py LB
2h — k) (3.41)
(3)(L) :(d1 — d2)(=3l + 513) '
1 a(l, — e
(3) (di — d)(511 = 3l)
L) = .
P2 ( ) 4(11 _ 12)3
The term inside the curly bracket of M 1(A 4) in Theorem 3.3.1 can be rewritten as
(k= D{LL) + e (D)} + (1 + H{AT(D) + 5D} + 241367 (L) + 557 (L)),
(3.42)
and, from (3.41), (3.42) becomes
(dy — do)[(k — D)(IL + L)L — 12)? + 2L (11 + 12)]
2(ly — )3
which follows
2(k—1)(dy — d
E([M(A4)) < <7 2(k — 1)(dy — da) (3.43)

ka(ky — 1)(k2 — 2)°
since dy —dz < 0 and (I} + I)/(l; — ) > 1.

The term inside the curly bracket of My(A,) can be rewritten as tr(A“'Hh(L)H')
where h(L) = diag(hi(L), h2(L)) and

hi(L) = {bg{(L) + P (LM + {e{(D) + (DY + 260(L)E, i=1,2,

Putting (3.41) into this, we get

dy — do){(lh = L) + L2+ B 1] — d3)l
hl(L):( 1 — d2){( 12(112—)121):- 13 + B} < (di _ 2)l1




=(d1 - dz){l% + 21%12 - Qlll% + l%}lz < (dl — dz)lz

h
(1) ORI =T
From these, we obtain that
. 2d, —
EMy(Aa)] < B —92) g4 (amip)
_ 4(d, — da)ky '
ka(kz — 1)(kz — 2)(k2 — 3)
Combining (3.43) and (3.44) gives that
, L 20k—3)(dy - dy)
E[M;(Ag)+ Mz(Ay)] < .
[ 1( A) 2( A)]_ k2(k2—2)(k2—3)
From this and hazardous calculation, (3.40) with p = 2 provides that
2(k -3 ky -3 . -
EETZ—_—;)(le + d2)+ lkg (d1 + dg) +E []Ml(AA) + A’Iz(AA)] + C2
3.45
kl(k2—2)+k—3d+k1—1d +C ( )
= (k= 2)(k2-3) ' k-2 %

Finally, letting d; = d¥ (i = 1, 2) given by (3.37), we get that
Ri(A,Aum) S Ri(A, An),

which completes the proof.

REMARK 3.5.1. If E[M(A4) + M3(A4)] < 0 for general p, then (3.40) becomes
the upper bound (due to Gupta and Krishnamoorthy [16]) for the approximate risk of
the estimates A4. From this, it is seen that the approximate risk given by Muirhead
and Verathaworn[42] neglects the terms M 1(A4) and Mi(A,) as long as we restrict our
attention to the class of the estimators of the form (3.35). Furthermore we expect that
AA ar is minimax for higher dimensions as pointed out in Gupta and Krishnamoorthy [16].
But we can’t give analytic proof since evaluation of E[M; + M>;] is much more difficult

than that done in Theorem 3.5.1.

REMARK 3.5.2. In Gupta and Krishnamoorthy[16], several competitors among possi-

ble choice of d;’s are considered . The risk of the estimators of the form (3.35) is bounded
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above by the left hand side of (3.45). By differentiating (3.45) with respect to d; or dz,
then it is easily seen that upper bound of the risk of the estimators of the form (3.35) is
minimized when d; = dM (i = 1,2) so that it seems that dM’s are the best constants for

the estimators of the form (3.35) when p = 2.

REMARK 3.5.3. From the Monte-Carlo study of Gupta and Krishnamoorthy[16], it
is found that the estimator A a performs better than the approximate Bayes estimator

due to Muirhead and Verathaworn[42] when p = 2.

THEOREM 3.5.2. Assume that p = 2 and k; > 3 for i = 1,2, and that the third
order moment of U exists. Let U = HLH' with L = diag(ly,l2) and Iy > I3, and let
SPM(L) = diag (g7 ™ (L), E™ (L)) where

[ [
oA (0) = (i + i,

Ih+1 I +1

1?‘ 2 17‘ 2 (3.46)
FM(L =(—2 M —— dM)l
P2 ( ) 11+12 1 +ll+’2 2 25

and d¥ (z = 1,2) is given by (3.37). Then the estimator
Apy(U) = HPM(L)H'
beats the minimaz estimator Ay with respect to the loss function (3.2). So it is minimaz.

