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1. INTRODUCTION

The theory of complex random matrices plays a vital role in multidimensional

signal processing algorithms[see Maiward and Kraus (1994), Tague and Cald-

well (1994), Ratnarajah and Vaillancourt (2005) for examples]. Among oth-

ers, complex Wishart matrices are important in some applications. In this

paper we consider the problem of estimating multivariate complex normal
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covariance matrices in a decision-theoretic point of view.

Consider p-dimensional complex random column vectors Z1, Z2, . . . , Zn

which are independently and identically distributed as a multivariate com-

plex normal distribution with zero mean vector and a p × p positive definite

Hermitian covariance matrix Σ. We denote by CNp(0, Σ) this distribution.

The probability density function of CNp(0, Σ) is

fZ(z) =
1

πpDet (Σ)
exp(−z∗Σ−1z), z ∈ C

p,

where the superscript “∗” and Det denote the complex conjugate transpose

of a column complex vector or a matrix and the determinant of a square ma-

trix, respectively. See Andersen et al. (1995), Goodman (1963), Giri (2004),

and Khatri (1965) for basic properties of the multivariate complex normal

distributions.

Put W =
∑n

i=1 ZiZ
∗
i . Then W is positive definite with probability 1,

and has the so-called ‘complex Wishart distribution’ with the dimension p,

the degrees of freedom n, and the scale matrix Σ. We denote by CWp(Σ, n)

this distribution. If n ≥ p, then the the density function of W with respect

to the Lebesgue measure on C
p×p
+ , the set of p × p positive definite complex

matrices, is given as

f� (w) =
Det (w)n−p exp{−Tr (wΣ−1)}

Det (Σ)pπp(p−1)/2Πn
i=1Γ(n + 1 − i)

, w ∈ C
p×p
+ , (1.1)

where Tr and Γ( · ) denote the trace of a matrix and Euler’s gamma func-

tion, respectively. See Andersen et al. (1995), Giri (2004), Khatri (1965),

Srivastava (1965) for basic properties of the complex Wishart distributions.

The general linear group GLp(C), the set of p × p invertible complex
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matrices, acts on the sample space and the parameter space as

W �→ gWg∗, Σ �→ gΣg∗,

where g is a p × p nonsingular complex matrix. A loss function L is said to

be invariant if L satisfies

L(gΣ̂g∗, gΣg∗) = L(Σ̂, Σ),

where Σ̂ := Σ̂(W ) is an estimator of Σ. Invariant loss functions used in the

literature are

L1(Σ̂, Σ) = Tr (Σ̂Σ−1 − Ip)
2;

L2(Σ̂, Σ) = Tr (Σ̂Σ−1) − log Det (Σ̂Σ−1) − p;

L3(Σ̂, Σ) = Tr (Σ̂Σ−1) + Tr (Σ̂
−1

Σ) − 2p.

For multivariate real normal covariance matrix estimation, the loss func-

tion L1 was used by Olkin and Selliah (1977). James and Stein (1961) in-

troduced the loss L2. Svensson (2004) and Konno (2007b) employed the

loss L2 for the multivariate complex normal covariance estimation, and ob-

tained a counterpart of the results for the multivariate real normal covariance

estimation by Stein (1977), Dey and Srinivasan (1985), Haff (1988,1991),

and Kubokawa and Srivastava (1999). Consonni and Veronese (2003) and

Konno (2007a) generalized some results under the loss L2 to the Wishart dis-

tributions on the symmetric cones. The loss L3 was considered by Kubokawa

and Konno (1990).

In this paper, we consider the problem of estimating Σ based on the non-

singular complex Wishart matrices W under the loss function L1 and give a
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counterpart of the results for the multivariate real normal covariance matrix

estimation due to Olkin and Selliah (1977) and Haff (1980). In Section 2,

using Bartlett’s decomposition for the complex Wishart distribution, we give

the best triangular equivariant estimators which are counterpart of the esti-

mators for the multivariate real normal covariance matrix due to Olkin and

Selliah (1977). In Section 3, we state integration by parts formula and cal-

culus on eigenstructures for the complex nonsingular Wishart matrices by

Svensson (2004) and Konno (2007b). Real analogues of these techniques

have been extensively explored in the literature which includes Haff (1988,

1991), Konno (1992), Loh (1988, 1991), and Stein (1977). Using these tech-

niques we derive an unbiased risk estimate for unitary invariant estimators,

from which we show that complex analogues of estimators by Haff (1980)

dominate the best scalar multiple of the empirical covariance matrix.

