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Abstract

The problem of estimating large covariance matrices of multivariate real normal and
complex normal distributions is considered when the dimension of the variables is larger
than the number of sample size. The Stein-Haff identities and calculus on eigenstructures
for singular Wishart matrices are developed for real and complex cases, respectively. By
using these techniques, the unbiased risk estimates for certain class of estimators for the
population covariance matrices under an invariant quadratic loss functions are obtained
for real and complex cases, respectively. Based on the unbiased risk estimates, shrinkage

estimators which are counterparts of the estimators due to Haff [1980, ANN. STATIST. 8

2000 Mathematics Subject Classification. Primary: 62H12, Secondary: 62F10.
Key words and phrases. Unbiased estimate of risk, integration by parts formula, singular Wishart distributions,

Stein-Haff identity, calculus on eigenstructures.



586-697] are shown to improve upon the best scalar multiple of the empirical covariance
matrix under the invariant quadratic loss functions for both real and complex multivariate
normal distributions in the situation where the dimension of the variables is larger than

the number of sample size.

1 Introduction

Estimating a population covariance matrix is an important and difficult problem in the theory
of the multivariate statistical analysis [29, 35]. It is known that the empirical covariance
matrix has an undesirable characteristics, namely, its eigenvalues are more spread out than
those of the population covariance matrix. Since James and Stein [16], many papers have
reported on improved estimators of the population covariance matrix from a decision-theoretic
perspective [7, 12, 13, 14, 24, 37] or from a Bayesian point of view [3, 4, 5, 42] in order to
overcome the shortcoming of the empirical covariance matrix. Recently there has been an
increased interest in the problem of estimating covariance matrix of large dimension given in
the situation in which the dimension of variables, p, is larger than the number of observations,
n. See [2, 15, 23].

In this article we consider the problem of estimating large covariance matrices in a decision-
theoretic manner when the dimension of variables, p, is larger than the number of observations,
n. Population distributions include not only real multivariate distributions but also complex
multivariate distributions. We provide estimators that are better than the best scalar multiple
of the empirical covariance matrix under an invariant quadratic loss function. Our approach

to derive new estimators is the so-called ‘unbiased risk estimate method’ and calculus on the



eigenstructures for singular Wishart matrices. Both methods for full-rank Wishart matrices
have been well-established. See [6, 10, 11, 14, 37, 39] for the Stein-Haff identities for full-rank
Wishart matrices and see [13, 14, 19, 21, 22, 25, 26, 27, 36, 37, 39] for calculus on eigenstructures
for full-rank Wishart matrices. We extensively develop the Stein-Haff identities and calculus on
eigenstructures for singular Wishart matrices, i.e., in the situation such that p > n, in order to
obtain unbiased risk estimate for certain class of estimators which are analogues of estimators
due to [12] for population covariance matrix in the situation such that n > p.

This paper is organized as follows: In Section 2, the situation for real singular Wishart
matrices is considered. In Section 2.1, we derive integration by parts formula for singular real
Wishart matrices in a matrix form. In Section 2.2, using calculus on eigenstructures for singular
real Wishart matrices, we obtain unbiased risk estimate for certain class of estimators under
an invariant loss function. In Section 2.3, we derive shrinkage estimators which are analogues
of estimators due to Haff [12]. In Section 2.4, we give some numerical results from simulations.
In Section 3, parallel results for singular complex Wishart matrices are explored. In Section 4,
more technical proofs of Theorems in Sections 2 and 3 are given.

For high-dimensional covariance estimation problems, where the number of variables p is
larger than the number of sample n, two major approaches have been proposed; that is, (a)
shrinking toward a structure [23] and (b) a regularization method [2, 15]. We work within
the approach (a) and finite-sampling setup. In other words, our proposed estimators are re-
garded as a weighted combination of a structured matrix and the sample covariance matrix.
To develop the so-called Stein’s unbiased risk estimate based on singular Wishart matrix, we
restrict ourselves to the normality assumption. This leads to finite-sample evaluation of the

performance of alternative estimators. Besides, our technical results developed in Section 4 of



this paper are of independent interest.

