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Normal covariance models parametrized by simple Jordan algebras of degree 2, equivalently the
Lorentz cone, were first discussed by Tolver Jensen (1988) who described, for the family of nor-

mal distributions, the structure of those statistical models which are linear in both covariance and

inverse covariance. Recently Konno (2007) developed minimax estimation for normal covariance

matrices parametrized by the irreducible symmetric cones which include the Lorentz cone. In this

paper a new class of minimax estimators is proposed for the Lorentz Wishart models under Stein’s
loss function. This class includes analogue of estimators by Dey and Srinivasan (1985) and Per-
ron (1992) for the real Wishart models.
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1. Introduction

James and Stein (1961) first employed the Stein loss function and considered the problem of minimax
estimation of a mean matrix of the real Wishart distribution. They used a result of Kiefer (1957) to
construct minimax estimators having a constant risk. Later Stein (1977) pointed out that the eigenvalues
of the Wishart matrix spread out more than the eigenvalues of the expected value of the Wishart matrix.
This phenomenon suggests that the eigenvalues of the Wishart matrix should be shrunk toward a middle
value of the eigenvalues. Furthermore he gave an unbiased risk estimate for a class of orthogonally
invariant estimators, from which he obtained minimax estimators which are uniformly better than the
James and Stein estimator. Recently Konno (2007) extended these results to the estimation problem of
general Wishart distributions on the symmetric cones. These general models include the Wishart models
of real, complex, and quaternion entries, and the Lorentz Wishart models.

The Lorentz Wishart models were originally discussed by Tolver Jensen (1988) who describe, for
the family of normal distributions, the structure of those statistical models which are linear in both
covariance and inverse covariance. In this paper we focus on the problem of estimating the mean of the
Lorentz Wishart distributions which are the special case of the Wishart models on the symmetric cones.

In Section 2, a brief introduction to simple Jordan algebras of degree 2 is given. In Section 3,
estimation problem is introduced while in Section 4, minimax estimators are given by following the
results in Konno (2007). In Section 5, a class of orthogonally invariant minimax estimators is given by
using an unbiased risk estimate for the orthogonally invariant estimators given in Konno (2007). In the
Appendix, technical proofs are given.

2 Simple Jordan algebras of degree 2
In this section we review some notion of simple Jordan algebra of degree 2 which is a special case of
finite-dimensional Euclidean simple Jordan algebras. See Faraut aadyK¢t994) for recent results
on the symmetric cones and Jordan algebras.
Let # be a real vector space of dimensior- 1 (v > 3) with a symmetric bilinear fornB. We
denote byl| - || 5 @ norm induced by this symmetric bilinear forh We assume that’ = R x # has
a Jordan multiplication defined fdw, a), (5, b) in R x # by

(a, a)o (B, b) = (af + B(a|b), ab + a). (2.1)
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Throughout the paper, the small cap alphabets are used for elemefitstive small cap Greek
letters are used for elementsinand bold faced small cap alphabets are used for elements in the vector
space?”’. For example, we write = («, a) € Rx # fora € 7.

Note that the identity element if is given by(1, 0) where0 is the zero vector i and that the
multiplicationo on ¥ satisfies for alk, b € 7;

aob = boa,
ao(a?ob) = a?o(aob),

wherea? = aoa. However, the multiplication does not satisfy the communicative law. The associated
symmetric coné is the well-known Lorentz cone in the enveloping sp#cdefined by

Q={a=(,a) ERx¥;a>0,a®— B(a|a) > 0}.
We define the trace and determinantof (o, a) € ¥ = R x # by
tr(a) = 2q, det(a) = o® — B(a|a). (2.2)

If det(a) # 0, then we define the inverse ety

1
-1 _ .
a = det(a) (o, —a).
Note that, by(2.2),
R 2 _ _
aoa” =a Oa_det(a)(a B(ala), 0) = (1, 0),

and that, by(2.1) and(2.2), ¥ is equipped with the inner product
(a]b) = tr(aob) =2{af + B(a|b)},

for (a, a), (8, b) iIn R x #. We denote by| - || a norm on¥” induced by the above inner product.
Note that, from the definition of the norms ghand’#? and the multiplication rule oi¥’, we have