Bold uppercase letters represent matrices. Superscripts “ ′ ” means the

transpose of a matrix. For real numbers a1, a2, . . . , an, we denote by Diag(a1,

a2, . . . , ap) a p × p diagonal matrix with diagonal elements a1, a2, . . . , ap.

For a complex number z ∈ C, we write z = Re z +
√−1Im z, where Re z and

Im z are real numbers. We denote by z̄ the complex conjugate of a complex

number z, i.e., z̄ = Re z − √−1Im z. Also we denote |z|2 = z̄z. A con-

tinuous function f : C → R is called differentiable on C if ∂f/∂(Re z) and

∂f/∂(Im z) exist on C. For u, v : C → R, a function f = u+
√−1v is called

differentiable if both u and v are differentiable.

2. Bartlett’s decomposition and minimax estimators

In this section, we give complex analogues of the James and Stein (1961) esti-

mator for the multivariate real normal covariance matrices[see Eaton (1989)

and Muirhead (1982)].

Recall that W follows the complex Wishart distribution CWp(Σ, n). De-

compose W = TT ∗ = QQ∗, where T and Q are p × p lower and upper tri-

angular matrices with real and positive diagonal elements, respectively. Now
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consider classes of estimators of the form

Σ̂T = TDT T ∗; (2.1)

Σ̂Q = QDQQ∗; (2.2)

where DT and DQ are p × p diagonal matrices with positive diagonal ele-

ments. These estimators Σ̂T (Σ̂Q) are invariant under the transformation of

a lower(upper) triangular matrix group which acts transitively on the pa-

rameter space, the set of p × p positive definite Hermitian matrices. Since

the loss L1 is invariant, these estimators have a constant risk. To obtain

the best estimators among those of the form (2.1) or (2.2), we use Bartlett’s

decomposition stated below, which was given by Goodman (1963).

Lemma 2.1. Assume that a p × p Hermitian positive definite matrix W

has CWp(Ip, n), where n ≥ p are integers. Let T = (tij)i=1, 2, ..., p
j=1,2, ..., i

be a p × p

lower triangular complex matrix with real and positive diagonal elements and

Q = (qij) i=1, 2, ..., p
j=i, i+1, ..., p

a p × p upper triangular complex matrix with real and

positive diagonal elements such that W = TT ∗ = QQ∗. Then the elements

of T are all independent, 2t2ii has χ2
2(n+1−i) (i = 1, 2, . . . , p), the central χ2

distribution with the degree of freedom n + 1 − i, and tij has CN(0, 1) (1 ≤
j < i ≤ p). Furthermore the elements of Q are all independent, 2q2

ii has

χ2
2(n−p+i) (i = 1, 2, . . . , p) and qij has CN(0, 1) (1 ≤ i < j ≤ p).

Proof. From Mathai (1997, Theorem 3.7), the Jacobian of the transforma-

tion from W to T is given as

(dW ) = 2p

{ p∏
i=1

t
2(p−i)+1
ii

} ∧
1≤j≤i≤p

dtij.

Substituting this express in (1.1), we can find that the joint density function
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of the tij (1 ≤ j ≤ i ≤ p) is

p∏
i=1

{{2t2ii}(n+1−i)−1 exp
{−t2ii

}
Γ(n + 1 − i)2n+1−i

d(2t2ii)

i−1∏
j=1

1

π
exp{−|tij |2}dtij

}
,

which is the product of the marginal density functions of χ2
2(n+1−i) (i =

1, 2, . . . , p) and CN(0, 1) (1 ≤ j < i ≤ p). The rest of the proof can be

obtained from a manner similar to that described above. �

Theorem 2.1. (a). The best estimator among (2.1) is given by the diagonal

matrix DT = Diag(dT
1 , dT

2 , . . . , dT
p ), where the dT

i (i = 1, 2, . . . , p) is given

as the solutions of the equation

BT (dT
1 , dT

2 , . . . , dT
p )′ = (n + p − 1, n + p − 3, . . . , n − p + 1)′.

Here BT = (bT
ij)i=1, 2, ..., p

j=1, 2, ..., p
is a p × p symmetric matrix with

bT
ii = (n+ p + 1− 2i)(n + p +2− 2i); bT

ij = n + p +1− 2j; for i < j.

(b). The best estimator among (2.2) is given by the diagonal matrix DQ =

Diag(dQ
1 , dQ

2 , . . . , dQ
p ), where the dQ

i (i = 1, 2, . . . , p) is given as the solu-

tions of the equation

BQ(dQ
1 , dQ

2 , . . . , dQ
p )′ = (n − p + 1, n − p + 3, . . . , n + p − 1)′.
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Here BQ = (bQ
ij)i=1, 2, ..., p

j=1, 2, ..., p
is a p × p symmetric matrix with

bQ
ii = (n− p + 1 + 2i)(n− p + 2 + 2i); bQ

ij = n− p + 1 + 2i; for i < j.