2 Real case

Assume that n < p and let X be an n x p random matrix having the multivariate real normal
distribution Ny xp(0pnxp, In ® 3), where ¥ is a p x p positive-definite matrix. So the rows
of the matrix X are mutually independent and have p—dimensional normal distribution with
zero-mean vector and the covariance matrix . Set S = X’'X. Then S has a real Wishart
distribution of dimension p on n degrees of freedom, and the scale parameter 3. We call S a
singular real Wishart matrix. See Srivastava [34] for the density function of a partial block of

singular real Wishart matrix with respect to Lebesgue measure.

2.1 The Stein-Haff identities and calculus on eigenstructure for sin-
gular real Wishart matrices

The Stein-Haff identity for singular real Wishart matrices was first established by Kubokawa
and Srivastava [22]. Their derivation was based on the approach due to Sheena [32]. In this
subsection, the Stein-Haff identity for singular Wishart matrices in [22] is generalized to a

matrix form of the identity via a modification of an approach by [37].

To state our identity, let Vx = (0/0x;;)i=1,2,...n for X = (x;)i=1,2,..,n. For real numbers
j:1727 7p j:1727' '7p

ai, as, ..., a,, we denote by Diag(ai, as, ..., a,) an n x n diagonal matrix with diagonal

elements ay, as, ..., a,. Furthermore, set RY = {(ay, as, ..., a,) € R’; a4 > ay > -+ > a, >

0}.



Theorem 2.1. Assume that an n x p real matriz X is distributed according to Ny xp(0pxp, In®
3) with a p X p positive-definite matriz X. Assume that, for a p X p real random matriz

G = G(S) = (9ij)i ps €ach g;; is a differentiable function of S = X'X and satisfies the

=1,2,
j:l, 2,.,p

following conditions;

0Giyi
E “l’?lilgi2i3|] < 09, E [ Tjyiq ax;; < o0
orty,...,u=1L1,2,...,pana i, o=12,..., n. en we have
' g =1,2 dij, jo=1,2 Th h
(2.1) E[Z7'SG] =EnG + (X'Vx)'G],

where the superscript “' 7 stands for the transpose of a matriz. In particular,

F[Tr (27'SG)] = E[nTr (G) + Tr (X'VxG')].

The identity (2.1) appeared in the proof of the Wishart identity for nonsingular Wishart
matrix in Loh [25]. Note that the identity (2.1) involves in a differential operator related to
the multivariate normal random matrix X rather than an operator related to singular Wishart
matrices. This is an ingredient to develop the Stein-Haff identity for singular Wishart matrices.
Combining Theorem 2.1 with calculus on eigenstructures for the singular Wishart matrices
in terms of the differential operator Vx, we give a matrix form of the Stein-Haff identity
below. Another ingredient, i.e., calculus on eigenstructures for singular real Wishart matrices,

is developed in Section 4.

Theorem 2.2. Assume that n < p and that an n X p real matriz X is distributed according to
Nusep(Onsp, In ® B) with a p X p positive-definite matriz 3. Decompose X'X = O,;LO},
where Oy is a p X n semi-orthogonal matriz such that 010, = I,. Let ¥ = W(L) =
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Diag(¢y (L), ¥o(L), ..., ¥,(L)), where g := (L) (k =1, 2, ..., n) is differentiable function
from RY to R. If the conditions stated in Theorem 2.1 for G = O\ Diag((; "y, ..., 0:14,)0)

are satisfied, then we have the following identity;
E[2710, 90, = [0111:“”0’1 + T (LN)(T, — 010'1)] ,

