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B3E MRIHBFEORFN

EHFE T 2 O N iR CHAAHMEIZN U T ERZVWUIETNRZ 5
ZBHAERIIETHS. 3.1 BT, Markov DAZEX & Hoeffding A
HFAFEZ G52 5. 3.2 TlE Cauchy-Schwarz 7 & OHARHE % 5§ 5 A%
Az 525.

3.1 MHEIINTIAFENX

EIHE 3.1. (Markov DASEN) MERZEM (Q, A, Pr) EOIEEETERZE
X EL EX]<oo &T35. ZOEE VE>0IZHLT

EX]

Pr(X >1t) < .

MR D LD,

Proof. X ($#4#RIT p.df. p 2HF25GG%2RT.

E[X]—/Oooxp(x)dx—/otmp(x)dx—l—/tooxp(x)dxz/tooxp(m)dx
> t/too p(z)dx = tPr(X >1t)
P EbhB. .

32 A>0195%. X 2HFRLEMEUE[] <o & T2 ZDLE
V>0 12 LT
Pr(XZt) Se_ME[e)‘X}

NI ARVASH
Proof. M \XFEAMERERZ B0 TER 3.1 2#EHTHIE

Pr(X > t) = Pr(e’\X > e)‘t) < e”\tE[e’\X}
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% 3.3. (Chebyshev DAEFER) X ZMERL L U p = E[X], 0% = Var[X] <
©0(0<o<o0) T2 ZOLEVES0ITHLT

0.2

Pr(|X —p| >1t) < =
NS A RVASH
Proof. (X — p)? 126 LU T Markov O AEX (EH 3.1) 2 #HT 5. T
5L
E[(X — p)?]
12
Nonb. O

Pr(lX —pl>t) =Pr((X —p)*>#*) <

IRIZ Hoeffding D AREXNZFEHT 5720 DfEHEZ 52 5.
WE34. 0, beRIFa<0<bRDITEHELET . HEREH X &
E[X]=0, a<X<b
EAREZTEEVAS0ITHLT

E [eAX] < e)\Q(bfa)Q/S

k5.
Proof. X ZAFD LS IZEZET.

X —a

X=9+{1=-7a 7v=73—

. TH5L M DOMELD

X —a b—X
Aa b Aa
_b—aB +b—ae

275, E[X] =0 CERLT LOROWILOMHFHEZEFHT 2 &

e < yet + (1 —7)e

b
A g Aa

E[e’\X} < e

= b-a b—a
=ce™ + (1 —c)e™ (c:: ¢ 1-c= b )
— cMII=D) | (] _ ) rel-a)

= M ] _ o4 A0

=e “{l—c+ce"} (u:=A0b-a))

= exp{—cu + log(l —c+ ce“)} =: exp{g(u)}
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Nbhnrsd. W E
° oo 1
g(0)=9(0)=0, 9 (u) < 1 (u>0) (3.1)
HEET 5. 5K
. _dg B ce®
9 (u) = du et 1 —c+ cet’
oo - d29 cel 0262u

T du? l—ctecer (1—c+cev)?

) % Si (UMM 2 1 — ¢ & cet (AT 2. )

mobnd. (3.1) IZERL T, Taylor &% 41X

u2

9(u) = g(0) +u g (0)+ 5 9 (&) (€€ (0, u)
BEGREY uw’ A (b—a)
=5 9= <= 3
nbohrbd. koT
E[GAX} < 6g(u) < 6>\2(b—a)2/8
2135, 0

EH 3.5. (Hoeffding DAEFER) a;, 0, (j =1,2,...,n) 1T a; <0< b
RBEME T B, HERZEM (Q, A, Pr) FOMERER X, Xy, ..., X, 1&
VNG

E[X;] =0, a; <X; <D

EHRIZTETEH. ZOLE VES0ITHLT

F%ZX>Q<W{z“gcw}

J=1

AN AVAC RSN
Proof. % 3.2 ZH\WA. YA > 0125 LT

n

Pr(Z X; > t) < e‘”E[expOin)}

j=1 j=1

=M ﬁ Elexp{AX;}] (.- M5ZM)

< e—Atjl_[lexp{M} (. fliE 3.4)
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2O
= exp{—)\t - 5 Z(bj — aj)2}

j=1
:eXp{Z?q(bj—aj)?{A_ 4t }2
8 2 -1 (bj — a;)?
B 2t* ]
2 -1 (bj — a;)?
X0
Pr(in 2t> Sexp{— o 2 2}
= Zj:l(bj - a;)