Proof. We only give the proof for (a) because a minor modification of the

proof gives that for (b). Since the risk function for Σ̂T = TDT T ∗ does not

depend on Σ, we need only to compare for Σ = Ip:

E[Tr (Σ̂T − Ip)
2] = E[Tr (T ∗TDT T ∗TDT )] − 2E[Tr (T ∗TDT )] + p

=: A1 − 2A2 + p,

where the expectation is taken with respect to CWp(Ip, n). Using Bartlett’s

decomposition and the fact that the forth central moment of the absolute

value of a standard complex normal random variable is two, we can see that

A1 = E

[ p∑
i=1

{{|tii|4 + 2

p∑
k=i+1

|tii|2 · |tki|2 +

p∑
k=i+1

|tki|4

+2

p∑
k=i+1

p∑
l=k+1

|tki|2|tli|2
}
(dT

i )2 + 2

i−1∑
j=1

p∑
k=i

|tki|2 · |tkj|2dT
i dT

j

}]

= E

[ p∑
i=1

{
(n + p + 1 − 2i)(n + p + 2 − 2i)(dT

i )2

+2
i−1∑
j=1

(n + p + 1 − 2i)dT
i dT

j

}]
.
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We perform a calculation similar to that described above to get

A2 =

p∑
i=1

p∑
k=i

E[|tki|2]dT
i =

n∑
i=1

(n + p + 1 − 2i)dT
i .

From these expressions we can find that

E[Tr (Σ̂T − Ip)
2] =

p∑
i=1

{
(n + p + 1 − 2i)(n + p + 2 − 2i)(dT

i )2

+2
i−1∑
j=1

(n + p + 1 − 2i)dT
i dT

j − 2(n + p + 1 − 2i)dT
i

}
.

Differentiating the right hand side of the above equation with respect to the

dT
i (i = 1, 2, . . . , p) and equating to zero, we can see that the minimizers are

given by the solutions of the equation. �

Remark 2.1. Consider estimators which satisfy

Σ̂(PWP ∗) = P Σ̂(W )P ∗

for any p× p lower(upper) triangular matrix P . Then these estimators have

the form

Σ̂(W ) = TV T ∗ (Σ̂(W ) = QV Q∗) (2.3)

where T (Q) is a p × p lower(upper) triangular matrix such that W =

TT ∗ (W = QQ∗) and V is a p × p Hermitian constant matrix. By an

argument similar to that in the proof of Theorem 2.1, the estimator given

by Theorem 2.1 is still best among the estimators of the form (2.3). Since

the group of upper triangular matrices is solvable, the Hunt-Stein Theorem
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implies that the estimator given in Theorem 2.1 is minimax under the loss

function L1.

3. Unbiased risk estimate for unitary invariant estimators and

alternative estimators

Write W = ULU ∗, where U is a p×p unitary matrix such that UU ∗ = Ip,

and L = Diag(�1, �2, . . . , �p) with �1 > �2 > · · · > �p being the ordered

eigenvalues of W . Note that the set of W with two or more equal eigenvalues

is a set of zero Lebesgue measure[see Farrell (1985, page 74)]. Write R
p
> =

{(a1, a2, . . . , ap)
′ ∈ R

p : a1 > a2 > · · · > ap > 0}. We consider a class of

estimators of the form

Σ̂ = UDiag(ϕ1, ϕ2, . . . , ϕp)U
∗, (3.1)

where the ϕk := ϕk(L) (k = 1, 2, . . . , p) is a differentiable real-valued func-

tion on R
p
>. The estimators (3.1) are complex analogues of those for the mul-

tivariate real normal covariance matrix discussed in Dey and Srinivasan (1985),

Stein (1977), and Haff (1988, 1991). Note that the risk for the estimators

(3.1) generally depends on Σ. To compare the estimators (3.1) with scalar

multiple of the empirical covariance matrix which has a constant risk, we

employ the unbiased risk estimate approach due to Stein (1977). To derive

the unbiased risk estimate for the estimators (3.1), we need integration by

parts formula and calculus on eigenstructures for the nonsingular complex

Wishart matrices.