where ) = Diag(1)} (1r) ,wélr), e wgr)) and, fork=1,2, ..., n,

" U, — €b c%k O

17’) Z Uy — wb 1/% Uy,

In particular,

-1 / . a k kE— Wb
(2.2) T {Z 01\1101}]:[E[ 1{(p—n— )—+2a—2 ZZ—ZH

k=

The identity (2.2) was given in [22] to develop an unbiased risk estimate for orthogonally
invariant estimators for precision matrices of the multivariate real normal distributions in the
situation where the number of samples n is less than the dimension p. Their approach to
obtain the identity (2.2) is based on the arguments of Sheena [32]. It is interesting that the
matrix form of the identity in Theorem 2.2 involves in the matrix Oy. Here Os is a p x (p —n)
semi-orthogonal matrix such that a p x p matrix [O;; Os] is orthogonal. This part involves
a certain difficulty in evaluation of risk for alternative estimators of the covariance matrix
based on singular real Wishart matrices. The theorem which now follows plays an important
role in derivation of an unbiased risk estimate under an invariant quadratic loss function can
be obtained from an application of Theorem 2.2 and from calculus on the eigenstructures for

singular Wishart matrices given in Section 4.



Theorem 2.3. If the conditions stated in Theorem 2.1 for G = ODiag(¢; 'y, ..., £;14,)0),

x X 'O, Diag (i1, ..., ¥,)0) are satisfied, then we have
E[Tr {0, ¢0, 270,90} = [[Tr {0, ¢V 0 }],

where Y = Diag(1)) (1) gl), . 1/17(11)) with

23) o =p-n- % a2 gy, Z

k=1,2,...,n.
f 6& ) S y T

Ek—ﬁb

2.2 Unbiased risk estimate for a class of invariant estimators

Consider the problem of estimating a covariance matrix 3 under a quadratic loss function
(2.4) L(E, ) =Tr(Ex ' —1,)

where 3 is an estimator of 3. This loss function was used in [12, 30]. We denote by R(f], 3)
the risk function of f], i.e., the expected values of the loss function (2.4) with respect to the
distributions of X.

Recall that X'X = O,LO', where L = Diag((y, ls, ..., {,) and O; is a p X n semi-

orthogonal matrix such that O70; = I,. Our class of estimators is of the form
(2.5) 3= 0,%(L)0),,

where ® := ®(L) = Diag(p1, @2, ..., ©n), and ¢ := pp(L) (k. =1, 2, ..., n) is a differen-

tiable function from R’ZL to R.

Theorem 2.4. For the estimators of the form (2.5) that satisfies the reqularity conditions stated



in Theorems 2.2 and 2.3, we have

S - o ooy 0w
R(Z, E):E{Z{(p—n—l)(Z—QZ)—FZ( —2-27)
k=1

by =200 = () - 2%)} “9}

btk b =G

where @) = (p—n—1)} /b +4pr(Opr /) + 201 Sy (o —00) /(L= 1) fork = 1,2, ..., n.
Proof. Note that

(2.6) E[Tr (X7 — 1,)%] = E[Tr (B S8 7'8)] - 2E[Tr (Z7'8)] + p.

We first apply Theorem 2.3 to the first term in the right hand side of (2.6) to get

(2.7) T (Z'E27'8)] = F[Tr (70,21 0))),

with @) = Diag(gogl), @él) ce @511)). Then we apply Theorem 2.2 to the second term in the

Y

right hand side of (2.6) and the term in the right hand side of (2.7) to get the desired result. O

2.3 Alternative estimators

Proposition 2.1. Consider the form of estimators 3, = aS, where a is a positive constant.

Then the best constant is given by a = 1/(p + n + 1) under the loss function (2.4).

Proof. Apply Theorem 2.4 with ¢, = aly, (k =1, 2, ..., n) to get that

R(2.,, %) = np{lp+n+ 1)a2 —2a}+p

2
1 )2+ pT+p

= npp+n-+1)la— ,
Plp )( p+n+1 p+n+1

which completes the proof. a



Proposition 2.2. Leta =1/(p+n+1). Consider estimators of the form

~ 1 t
3 = 7OD l by + ———, ..., Uy O]
w p+n+1 iag(fi + S+’ ThsT TS+)
1

B p+n—i—1(s Tr S*O 101)

where t is a positive constant and ST is the Moore-Penrose inverse of 8. Then Sup improves

upon B, if 0 <t <2(n—1)(p—n—1)/{(p—n+1)(p—n+3)} under the loss function (2.4).