PRrooFr. Note that (3.46) is a special case , i.e., p = 2, of (3.27). Use Theorem 3.3.1

and write the risk of A PM as

A 2(k — 1) . 2 5
Ri(AA -El— - -1
1(A, Apm) [kz(kz——l) tr(DApM)+k2(k2_1) tr (A7'U) tr (DApar)
ky —3

+ tr (U™ Appr) + Mi(Apar) + Ma(Apar)

2

— log det (A_IAPM) —-2].

From (3.29) and (3.30), we can see that

2L1,

tr (DApp) = 2dM + dM 4+ 22
r(DApn) dy +dj +(11+12)2(

d¥ — a¥y.
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From these, we can see that

2k-1)

. Wk—1) < .
Fa (ks = 1) tr(DAPM) < ——;(3 - Z)d{u

ka(ka — 1)

and

4k, : 3 —¢)dM
ka(ka — 1)(kz — 3);( i)

4hiy(df — dff)
kz(kz - 1)(11 + 12)2
From these and noting that E[tr (A~'U)] = 2k, /(k2 — 3) by Theorem 3.2.1, we can see
that

tI‘(A 1U‘) tI‘(DApM)

2
ko(ky — 1)

tr (A™IU).

2k — ky =3 S
R, (A, APM)< kz— 2(3 Tzdi

=1
+E [M1(APM) + My(Ap )

41112((111“ — d‘zu)
ka(ks — 1)(1 + 12)?

—logdet (A" Apy) — -z].

(3.47)

tr (A7)

Now we shall evaluate the expectation of the terms inside the large bracket of (3.47). We

M

shall use notation ¢, and d; instead of @™ and d¥, i = 1,2, for convenience. From (iii)

of Lemma 2.1.10, we may see that

@_[_ 1 213 }d 4
71 {uu+m*xh+m3(‘ 2)

99(2)—{ L, 2 }(d1—d2)
2 2+ L) (W+Bk)

3 612 (3.48)
(3 _ _ 3 g
& {2(11 + 1)? + (h + )% }(dl 2)
3 _ 3 612 _
I {i’(h AR AT (di - d2).
From (3.42) and (3.48), the term inside the curly bracket of M;(Apa ) becomes
k-1 241, { 1241, }] k=1
" T dy - dz) < dy - d3), 3.49
[ 2 (h + I2)? (I, + I2)? (d —dz) < (di — d2) (3.49)
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since k > 6, di < da, and lil2/() + 12)? < 1/2. Write the term inside the curly bracket of
My(App) as tr (A~YHR(L)H') where h(L) = diag(hy(L), ho(L)) and

hi(L) = {h G (L) + LS (L)} + {8(L) + $PL)}E +258(L) 8,

=1,2.
Then we can rewrite
A 4l l3(dy - d2) -1
My(A tr (A™°U
ABew) + D+ 1 )
as
4 tr (A~ Hg(L)H")
ka(kz — 1)(k2 - 2)
where g(L) is a diagonal matrix whose elements are given by
ky —2)215(dy — d
gu(L) =hy(L) + L2 = 2lih(d = &)
(k2 —2)L113(dy — d2) '
L) =ha(L
g92(L) =h2(L) + (I, + I5)?
Putting (3.48) into (3.50) and some simplification lead to
'l ) .
n(D)=| 3 + m{(kz )l + 2k — B)RE + (ks + 3)1313}_ (dy — dy)
and
"l ! -
g(L) =2 + *{{(}Q + )1 + 2(ky - BYEE + (k2 - 1)1113} (dy — da).
12 (L+ D) |
Since k2 > 3, d; < d, and I} > [, we get that
l; .
gi(L) < g(dl - d2)a =12 (351)

Again using E [ tr (A™'U)] = 2k /(k2 — 3) and combining (3.49) and (3.51) provide that

] ) 4l 1y(ds — dy) )
E [—"/Il(APM) + .A/Iz(APM) + kg(kg — 1)(11 n 12)2 tl‘(A 1U)]
2k = 1) 4k, ) _
S [kz(kz T (he —2) ¥ Tl = 1)k = 2k = 3)]“‘ B (352
_ 2k - 3)(dy — da)
ka(ky — 2)(k2 — 3)
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From the convexity of the logarithmic function and the Jensen’s inequality, we can see that
h 2
logdet (App) > Y {logl; +logd;}. (3.53)
=1

Now we set d; = dM (i = 1,2) again. From (3.47), (3.52), and (3.53), some simplification

shows that the risk of the estimator Ap M is bounded above by

kl(kg—2)+k—3dM+L1
(kp —2) (k2 —3) ' " k27

dM + Cs,

where

=-E[) log(d™1)] +logdet(A) - 2
1=1,2

and d¥ i = 1,2 is given by (3.3). This completes the proof.