10, a)[|* = tr {(0, a) 0 (0, a)} = tr (B(ala), 0) = 2B(ala) = 2||a]3, (2.3)

foraec ¥ .
We write a Jordan frame, a complete system of orthogonal primitive idempotents, as

1 1
1= 5(17 h)v Co = §(la *h)a

whereh € # is fixed such thaB(h| h) = 1. Let ¥3, %3, and¥1. be a subspace of defined by

¥ = Rey, ¥4 = Rea, Y12 = {(0, u); u € #/, B(u/h) = 0}.
Then note that? = c;, ¢3 = ca, ¢1 0 ca = 0, ande; + co = (1, 0). Then we see that, for all € 71,
crou=(1/2)uandcy ou = (1/2)u. Itis known that¥ is decomposed int¢” = ¥; @ ¥12 © ¥. In
fact, we have, fon = (a, a) € ¥,

a = (a+ B(alh))e; @ (0, a— B(a|h)h) & (o« — B(alh))cs.

This decomposition is a special case of the Peirce decomposition for finite-dimensional Euclidean Jor-
dan algebras.
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Fora = (o, a) andb = (3, b) in ¥, the quadratic representation is defined by
P(a)b = 2ao0(aob)—a’ob
= 2(af + B(a|b))(a, a) + det(a)(—3, b). (2.4)

Fora, be ¥, wewritea = ajc; + agca + ajp andb = 6101 + 5202 + b12, Whereal, 9, 61, 62 cR
anda;> = (0, a), by2 = (0, b) € ¥12. From the definition of;;, ¢s, note thain = a; + ay and that
B = B1 + B2. Then atriangular subgroup transformation is defined by

T(a)b = a%ﬁlcl (&) (Oélﬁlalg + Oéloégblg) (&) (ﬁ1|a||23 + 20[33(3‘ b) + Oé%ﬁg)Cg. (2.5)

We denote by7 the set of all triangular transformations given (2y5).
From the fact thatl, 0) = ¢; + ¢z and(2.5), we have

T(b)(1, 0) = ficr @ £1(0, b) & (|IbllE + 53)cz,
whereb = (ic1 @ (0, b) @ B2c2. Then we havd'(b)(1,0) = a if we set

. TERA _|e*—alz _ 1
61 = a+B(a|h), 62— 04—{—37@1’?)7 b= m<a3(a h)h>(26)

3 Estimation problem

Consider that\ : R x # — RLZ*? is a one-to-one Jordan algebra homeomorphism A.& a one-to-
one linear mapping such that(zy) = (1/2)(A(z)A(y) + A(y)A(x)) forz, y € R x # . HereRL*?
is the space op x p symmetric matrices anf, denotes the x p identity matrix. We denote bpet
andTr the determinant and the trace of linear transformations.

Let Xy, X,, ..., X,, be arandom sample frompadimensional multivariate normal distribution
1
fz(z) = (21)"P/? DetA (o) ~1/2 exp {—§z'A(0)_1z} , (3.1)
with o € Q, and consider the problem of estimatindpased onX = (X1, Xo, ..., X,,). We define a

Wishart random variable = (w, w) in the closure of2 asTr(X X'A(a)) = (a| w) foranya = (o, a)
in R x #. From this and the fact that(1, 0) = I,,, we have

aTr(XX') + Tr(X X'A(0, a)) = 2aw + 2B(a| w) (3.2)

for anya = (o, a) in R x #. From Proposition 4 in Konno (2007), we can see thdtas a density
with respect to the Lebesgue measure as follows:

27np/2

Ja(w|n, v, p, o) = To(np/4)

1
det (o) ~"P/4 det(w)™P/ 47/ exp {5(01| w)} , (3.3)
where )
o— v — .
Fa(s) = ()" 2P (s - 526 - 1),

Furthermore, it can be seen from Konno (2007) that the maximum likelihood estimatoisfgiven
by a'\mle = (6'\0, a'), where

1 1
5o = —Tr(XX') and B(a|g)=—Tr(XX'A0, a))
np np
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foranya € 7.
We employ a loss function

Z(G,0) = (0715) — logdet(5) + log det (o) — 2, (3.4)

wheregs is an estimator for. Note that?(-, -) is a strictly convex of its first argument and that it is
nonnegative and minimized &t= o as usual. The loss function is a counterpart of the usual Stein loss
function for the problem of estimating a normal covariance matrix. The risk function is defined as

X6, 0) =FE[(c7}|5) — logdet(6) + logdet(a) — 2],

where the expectation above is taken with respe€t d).