To describe integration by parts for W , we set the following notation:

Let G := G(W ) = (gij)i=1, 2, ..., p
j=1, 2, ..., p

be a p × p matrix of complex entries. The

(i, j)-element gij is a function of W = (wij)i=1, 2,..., p
j=1, 2 ..., p

. For the p×p Hermitian

matrix W , let DW = (djk
W ) be a p× p operator matrix, the (j, k)-element of
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which is given by

djk
W =

1

2
(1 + δjk)

{
∂

∂(Re wjk)
+
√−1(1 − δjk)

∂

∂(Im wjk)

}
, (3.2)

for j, k = 1, 2, . . . , p. Here, δjk is the Kronecker delta ( = 1 if j = k and

= 0 if j �= k). Thus the (j, k)-element of DW G is

p∑
l=1

djl
W glk =

1

2
(1 + δjl)

p∑
l=1

{
∂glk

∂(Re sjl)
+
√−1(1 − δjl)

∂glk

∂(Im sjl)

}
.

Next two lemmas were given by Svensson (2004) and Svensson and Lund-

berg (2004). Note that the operator (3.2) is a slightly different version from

that in Svensson (2004) so that expressions in the next two lemmas are

changed correspondingly change[see Konno (2007b)].

Lemma 3.1. Assume that each entry of G is a partially differentiable func-

tion with respect to Re wjk and Im wjk, j, k = 1, 2, . . . , p. Under the regu-

larity conditions stated in Konno (2007b), we have

E[Tr(GΣ−1)] = E[(n − p)Tr(GW−1) + Tr(DW G)].

Lemma 3.2. Decompose W = ULU ∗ in which U = (ujk)j=1, 2, ..., p
k=1, 2, ..., p

is a p×p

unitary matrix and W = Diag(�1, �2, . . . , �p) with �1 > �2 > · · · > �p > 0.
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Then we have, for j, k, s, t = 1, 2, . . . , p,

dst
W �k = uskūtk,

dst
W ujk =

∑
a �=k

ujaūtausk

�k − �a
,

dst
W ūjk =

∑
a �=k

ūjausaūtk

�k − �a

,

in which d st
W is given by (3.2).

Lemma 3.3. Decompose W = ULU ∗ in which U = (ujk)j=1, 2, ..., p
k=1, 2, ..., p

is

a p × p unitary matrix and W = Diag(�1, �2, . . . , �p) with �1 > �2 >

· · · > �p > 0. Let Φ := Φ(L) = Diag(ϕ1(L), ϕ2(L), . . . , ϕp(L)), where the

ϕk(L) =: ϕk (k = 1, 2 . . . , p) is a differentiable real-valued function on R
p
>

with ϕk(L) ≥ 0. Under the regularity conditions, we have

E[Tr (Σ−1UΦU ∗)] = E
[ p∑

k=1

{
(n − p)

ϕk

�k

+
∂ϕk

∂�k

+

p∑
b�=k

ϕk − ϕb

�k − �b

}]
.

Next lemma is useful for the derivation of the unbiased risk estimate for

unitarily invariant estimators under the quadratic loss function L1.

Lemma 3.4. Let ϕ1(L), ϕ2(L), . . . , ϕp(L) be differentiable real-valued func-

tions on R
p
> with ϕk := ϕk(L) ≥ 0 (k = 1, 2, . . . , p) and let Φ := Φ(L) =

Diag(ϕ1(L), ϕ2(L), . . . , ϕp(L)). Under suitable conditions, we have

E[Tr(Σ−1Σ̂Σ−1Σ̂)] = E[Tr (Σ−1UΦ(1)U ∗)],
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where Σ̂ = UΦU ∗ and Φ(1) = Diag(ϕ
(1)
1 , ϕ

(1)
2 , . . . , ϕ

(1)
p ) with

ϕ
(1)
k = (n − p)

ϕ2
k

�k
+ 2ϕk

∂ϕk

∂�k
+ 2ϕk

p∑
b�=k

ϕk − ϕb

�k − �b
for k = 1, 2, . . . , p. (3.3)

Proof. Using Lemma 3.1, we can find that

E[Tr(Σ−1Σ̂Σ−1Σ̂)] = E[(n − p)Tr (Σ−1Σ̂W−1Σ̂) + Tr (DW Σ̂Σ−1Σ̂)].

We evaluate the expectation of Tr (DW Σ̂Σ−1Σ̂). To this end, write Σ̂ =

(σ̂ij) i=1, 2 ..., p
j=1, 2, ..., p

and Σ−1 = (σij) i=1, 2 ..., p
j=1, 2, ..., p

. Then we have

Tr (DW Σ̂Σ−1Σ̂) =

p∑
i, c1, c2, c3=1

dic1
W σ̂c1c2σ

c2c3 σ̂c3i

=

p∑
c2, c3=1

{
σc2c3T (1)

c3c2
+ σc2c3T (2)

c3c2

}
, (3.4)

where T
(1)
c3c2 =

∑p
i, c1=1 σ̂c1c2(d

ic1
W σ̂c3i) and T

(2)
c3c2 =

∑p
i, c1=1 σ̂c3i(d

ic1
W σ̂c1c2). Using
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Lemma 3.2, we can find that