Nbhonb. O

TE 3.6. X1, Xo, ..., X, X' Ber(d) 295, 2L 0<0<1ThH5.
IDLEVES0ITHLT

Pr(|X, — 0| >t) < 2e7
LB, L X, = (1/n) S0, X, THA.
Proof. j=1,2,....,n 20 LT

1
Yj=—(X;-0)
EBITIE
0 1—-6 1
E[Y}]:Oa angSb, CL:—E’ b= —, (b_a)2:ﬁ
b, koTEH 35 kD
Pr(Yn—ezt) :Pr(ZY} Zt> < 2t (3.2)

j=1

5. ARk

n

Pr(X,—0<—t) = Pr(ijj < —t) - Pr(Z(—Yj) > t> < et

j=1 j=1
(3.3)
Whhd, £o7T,(3.2) & (3.3) 2&b¥d L
Pr(| X, —0| >t) =Pr({X, -0 >t} U{X, -0 < —t})
<Pr(X,—0>t)+Pr(X, -0 <—t)
< 9~ 2nt?
WoOn5. O
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B 3.7. X1, Xo, ..., X100 = Ber(d) £ T5. 27L0<0<1Thb.
(1) n =100 & U, FR | X1 — 0] > 0.2 DHfEFEE Chebyshev DALER
ZHWTO I UT—RRIZE» Sl 5 &

Pr(| X100 — 6| > 0.2) < 0.0625

Nhonsb.
— 7} Hoeffding DAERZHWT 0 1ZBIL T—RRIZEHS 5 &

Pr(| X100 — 0] > 0.2) < 2e7219902" = 0.00067

L5,
2)0<a<lzZEETS. \WE

t= 11 2
N 2n0g o

EHK. §T5¢ Hoeffding DAEFEALD

Pr(|7n—9‘ > ilog (z)) <a
2n o

b A TNy A )|
2185, £oT

EHITIX
Prl0eC)>1—-a

2155, TRROLEHERE (1 —a) D 0 OFHXH

X —“—log , Xn +“—log
2n
2135,

=0.05,0=1/2 £ LT, n=10, 20, 50, 100 DfFFHX D LI DEI
Z175. CLT @ HIXEEEIH T,
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EE 3.8, BHEKMEICOWTIXE 8.6 22D Z &,
EHE 3.9. (Mill DAER) Z ~ N0,1) 95, ZOLE Vt> 01X

LT
D) —t2/2
MWﬂzﬂste
T 1

NI ARVASH
Proof. £9
Pr(Z >t) ! /Ooe ( 22) d
=— xp | —— | dz
= o /s p 9
i (s
— “exp | —— ) dz
=V )t p 9
] e ()
= — ——exp | —— z
wvor ) o P72

() o

DD NEDZ LIZHERET 5. X512, N(0, 1) D p.df. BMEEKTH S Z
LIEET DL

Pr(|Z] >t) = Pr({Z >t} u{Z < —t})
< Pr(Z >1t)+Pr(Z < —t)
2Pr(Z > t)

NobB. ZORERY (34) 2ADUES L EHORERNELNG,
O

3.2 HIFEICNT BZ2AER

EIH 3.10. (Cauchy-Schwarz OARFRX) MERLH X & YV 2 2 ROEHR
I HEE RO & &

E[lxV]] < VEXTEY
b A

Proof. E[X?] = E[Y?] =0 O X &, ffi#l 2.3 5 Pr(X =0) = Pr(Y =
0)=1¢42DT, FEXIAWUTHS. ZOZ L %2BEE A, E[X?] #0
EUTCAtHHZHED 5.
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WE, g(t) =E[(tX —Y)?] &BL. HIRHMED R Z R L CTHIfHEDOR
MEZ WS &
0<g(t) =E[t*?X* — 2tXY +Y?]

o EIXYI\ | EXIEVY  (E[XV])?
—EX ]{t‘ E[XZ]} EX7)

bl A NG g /A R

g(E[XY]) _ E[XZJE[?) — {E[XY]}”
E[X?] E[X?]
& E[X?)E[Y?] — {E[XY]}* >0

& ‘E[XY]‘ < VE[X2]E[Y?] (3.5)
225, 35)IBVWT, X, Y % |X|,|Y]| LiEEHZ 2 L EHOALER

BREND. HERFELT B0 gt) = 0 BEMEHOLEXTHS. &
% c & Bt

g(t) =E[(cX —Y)’] =0 & Pr(Y =cX) =1
Bl 0
EE3IL BN g: RR VN THEEH 2, ycRE0SVEL]
XL T

gtz + (1 —t)y) < tg(z) + (1 —t)g(y)

DENTHLEEND. IHIT —g BMDEE g 1 concave THD &
W9,

EIE 3.12. (Jensen DAER) X & HMRQIIFHEZ R OMERLEH L T 5.
(1) B g: R — RIXMT g(X) OMFHEIZERD & &

E[g(X)] > g(E[X])

AN

AR X 1T LT
E[X] =0« Pr(X=0)=1

THBILITHEEE L. EBPH(X >0)>0 ETS. T5LH5D >0 BEEL
TPHX>6)>0 8755, LHL X > l{X >e} &0

0=E[X] > €E[1{X > €}] =€Pr(X >¢) >0

YROFPETS. koTEX]=0 & Pr(X =0)=12bhb.
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(2) g A concave D & &
Elg(X)] < g(E[X])
ks,
Proof. Ve e R IZH UL THIEH r e R BFE2 LT
g(E[X]) + r{z — E[X]} < g(x)
7%, 212 X Z#RAL T EORERD ML O IARHE % B
9(E[X]) < E[g(X)]
Nonb. O