4 Minimax estimation

In this section we give a brief summary of the minimax estimation theory for the mean matrix of the
Wishart models on simple Jordan algebras of the degree 2. For a more detailed exposure to this theory
see Konno (2007).

4.1 Minimax estimator with constant risk
To describe the minimax risk, we first consider a class of estimators having the form

5(Tw) = T5(w) (4.1)

for any element’ in the triangular transformation groug. Using(2.6), we decompose = T'(b)(1, 0)
WhereT(b) € .7 andb = 6101 + 6202 + (07 b) with

B = /w+ B(wlh), B W dwlly oy 1 <w B(w]| h)h> (4.2)
=\Vw s = s = — . .

! * T\ o B(wih) w+ B(w|h)

Then a standard argument such as those in Muirhead (1982) and Eaton (1989) sh¢ws)thatds if
and only if, for somej; > 0, § > 0 anddis € 712,

o(w) =T(b) (011 + d2¢2 + di2) . (4.3)

Furthermore, we can see that, from Proposition 11 in Konno (2007), the estif@igb,c, + daco)
with
St =np/2+ (v—2), Syt =np/2 — (v—2), (4.4)

is minimax. Since the maximum likelihood estimaiy;. belongs to the class of estimators of the form
(4.1), it is improved by the estimatdF (b)(d1¢1 + d2ce) with (4.4). Furthermore, its minimax risk is
given by — Z?zl{log d; + Eflogu3]}, whereu?'s follow chi-squared distributions with the degree of
freedom(np/2) — (v —2)(j —1)(j =1, 2).

To express the minimax estimator in termsuwof= (w, w), setT'(b)(d1¢1 + daca) = (x, x). Using
(2.5), we have

2
T(b)(5101 + 5202) = 51261 (].7 h) D 5151(0, b) D % (%H(O, b)H2 + 5265) (1, 71’1)
_ (082 all(0, )| | 8285 0187 205 41]|(0, b)|
(2 SMODIE, 2 of 2k SOy s5b). @s)

Furthermore note that, froi.2),

Iwil3, — B(wih)

10 B = t1((0, B) o (0. b)) =t (B(b|b), 0) = 2ol = 21 By
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Putting this equation an@!.2) into (4.5), we haveT'(b)(d1¢1 + d2c2) = (X, x), Where

5 9233
xo= 5 (B IblE) -
51 [wi% — B2(wh)\ | w?—[wllj
- 4 B(w|h > TR
2 (‘” ) B wln) 2 w4+ B(w|h)
B 1w2 +2wB(w|h) + |w|% s w? — |lw|%
2(w + B(w|h)) 2(w + B(w|h))
and
_ 01, 2 02 52
X = 5(51*||b||3)h+5151b*562h
_h [wl% — B2(w| h)
= 5 ((w+B(w|h)) T Bw|h) h +61(w — B(w|h)h)
R ud V-
2 w+ B(w|h)
s oWl 8 W [wl

2 w+ B(w|h) 2 w+ B(w|lh)

4.2 Orthogonally invariant estimatorsand their unbiased risk estimates
To describe the orthogonally invariant estimators we need the following lemma which states the singular
value decomposition of an element{in

Lemma4.l For anyw = (w, w) € €, set

1
2= (2w, w — ||l h). (4.6)
VAZ 2wl B(wlh) - 2[w];

Then we have w = P(z)(A1c1 + A2ce), where
A :w—l—HWHB and Ao = w — HWHB (47)
Furthermore, we have Det(P(z)) = 1.