T (1)
c3c2

=

p∑
i, c1=1

σ̂c1c2d
ic1
W {

p∑
c4=1

uc3c4ϕc4ūic4}

=

p∑
i, c1, c4=1

{
σ̂c1c2ϕc4ūic4

p∑
b�=c4

uc3būc1buic4

�c4 − �b
+ σ̂c1c2ϕc4uc3c4

p∑
b�=c4

ūibuibūc1c4

�c4 − �b

+

p∑
m=1

σ̂c1c2uc3c4 ūic4uimūc1m
∂ϕc4

∂�m

}

= {UDiag(
∑
b�=1

ϕ1 − ϕb

�1 − �b
+

∂ϕ1

∂�1
, . . . ,

∑
b�=p

ϕp − ϕb

�p − �b
+

∂ϕp

∂�p
)U ∗Σ̂}c3c2 .

Here we denote by {AB}ij the (i, j)-element of the products of matrices A

and B. We perform a calculation similar to that described above to get

T (2)
c3c2

= {Σ̂UDiag(
∑
b�=1

ϕ1 − ϕb

�1 − �b

+
∂ϕ1

∂�1

, . . . ,
∑
b�=p

ϕp − ϕb

�p − �b

+
∂ϕp

∂�p

)U ∗}c3c2.

Putting these two expressions in (3.4), we can find the desired result. �

Theorem 3.1. For Σ̂ = UDiag(ϕ1, ϕ2, . . . , ϕp)U
∗, we have

E[Tr (Σ̂Σ−1 − Ip)
2] = E

[ p∑
k=1

{
(n − p)

(ϕ
(1)
k

�k
− 2

ϕk

�k

)
+

(∂ϕ
(1)
k

∂�k
− 2

∂ϕk

∂�k

)

+

p∑
b�=k

(ϕ
(1)
k − 2ϕk) − (ϕ

(1)
b − 2ϕb)

�k − �b
+ 1

}]
,

where the ϕ
(1)
k (k = 1, 2, . . . , p) is given by (3.3).

Proof. This theorem can be seen from Lemmas 3.3 and 3.4. �
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Write R(Σ̂, Σ) = E[L1(Σ̂, Σ)], the risk function for an estimator Σ̂.

Using Theorem 3.1, we evaluate risk for a scalar multiple of the empirical

covariance matrix and alternative estimators which are complex analogues

of estimators for the multivariate real normal covariance matrices given by

Haff (1980).

Proposition 3.1. Consider the form of estimators Σ̂a = aW , where a is a

positive constant. Then the best constant is given by a = 1/(n+ p) under the

L1 loss.

Proof. Note that we have ϕ
(1)
k = (n + p)a2�k for ϕk = a�k (k = 1, 2, . . . , n).

Hence, from Theorem 3.1, we can find that

R(Σ̂a, Σ) = n{(n + p)a2 − 2a} + p

= n(n + p)
(
a − 1

n + p

)2
+

n(p − 1) + p2

n + p
,

which completes the proof. �

Proposition 3.2. Put a = (n + p)−1 and consider estimators of the form

Σ̂HF =
1

n + p
UDiag(�1 +

t

Tr W−1 , �2 +
t

TrW−1 , . . . , �p +
t

Tr W−1 )U ∗

=
1

n + p

(
W +

t

Tr W−1 Ip

)

for a positive constant t. Then the estimators Σ̂HF improve upon Σ̂a if 0 <

t < 2(p − 1)(n − p)/{(n − p + 1)(n − p + 2)} under the L1 loss.

Proof. Apply Theorem 3.1 with ϕk = a(�k + t/Tr W−1) for k = 1, 2, . . . , p.
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Then we can find that the ϕ
(1)
k for this choice is given as

a�k + 2a2
( n

Tr W−1 +
1

�k(Tr W−1)2

)
t + a2

( n − p

�k(TrW−1)2
+

2

�2
k(TrW−1)3

)
t2.

Therefore, noting that

p∑
k=1

p∑
b�=k

�−1
k − �−1

b

�k − �b

< 0; and

p∑
k=1

p∑
b�=k

�−2
k − �−2

b

�k − �b

< 0,

we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

< aE

[
(n − p)

{
2a

(
n +

2TrW−2

(Tr W−1)2

)
t + a

(n − p + 2)TrW−2

(Tr W−1)2
t2 − 2t

}
+

{
2a

(n + 1)Tr W−2

(Tr W−1)2
t + a

(n − p + 2)TrW−2

(Tr W−1)2
t2 − 2Tr W−2

(Tr W−1)2
t
}]

.