Proof. Apply Theorem 2.4 with ¢, = a(fy +t/TrST)(k = 1,2, ..., n). Then we have, for
k=1,2,...,n,

p—n—1 4

p 2
te.
O (Tr .S’”L)2 + E%(Tr S+)3)

cpk —af + 2a? (TrS+

+ )t +a*(

gk(TI' S+)2

Therefore, noting that

ZZ fk;—fb K and ZZ fk;—fb b

k=1 bk k=1 bk

we have

R(Zyr, ) — R(Z., =)

Tr (S+)2)t a(p —n+3)Tr(ST)?

(Tr S*)2 (Tr S+)2

(p+2)Tr (S™)? a(p—n+3)Tr (S*)2 , 2T (ST)? }
(Tr S*)2 (Tr S*)2 (Tr 8§*)2 '

<a[E{(p—n—1){2a(p+ > —2t}

+2{2a

But the coefficients of {Tr (S7)?/(Tr S*)?}t is evaluated as

(S+)2
(TrS7)?

{4a(p —n —1) +4a(p+2) — 4} ———t < da(p — n — 1)t,
from which it follows that

R(Zur, ) —R(E, Z) <a{(p-—n+1)(p—n+3)t2 —2(n—1)(p—n—1)t}.

This completes the proof. O



2.4 Monte-Carlo simulations

From Proposition 2.1, it is seen that R(S/n, X) = p(p + 1)/n and R(S/(n +p+ 1), X) =
p(p+1)/(n+P+1). These results imply that the risk reduction of the best scalar multiple in per-
centage over the sample covariance matrix, 100x{R(S/n, £)—R(S/(n+p+1), £)}/R(S/n, )
is bounded below by 50%. Hence this leads to the fact that alternative estimators which im-
proves upon the best scalar multiple reduce the risk more than 50% compared to that of the
sample covariance matrix S/n.

We carry out simulations for real case to investigate the performance of alternative estima-
tors numerically. From Proposition 2.2 we consider an estimator

1 to

2n—1)(p+n+1))
]Q—i-7z—i-1(S+Tr,S'Jr

(p—n+1)(p—n+3)

ZJHF =

0,0)), with ¢y =

We also include an estimator

ok 1 to
_ S 1)
HE p—l—n+1( T s )

This estimator is a modification of Syp. It is not clear whether f];F improves upon S/(n+p+1)
or not although it is nonsingular. We report the percentage relative improvement in average
loss of Sy, and i;a over S/(n + p+ 1), the best estimator of ¥ having the form ¢S with a
positive constant ¢, defined as

average loss of S/(n + p+ 1) — average loss of )y
average loss of S/(n+p+1)

PRIAL(S) =

for & = leF or E*HF Without loss of generality we can assume that the true covariance matrix
3} is diagonal.

When the parameters are fixed at n/p = 1/2 and ¥ = I, we get the result in Table 1. When
we increase p from 10 to 100, the PRIAL’s of i;F decrease from 7% to 2%. The estimator

10



Syr is slightly better than S/(n+p+1).

When we increase n/p for fixed p and ¥ = I, we get the result in Table 2. When we
increase n/p from 1/5 to 4/5 for p = 20 and p = 100, the PRIAL’s of ELF decrease and the

PRIAL’s of Sy increase slightly.

Finally we investigate the effect of the dispersion of eigenvalues of the true covariance
matrix 3. Its eigenvalues are drawn according to a log-normal distributions. Their grand
mean of eigenvalues is set to almost one. Following the argument in [23], we can see that the
improvement of the optimal linear shrinkage 3" = p; S + poI, with p; > 0 and ps > 0 is
controlled by a/{(p+1)/n} with a = {p— (Tr Z~)2/Tr £~2} /p. We record the values of o for
each set of the eigenvalues of the true covariance matrix. Note that o = 0 when 3 = I,,. Since
the PRIAL’s of fJHF vary slightly as « varies, we only report the result of the PRIAL’s of f];F
For (p, n) = (20, 4), (20, 8), (20, 12), (20, 16), we repeat the experiment 50 times and plot the
values of PRIAL for f];F and values of a. We can see that the PRIAL of f];F increase as the
values of «a increase from 0 to 3 and that the correlation between o and PRIAL is more than

0.85.