Proof. The first assertion can be obtained from a straightforward application of Corollary 1 in Faybuso-
vich and Tsuchiya (2003). Then, using Lemma 1(ii) in Konno (2007) and notinglthat= 1, we can
complete the proof. m]

We use Lemmad.1 to decompose the elementas

w=pe) {2 4 222G, = P o),

wherez is given by(4.6). For a decomposition ab stated in Lemmal.1, we consider orthogonally
invariant estimators of the form

()‘la )‘2)

. ©1 P2(A1, A2)
5, = r(e) (202w 202 ). 4.8)

wherey; andy, are differentiable functions frori? to R. Let

R (G, 0) = E[(071]7,) — logdet(d,)].
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It is easily seen that comparison between two estimators of the fo8h in terms of the riskZ is
equivalent to that in terms of##. The next theorem is a generalization of Lemma 2.1 in Dey and
Srinivasan (1985) to the setting of the Lorentz Wishart distributions, which is derived from a general
results in Konno (2007).

Lemma 4.2 Consider the estimators given by (4.8). Then an unbiased risk estimate for 2% (G, o) is
given as

2
St Op;j np Pj Y1 — p2
# _ J J .
RA7(G,) = E {2 N ( 5 v) y +2(v —2) NN log j ¢, 4.9

j=1
i.e, wehave #% (G, o) = E[%*#(5,)].

5 A new classof estimators
Using Lemma 4.2, Konno (2007) showed that the estimator

Om = P(z)(51A101 + 52)\202) (51)

is minimax, wherg);’s and \;’s are given by(4.4) and(4.7). However, this estimator does not satisfy
a natural restrictions on the estimated eigenvaluesyiiez s in (4.8).

We can construct explicit form of orthogonally invariant estimators which include estimators cor-
responding to those in Dey and Srinivasan (1985), Perron (1992), and Takemura (1984). We again
decomposev into P(z)(A1c1 + Aac2) where P(z), A1, and . are defined as in Lemma 4.1, and we
consider a class of estimators forbeing of the form

&, = P(2){6{" Micr + 05 Aaeal, (5.2)

wherery is a positive constant, and

D= (i T S S EDYERP TR v

Note that, ify < 1, the eigenvalues of the estimat(t.2) are order-preserving. § = 1 then the
estimator(5.2) corresponds to an analogue of the estimator for the normal covariance matrix given by
Perron (1992) while it corresponds to an analogue of the estimator for the normal covariance matrix
given by Takemura (1984) i = 1/2.

Theorem 5.1 Let X = (X3, Xo, ..., X,,) where X, Xo, ..., X,, areindependently and identically
distributed as (3.1) for some o in © and assume that w is an element in the closure of ) such that
Tr(X X'A(a)) = (a| w) for any element a in R x W. Then the estimators given by (5.2) are minimax
if v > 1. Furthermore, the eigenvalues of the estimators satisfy the natural order ¢{"” A1 > "\, when
v=1.
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Proof. We apply Lemma 4.2 witp; = gby))\j (4 = 1, 2). From straightforward calculation we have

2

dp; 2v(A1A2)7

o 51+52+ﬁ<5152>g51+52, (5.3)
j=1
Y1 — P2 AY A; A; AY
LS. R 5 5y ) A — 5 51 ) A AL — A
N {(A]—FA}IJF)\Y-F)\;Q 1 )‘¥+)\31+)\Y+)\;1 2 (A1 2)

AT HEADOL = A) F (N T - Agfl)a n
(AT +2A3) (A1 = A2) !
AN T =AY

(M1 = X2)(A] + A7)

MM =ATTh
(AT +23) (M1 — A2)

02

= &+ (01 — d2) < 61, (5.4)

providedy > 1. Furthermore, from the convexity of the logarithmic function and Jensen’s inequality,
we have
2

log det (o) = log(¢(17)¢(27)) +log(AA2) > Z{log Aj +logd;}. (5.5)

J=1

Putting(5.3)-(5.5) into (4.9) and using Corollary 9 in Konno (2007), we have

R(Gy, 0) < 261 +8)+ (% - v) (81 + 02) + 2(v — 2)8,

—log(6162) — E[log(A1A2)] + logdeto — 2

2
= - Z{E[log u?] +logd;},
j=1

whereL(u?) = X,,,/2)_(w_2)(;_1) (4 = 1. 2). This completes the proof. O

Remark 5.1 Letting vy in (5.2) go to the infinity, we can see that the estimaigrtends to(5.1), an
analogue of Dey and Srinivasan’s estimator for the real normal covariance matrix,J.e:,s,,. Onthe
other hand, ify = 1/2, then the estimatat, ;, becomes an analogue of an estimator of Takemura (1984)
for the real normal covariance matrix. We conject that, is minimax. However, we can not show that

it is minimax because of the complex nature of the Jordan algebras of the degree 2.
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6 Appendix
6.1 Proof of (2.4)
Sincea o b = (a3 + B(a|b), ab + fa) anda? = (o? + ||a|||%, 2ca), we have

ao(aob) (a, @) o (af + B(a|b), ab + 3a)
= (a8 +2aB(alb) + a3, (208 + B(a|b))a+ a’b)),
Zob = (0 + Jal, 20a) o (4, b)