But the coefficients of {Tr W−2/(Tr W−1)2}t is evaluated as

{2a(n − p) + 2a(n + 1) − 2} Tr W−2

(TrW−1)2
t < 2a(n − p)t,

from which it follows that

R(Σ̂HF, Σ) − R(Σ̂a, Σ) < a2
{
(n − p + 1)(n − p + 2)t2 − 2(p − 1)(n − p)t

}
.

This completes the proof. �
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A Appendix: Detail calculation for Sections

2 and 3

This is a supplement to the manuscript for reviewers’ convenience(only for
review process).

A.1 Supplement to the proof of Lemma 2.1

Similarly, from Mathai (1997, Theorem 3.7), the Jacobian of the transforma-
tion from W to Q is given as

(dW ) = 2p

{ p∏
i=1

q
2(i−1)+1
ii

} ∧
1≤i≤j≤p

dqij .

Substituting this express in (1.1), we can find that the joint density function
of the qij (1 ≤ i ≤ j ≤ p) is

p∏
i=1

{{2q2
ii}(n−p+i)−1 exp

{−q2
ii

}
Γ(n − p + i)2n−p+i

d(2q2
ii)

i−1∏
j=1

1

π
exp{−|qij|2}dqij

}
,

which is the product of the marginal density functions of χ2
2(n−p+i) (i =

1, 2, . . . , p) and CN(0, 1) (1 ≤ j < i ≤ p). �
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A.2 Calculation for Theorem 2.1

Calculation of A1:

A1 = E

[ p∑
i=1

p∑
j=1

p∑
k=max(i, j)

p∑
l=max(i, j)

t̄kitkj t̄ljtlid
T
i dT

j

]

= E

[ p∑
i=1

{{|tii|4 + 2

p∑
k=i+1

|tii|2 · |tki|2 +

p∑
k=i+1

|tki|4

+2

p∑
k=i+1

p∑
l=k+1

|tki|2|tli|2
}
(dT

i )2 + 2

i−1∑
j=1

p∑
k=i

|tki|2 · |tkj|2dT
i dT

j

}]

=

p∑
i=1

{{
(n + 1 − i)(n + 2 − i) + 2(p − i)(n + 1 − i) + 2(p − i)

+(p − i)(p − 1 − i)
}
(dT

i )2 + 2
i−1∑
j=1

{n + p + 1 − 2i}dT
i dT

j

}]]

= E

[ p∑
i=1

{
(n + p + 1 − 2i)(n + p + 2 − 2i)(dT

i )2

+2

i−1∑
j=1

(n + p + 1 − 2i)dT
i dT

j

}

Finally, note that

∂

∂dT
i

p∑
k=1

k−1∑
l=1

(n + p + 1 − 2k)dT
k dT

l

=
i−1∑
l=1

(n + p + 1 − 2i)dT
l +

p∑
k=i+1

(n + p + 1 − 2k)dT
k

to see that bT
ij (i < j) is given by n + p + 1 − 2j. �
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Proof of (b) in Theorem 2.1: Write

E[Tr (Σ̂Q − Ip)
2] = E[Tr (Q∗QDQQ∗QDQ)] − 2E[Tr (Q∗QDQ)] + p

=: A3 − 2A4 + p,

where the expectation is taken with respect to CWp(Ip, n). Using Bartlett’s
decomposition and the fact that the forth central moment of standard com-
plex normal distribution is two, we can see that that A3 is given as

A3 = E

[ p∑
i=1

p∑
j=1

k=min(i, j)∑
k=1

l=min(i, j)∑
l=1

q̄kiqkj q̄ljqlid
Q
i dQ

j

]

= E

[ p∑
i=1

{{|qii|4 + 2
i−1∑
k=1

|qii|2 · |qki|2 +
i−1∑
k=1

|qki|4

+2
i−1∑
k=1

k−1∑
l=1

|qki|2|qli|2
}
(dQ

i )2 + 2
i−1∑
j=1

j∑
k=1

|qki|2 · |qkj|2dQ
i dQ

j

}]

=

p∑
i=1

{{
(n − p + i)(n − p + 1 + i) + 2(i − 1)(n − p + i) + 2(i − 1)

+(i − 1)(i − 2)
}
(dQ

i )2 + 2

i−1∑
j=1

{n − p − 1 + 2j}dQ
i dQ

j

}]]

= E

[ p∑
i=1

{
(n − p − 1 + 2i)(n − p + 2i)(dQ

i )2

+2
i−1∑
j=1

(n − p − 1 + 2j)dQ
i dQ

j

}
.