REMARK 3.5.4. As far as we consider the estimator of the form (3.14) with (3.27),
i.e.. Perron-type, we can see that E[M) + M5] < 0 for general p. However, to prove the
minimaxity in Theorem 3.5.2, we need sharper bound of E [M; + M>] for p = 2. It seems

difficult to obtain similar bound of E [M; + M>] for general p.

REMARK 3.5.5. Although both AAM and APM are minimax, it seems that APM is
preferable to A4y since possibly A, may violate the desirable order p2¥ > o4M nor

does Apy .

REMARK 3.5.6. To apply Theorem 3.3.1, we assume the existence of the third order
moment of the matrix U. But the minimaxity of Ayp and Ap s seems still true provided

the moment of the matrix U exists.

REMARK 3.5.7. Sharma and Krishnamoorthy(47] and Takemura[51] independently
obtained an orthogonally invariant minimax estimator for a normal covariance matrix by
averaging the minimax estimator of James and Stein[24] over p X p orthogonal matrix with

respect to Haar measure. Following their approach for p = 2, the estimator of the form

Ast(U) = HST(L)H'
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where ST(L) = diag ({7 (L), 37 (L)) and

ST _ \/7; M ‘/1_2— M
0 = (e )i

and
Vi Vi
STy, =<-—2——dM+———dM)l
vz (L) Vi + Vi . vh + V2 ? 2

must be minimax. But we can’t give direct proof as in Theorem 3.5.1 or 3.5.2.

3.6. IMPROVED ESTIMATORS UNDER THE SQUARED ERROR LOSS

In this section, we will look briefly at the problem of estimating the eigenvalues of A using
the loss function (3.3). It is shown in Leung and Muirhead(34] that, for the loss function
(3.3) and k; > p + 3, the best estimator of the form aU is given by Ap = ayU where

a5 = (k2 — p)(k2 —p = 3)
(ki +p+1)ka —p—1)+pk1 +2°

(3.54)

We consider alternative estimators of the form
AH = CLQ(U-I— ZtIp)

where z = 1/ trU~! and ¢ is a nonnegative function. Here we lack the generality of ¢
under the loss function (3.3). Now our goal is to find a sufficient condition under which

the estimators Ay beats Ap under the loss function (3.3). Put

az(A) =Ry(Ax,A) — Ry(Ap, A)

tr (UA~2 tr A~! tr A2 .
=2(1§tE [%] - 2a2tE [ tI‘U—l] + a%tzE [(trlj—_l)z] . (3.00)

To evaluate (3.55), we need the following lemma given by the application of the identity
(3.6).

LEMMA 3.6.1. Let U have the Fy(ky, k2;A) distribution with ko > p 4+ 3. Then the
following inequalities hold:

. t’I'A_2 (k]_ - p+ 1)(k1 — p+ 3) tr Zj_2
W e < s o)
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trA”L 2 trU-2 ki —p—1+2
.. .2
(i1) E[_trU‘l] > sz[( trU'1)2] 5
where
plki —p-1)+2
- 3.56
p?(pk2 — 2) ( )
(i) E tr(UA—z)] 2 [(k1 + ko) (ky = p+ 1) + ki (ks — 2)
trU-1 | “ (k2 —p—=1)(k2 - 2) ko
(AI—P+1)(’»1 p+3)]E[ tr U2 ] ky(ki —p-1)
ko — 4 (tl‘U_l)z kg(kz—p—l)'

PROOF . For (i). Take g(U) = (trU"')"2 and V = (A + U)A~? in the F identity

(3.6). From similar calculation in the proof of Lemma 3.4.1 we may see that (3.6) provides

tr A™2 ky—p+3 tr (U"TA™D) -
[( trU‘l)Z] = ky — 4 E[ (trU-1)? (3.57)
Hence it suffices to show that
E tr (U-1A™D) < ’\?1—P+1E tr U2 (3.58)
(trU-1)2 | = k-2 (trU-1)2 ] '

Set G = U~!. Then it is seen that G follows the F,(ks,k1; A1) distribution. Applying
Lemma 2.1 (being h(G) = (trG)"? and V(G,A) = (A™! + G)G? in (3.6)) with the
distribution of G instead of U and noting that

p+2

tr DA™!G? = tr (ATIG) + (trA Y trG)

and

2p+3
P+ i

.4

tr G2 = G? + 1( tr G)?,

similar argument leads to (3.58), which completes the proof of (i).