(o®8+ Blals + 2aB(alb), (o + [la]5)b + 2a8a).
From these equations, we have
P(a)b = 2(a’B+2aB(a|b) + fllal%, (208 + B(ab))a + o’b)
—(@®B+ Blals + 2aB(alb), (o + [al5)b + 2afa)
= (a?B+2aB(alb) + flalE, (208 + B(alb))a+ (o® - |[al|F)b)
= (2af + B(ab))(a, a) + (o® — [lal[3)(—4, b),

which completes the proof ¢R.4). O

6.2 Proof of (2.5)
For elements:, y in ¥, L is a map fromy’ to ¥ defined byL(z)y = z o y. Forz € ¥19, letr., is a
map from¥ to ¥ defined by

Te, (2)(x) = 21 ® (2L(2)x1 + 712) B (2L(02)L(2)2m1 + 2L(c2)L(2)x12 + x2), (6.1)

wherex = 1 ® x12 P 2 IS the Peirce decomposition with respect to the idempeatestich thatr; €
{lye¥|croy=y}, a2 €{yeV|coy=y},andzis € ¥ia={y € ¥|croy=caoy = (1/2)y}.
From Faraut and Karyi (1994), it is seen that the map frdarto the triangular subgroup of the general
linear group over/ is given by, fora = ajc1 + ases + (0, a) € Q,

T(a) = P(a1)7e, (a12) P(az),
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wherea; = aic1 + ¢2, az = ¢1 + agcs, andaqz = (0, a).
Forb = (ic1 + Baca + bie With b15 = (0, b), we first computeP (a2 )b as
P(ag)b = {2L(a2)* — L(a3)}(Bic1 + Baca + bra)
= 2L(as)(c1 + azcz) o (Bier + Baca + bia) — (e1 + adea) o (Bicr + Paca + bia)

1 1
= 2L(a9) (5101 + agfaca + 5(1 + a2)bl2) — (5101 + 0435202 + 5(1 + a%)bm)

1 1
(2ﬁ161 + 202 62¢2 + 5(1 T aQ)leg) - (ﬁ101 + a3faca + 5(1 + a%)bu)

= [+ 0435202 + agbio.
Next we usg6.1) and Lemma 1(vii) in Konno (2007) in order to compute
Tey (a12)(Bic1 + a3 fBaco + aobia)
as

Tey (a12)(Bre1 + asbia + a3 B2c2)
= i1 @ {2L(a12)frc1 + azbia} @ {2L(c2)L(a12)?Bic1 + 2L(c2) L{ais)asbis + a2 Baca}.

Furthermore we have
2 _ ﬁl 2 _ ﬁl 2
2L(co)L(a12)"frc1 = gL(C2)||a12|| (c1+c2) = §||a12|| ca,

and

2L(02)L(a12)a2612 = 2042L(CQ)(G12 o 512)
2aL(c2)(B(alb), 0)
202 B(al b)cs,

from which it follows that
Te, (a12)(Brer + 04%5202 + asbiz)

= i1 ® {fra1z + azbia} @ (%|a12|2 + 0262 + 202 B(a| b)) Co =:T.

Finally,

T(a)b = 2L(a1){(c1c1+co)oT}— (a%cl +cy)oT

« + a1 + o
= 2L(a1){0615101 S (#am + %512)

o (G lleral? + 203B(alb) + a3z ) o

2 2
aif + B ajas + Qo
ai +

2 2

—aiBic @ ( 512) &) (%HOHQH2 +2a2B(a|b) + 06352) C2
= 04%5101 @ {a1fia12 + aranbia} & (%”042”2 + 204%B(a| b) + 04%52>7

which complete the verification ¢2.5). |