Similarly we have

A4 =

p∑
i=1

i∑
k=1

|qki|2dQ
i =

n∑
i=1

(n − p − 1 + 2i)dQ
i .
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From these expressions we find that

E[Tr (Σ̂Q − Ip)
2] =

p∑
i=1

{
(n − p − 1 + 2i)(n − p + 2i)(dQ

i )2

+2

i−1∑
j=1

(n − p − 1 + 2j)dQ
i dQ

j − 2(n − p − 1 + 2i)dQ
i

}
.

Differentiating the right hand side of the above equation with respect to the
dQ

i (i = 1, 2, . . . , p) and equating to zero, we can see that the minimizers are
given by the solutions of the equation. Note that

∂

∂dT
i

p∑
k=1

k−1∑
l=1

(n + p + 1 − 2l)dT
k dT

l

=
i−1∑
l=1

(n + p + 1 − 2l)dT
l +

p∑
k=i+1

(n + p + 1 − 2i)dT
k

to see that bT
ij (i < j) is given by n + p + 1 − 2i. �
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A.3 Calculation for Lemma 3.3

Calculation of T
(1)
c3c2 :

T (1)
c3c2

=

p∑
i, c1=1

σ̂c1c2d
ic1
W {

p∑
c4=1

uc3c4ϕc4ūic4}

=

p∑
i, c1, c4=1

{
σ̂c1c2ϕc4ūic4(d

ic1
W uc3c4) + σ̂c1c2ϕc4uc3c4(d

ic1
W ūic4)

+

p∑
m=1

σ̂c1c2uc3c4 ūic4

∂ϕc4

∂�m
(dic1

W �m)

}

=

p∑
i, c1, c4=1

{
σ̂c1c2ϕc4ūic4

p∑
b�=c4

uc3būc1buic4

�c4 − �b

+ σ̂c1c2ϕc4uc3c4

p∑
b�=c4

ūibuibūc1c4

�c4 − �b

+

p∑
m=1

σ̂c1c2uc3c4 ūic4uimūc1m
∂ϕc4

∂�m

}

= {UDiag(
∑
b�=1

ϕb

�b − �1

, . . . ,
∑
b�=p

ϕb

�b − �p

)U ∗Σ̂}c3c2

+{UDiag(
∑
b�=1

ϕ1

�1 − �b
, . . . ,

∑
b�=p

ϕp

�p − �b
)U ∗Σ̂}c3c2

+{UDiag(
∂ϕ1

∂�1

, . . . ,
∂ϕp

∂�p

)U ∗Σ̂}c3c2

= {UDiag(
∑
b�=1

ϕ1 − ϕb

�1 − �b

+
∂ϕ1

∂�1

, . . . ,
∑
b�=p

ϕp − ϕb

�p − �b

+
∂ϕp

∂�p

)U ∗Σ̂}c3c2 .

�
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Calculation of T
(2)
c3c2 :

T (2)
c3c2

=

p∑
i, c1=1

σ̂c3id
ic1
W {

p∑
c4=1

uc1c4ϕc4ūc2c4}

=

p∑
i, c1, c4=1

{
σ̂c3iϕc4ūc2c4(d

ic1
W uc1c4) + σ̂c3iϕc4uc1c4(d

ic1
W ūc2c4)

+

p∑
m=1

σ̂c3iuc1c4 ūc2c4

∂ϕc4

∂�m

(dic1
W �m)

}

=

p∑
i, c1, c4=1

{
σ̂c3iϕc4ūc2c4

p∑
b�=c4

uc1būc1buic4

�c4 − �b

+ σ̂c3iϕc4uc1c4

p∑
b�=c4

ūc2buibūc1c4

�c4 − �b

+

p∑
m=1

σ̂c3iuc1c4 ūc2c4uimūc1m
∂ϕc4

∂�m

}

= {Σ̂UDiag(
∑
b�=1

ϕ1

�1 − �b
, . . . ,

∑
b�=p

ϕp

�p − �b
)U ∗}c3c2

+{Σ̂UDiag(
∑
b�=1

ϕb

�b − �1
, . . . ,

∑
b�=p

ϕb

�b − �p
)U ∗}c3c2

+{Σ̂UDiag(
∂ϕ1

∂�1
, . . . ,

∂ϕp

∂�p
)U ∗}c3c2

= {Σ̂UDiag(
∑
b�=1

ϕ1 − ϕb

�1 − �b
+

∂ϕ1

∂�1
, . . . ,

∑
b�=p

ϕp − ϕb

�p − �b
+

∂ϕp

∂�p
)U ∗}c3c2 .