% 3.13. (Young DAEFEX) p,g>1 &L
1 1
— 4 =1
p 4q

EAZTETH ZDEEVa, b>0I1IZFLT

ab b
ab < — + —
p q

b A
Proof. B g Z#iM& L, Y ~ Unif(0,1) 95, AlFESBEH AL R — R
LT X = h(Y) &FhiE
o [ 101 av) = ot€x)) < Elg0)) = [t
285, 22T
ploga  [0<y<t?

qlogb

EBIFE g lEMiRoT

ab = exp{pl"g“ ' qlog”} - exp{/ol h(y) dy} < /O exp{h(y)} dy

p q
1 1 al bl
= - exp{p log a} + - exp{qlog b} = —+ —
p q p q

Nhoird. O

22 DESREME IO X ZAERE VS, BEEANTHBEZ L & FOEB DT
BEORIZBVWT IO RZA2EMMFAET S EDEHEICRS ZeRMosnTWS. 3
L I3fiED B.7 E% 2.
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EH 3.14. (1)(Holder DAEFNX) p, g 131 <p<+o00,1<g< 400 &
1 1 ‘
—+-=12&0U, MERLEH X, Y 13 E[|X]P] < oo, E[]Y]?] <00 AT

poq
9% ZDLE E[XY] <0 T
Eflxy(] < {E[IxP]} (v}

Y.
(2)(Minkowski DAEFERX) 1 < p < +o0 T ]% +$ =1&U, MRE
X, Y 13 E[|XP] < o0, E[J[YP] < 00 ZhTcTETH. ZDLE,
E[|[X+YP] <oco T

{E[X +Y P} < {E[XPI} + {E[VP]}
5.

Proof. (1) DFEHH: 1 <p < o00,1 < g < oo DHHIZDNWTDAGEH%
HZ5%. p=1,q=o00 ODHHIE Cohen (2010, pp.93-94) 2D Z &.
R 313 o

p q
xy| < AP D
p q

Thd. £9,E|X]P]=1LE)Y|)=1,T5. (3.6 OMLOHFHEZE
5 &

(3.6)

X|P q

X)L EQYV 11 (37
p q P q

2135, E[|XPP)#1 £/ EY]#1 DL E (37 IZBVWT, X, Y %
XAEIXPI?, Y/HE[Y |} b EERAS

(XY -,
{EIX IR eV 7

Eflxv]) < o

285, £oTC, 1<p<oo,1<qg<oo DHFEITDOWT (1) IFFEHE
Nnr-.

(2) DEEHH: 1 < p < 00,1 < ¢ < 00 DFHITDVWTDOAGEHE G
Z%. p=1,q =00 DEHIL Cohen (2010, pp.94-95) ZZHD Z &.
E|IX +Y]P] =0 O & Eik, AEXITHPRD T, E[|X + Y|P £ 0 2IKE
LTH Mz Lbin. 2ok &

E[[X + Y] <E[(IX]+ [Y])|X + Y]
= E[|X] x |X + Y[ + E[|[Y] x | X +Y|!]
< {E[\le]}l/p{EHX + Y’q(pfl)]}l/q
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+F{E[YVPRPEIX + YOI (- (1) RN
= (E[XPI}PLENX + YV + (E[Y I {ENX + Y[y
= {{EIXPI}? + {EY I} HENX + YV

%135, EOREFERORAL L FAL% {E[|X + Y[}V cEn, 1<
p<oo,1<qg<oo DEGHD (2) BRtEr. O

3.3 EXRIFRESE

Z DFTHeo 72 BEEUIAEE O HEHIER G © IR E 0% # & 7= 3. Ho-
effding DAFERNTIE, HHHEMEEER THW O N EAREANTH
5. ZOFIL[32, 4 FE] 25FIZ LT,

3.4 HEMRE

EEMIRE 3.1. X ~ Po(/)(0 >0) 5. ZD&E, LFOMWIZE
AK.

(1) X O3 E[X] &8 Var[X] 23K &.

(2) Chebyshev D AE X % T

Pr(X >20) <

S

Rt

HEME 3.2.neNEedTD I<p<oo,pl+qgl=102%3 IHE
DEE z;,y;(j=1,2,...,n) IZHFLT

n n 1/p n
mes@]w)(ZM@
j=1 j=1 j=1

MV DZ L% Young DAZEXZFHL TRE. ZOAREA%Z Holder
DAFERE NS,

1/q

RBRIE 3.3. s >1>0 295, MREH X 7 E[IX]] < oo &5,
E[|X]] <oo &7% Z &% Young DAEFEXZHWTRE.

SMEAE G UL T572012, p=1 DEEERVTWVWS Z L IHEREE &.
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HEME 3.4. X ~ N(0,1) £95. Var[g(X)] < oo &5 "%
g: R — RIZHLT

Var[g(X)] < E[{é (X)}?]

MENLT 52 8 B R 722U, g (z) = 3—5(@ Thb.
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