For (ii). Let t(z) be a constant in (3.25). Then the remainder of the proof is to
evaluate E[ tr (U !A~Y)/( tr U~1)?). Using the fact p trU~2 > ( trU~!)? and making a

transformation T = A~Y2UAY2 we can see that the term is bounded below by

113E [ ttlr ((C/I“:—llAA:lz))?] 2 %,E [%] (3.59)
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Noting that T-! has the Fy(k2,k1;I,) distribution and using Lemma 3.4 in Leung and
Muirhead([33], right hand side of (3.59) is bounded below by {p(k; —p—1)+2}/{p?(pk2—2)},
which completes the proof of (ii).

For (iii). Set g(U) = (trU~')"! and V(U,A) = (A 4+ U)A™2U in (3.6). From (iv)
of Lemma 3.4.1 and similar argument in the proof of Lemma 3.4.1, we may sce that (3.6)
gives

(kp — p— 1)E [”SJTA_T)] — LE [ ‘; ‘;:i] +9E [ tr(A(_tlrUU—_llJ)gA_z)]. (3.60)

First put (3.25) (#(z) being a constant) into the first term in right hand side of (3.60) and
use (3.57) and (3.58). Then we may get the desired result.

THEOREM 3.6.1. Assume that k2 > p+ 3 and p > 2. Let

ﬁ_ 2(k2_2)(k2_4) [kl—p+1+2€ kl(kl—p—].)

(ky —p+1)(ky —p+3) azks " ka(ke—p-1)
B 2 {(’\?1+k2)(’~‘1 —p+ 1)+ ki(ky —2)
(k2 —p— 1)(k2 — 2) k2

L Rop +k1)£k; —p+3) }]

where a3 and ¢ are defined by (3.54) and (3.56) respectively. If 8 > 0, then the estimators
of the form

Ag = ay(U +tL/ tr U™Y),
where 0 < t < f beat Ag under the loss function (3.3).

PROOF. From (ii) and (iii) of Lemma 3.6.1, the coefficient of ¢ in (3.55) is bounded

above by
[ 4a3 {(k1 + ko)(ky —p+1) + k1 (k2 — 2)
(k2 —p—1)(k2 - 2) k2
4 Un = Hki)fki —p+ 3)} ) 4}:2] e [( tt:‘g_'f)z] (3.61)
e

78



Noting that € > 0 and that the term inside the second curly bracket of (3.61) is bounded

by
b — 1 — 132 — (ko —

it is seen that (3.61) can be bounded above by

_agﬂ(h—p+1)(k1—p+3)E[ tr U2 ] (3.62)

(k2 — 2)(ky —4) (trU-1)2
Using (i) of Lemma 3.6.1 and (3.62), straightforward calculation shows that the sufficient
condition for a(A) < 0 becomes 2 — t < 0, which completes the proof.

REMARK 3.6.1. Similar to Remark 3.4.1, we can see that Theorem 3.6.1 implies
Theorem 4.6 in Haff[19].

Unfortunately 8 is not always positive when p = 2. We carry out numerical calculation
to see which k; and k; satisfy 8 > 0. It indicates that 8 is monotonically decreasing in k;
for each fixed k;, which follows that 8 has just one sign change. Table 1 shows that ,for
example, 3 is not positive for k; > 43 when k; = 15. It also shows that the minimum of
ky such that B doesn’t take positive value for each k; first goes down and then goes up as

ko increases. When p > 3, our numerical calculation shows that § is always positive.

Table 1. For fixed ko, minimum of k; under which 8 is not positive.

ko 10 11 12 13 14 15 16 17 18 19 20 30 40 50
ky 208 74 53 46 44 43 43 43 44 46 47 64 83 102