�
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A.4 Calculation for Proposition 3.2

Put a = 1/(n + p) and apply Theorem 3.1 with ϕk = a(�k + t/TrW−1) (k =
1, 2, . . . , p). Then we have, for k = 1, 2, . . . , p,

ϕ
(1)
k =

(n − p)a2

�k

(
�k +

t

Tr W−1

)2
+ 2a2

(
�k +

t

Tr W−1

)(
1 +

t

�2
k(Tr W−1)2

)
+2a2(p − 1)

(
�k +

t

Tr W−1

)
= a�k + 2a2

( n

Tr W−1 +
1

�k(TrW−1)2

)
t + a2

( n − p

�k(Tr W−1)2
+

2

�2
k(Tr W−1)3

)
t2.

Therefore, we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

= E

[ n∑
k=1

{
(n − p)

{
2a2

( n

�kTr W−1 +
1

�2
k(TrW−1)2

)
t

+a2
( n − p

�2
k(TrW−1)2

+
2

�3
k(Tr W−1)3

)
t2 − 2a

�k(Tr W−1)
t
}

+
{
2a2

( n

�2
k(Tr W−1)2

+
2

�3
k(Tr W−1)3

− 1

�2
k(Tr W−1)2

)
t

+a2
( 2(n − p)

�3
k(TrW−1)3

− n − p

�2
k(Tr W−1)2

+
6

�4
k(Tr W−1)4

− 4

�3
k(TrW−1)3

)
t2

− 2a

�2
k(Tr W−1)2

t
}

+
2a2

(TrW−1)2

p∑
b�=k

�−1
k − �−1

b

�k − �b
· t

+
( a2(n − p)

(Tr W−1)2

p∑
b�=k

�−1
k − �−1

b

�k − �b
+

2a2

(Tr W−1)3

p∑
b�=k

�−2
k − �−2

b

�k − �b

)
t2

}]
.
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But we have (the signs below are clearly negative)

p∑
k=1

p∑
b�=k

�−1
k − �−1

b

�k − �b
=

p∑
k=1

p∑
b�=k

�b − �k

�K�b(�k − �b)
= −

p∑
k=1

p∑
b�=k

1

�k�b

= −
p∑

k=1

1

�k

p∑
b=1

1

�b

+

p∑
k=1

1

�2
k

= −(Tr W−1)2 + Tr W−2 < 0,

and

p∑
k=1

p∑
b�=k

�−2
k − �−2

b

�k − �b

=

p∑
k=1

p∑
b�=k

�b − �k

�2
k�

2
b(�k − �b)

= −
p∑

k=1

p∑
b�=k

�k + �b

�2
k�

2
b

= −
p∑

k=1

1

�k

p∑
b=1

1

�2
b

+

p∑
k=1

1

�3
k

−
p∑

k=1

1

�2
k

p∑
b=1

1

�b

+

p∑
k=1

1

�3
k

= −2(Tr W−1)Tr W−2 + 2TrW−3 < 0.
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Therefore we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

< E

[
(n − p)

{
2a2

(
n +

Tr W−2

(Tr W−1)2

)
t + a2

((n − p)Tr W−2

(Tr W−1)2
+

2Tr W−3

(Tr W−1)3

)
t2

−2at
}

+
{
2a2

( nTr W−2

(TrW−1)2
+

2Tr W−3

(Tr W−1)3
− TrW−2

(Tr W−1)2

)
t

+a2
(2(n − p)Tr W−3

(TrW−1)3
− (n − p)Tr W−2

(TrW−1)2
+

6Tr W−4

(Tr W−1)4
− 4Tr W−3

(Tr W−1)3

)
t2

− 2aTr W−2

(Tr W−1)2
t
}]

< aE

[
(n − p)

{
2a

(
n +

Tr W−2

(TrW−1)2

)
t + a

(n − p + 2)Tr W−2

(Tr W−1)2
t2 − 2t

}
+

{
2a

(n + 1)TrW−2

(Tr W−1)2
t + a

(n − p + 2)TrW−2

(Tr W−1)2
t2 − 2Tr W−2

(Tr W−1)2
t
}]

.

Since the coefficients of {Tr W−2/(Tr W−1)2}t is evaluated as

2a(n − p) + 2a(n + 1) − 2 = 2a(n − p) − 2a(p − 1) < 2a(n − p),

we have

{2a(n − p) + 2a(p + 1) − 2} Tr W−2

(Tr W−1)2
t < 2a(n − p)t,

from which it follows that

R(Σ̂HF, Σ) − R(Σ̂a, Σ) < a2
{
(n − p + 2)(n − p + 1)t2 − 2(p − 1)(n − p)t

}
.

This completes the proof. �
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