3 Complex case

Consider an n X p complex random matrix Z whose density function with respect to Lebesgue

measure on C"*? is given by
fz(z) = 77™Det (Z) " exp{—Tr (2 '2*2)}, z € CVP

where X is a pxp positive-definite Hermitian matrix. This is denoted by -Z(Z) = CN,,«,(0, I,®
3). See [1, 8, 18, 35] for multivariate complex normal distributions. Set W = Z*Z. Then
the distribution of a p X p complex random matrix W is called a complex Wishart distribution
with parameters X, p, and n. This is denoted by £ (W) = CW,(X, n). The integers p and n
are called the dimension and the degrees of freedom, respectively. The complex Wishart dis-
tributions were first explored by Goodman [8] and followed by [1, 9, 18, 33]. This model plays
important roles in signal processing methods[17, 28, 41]. If n < p, then we call W a singular
complex Wishart matrix, as the matrix W is singular. See Ratnaraja and Vaillancourt [31] for
the density function of singular complex Wishart distribution with respect to Lebesgue measure

on the set of n x p complex matrices C"*P.

3.1 The Stein-Haff identities and calculus on eigenstructure for sin-
gular complex Wishart matrices

To describe integration by parts formula for the complex Wishart matrices, we introduce notion
of a complex-valued function of complex variables. Recall that, for a complex number z € C,

12



we write z = Re z + v/—1Im 2, where Re z and Im z are real numbers, and that we denote by z
the complex conjugate of a complex number z, i.e., Z = Rez—+/—1Im z. A continuous function
f: C — Ris called differentiable on C if 9f/0(Rez) and 9f/0(Im z) exist on C. A function
f =u+ /—1v, where u, v: C — R, is called differentiable if both v and v are differentiable.

We define

5= (o o) ™ 5= (s Y o)

For a differentiable function f =u++v—1v: C — C, we set

g—ﬁ -3 (a@iiz) " a(fﬁ@) " ? (6’<§ZZ> B 8<f£2)> |

For an n x p complex matrix Z = (2;;)i=1,2,..,n, we define an n x p matrix operator Vz as
G=1,2, . p
v, — 0 (1 0 v—1 0
zZ- 0zij ) i=1,2,...m ~ \20(Re i) 2 0(Imzy) )i=12,...n
j=1,2,. J=1,2, 0 p

C"*? to C, we define the (i, j) element of a matrix VzA by

iS]

(VzA)i; = O

k=1

fori=1,2,...,n;7=1,2,....,q.
0z,

Theorem 3.1. Let Z be an n x p complex matric with £(Z) = CN,x,(0, I,, ® X), where ¥
s a p X p positive-definite Hermitian matriz. Assume that, for a p X p complex random matrix

G = GW) = (9) .p, the (i, j) element g;; is a differentiable function of Z through

P

i=1,2, ..
j=1,2, ..

W = Z*Z and satisfies the following conditions;

[E 2 . 9 < 9 [E ] Z'l 12t <
agmoll <o E ||| <oo
foriy,....u=1,2,...,p; 71, 72=1,2, ..., n. Then we have

(3.1) FXT'WG] =F[nG +(Z'Vz)G,

13



wlo»

where stands for the transpose of a matrix. In particular,

F[Tr (Z7'WQ)] =E[nTr (G) + Tr (Z'VzG')).

Remark 3.1. Assume that n > p. Hence W is invertible with probability one. Let

1+, 0 0
D — 1] 1_ 4,\/_17 .
w { 2 (8(Rewij)+( i) 8(Imwij))}i‘1172 ..... p
]:

777777

Note that the operator above is slightly different from that in Svensson [39] so that the expressions
below are changed correspondingly [see also [21]]. From (3.1) and the fact that Vz = Z Dy

and that Tt { DwW G} = pTr (G) + Tr (W Dw G'), we can see that

E[Tr (STWG)] = E [(n — p)Tr (G) + Tr { Dw (W G)}].
Replacing G with W G, we obtain that
(3.2) F[Tr (Z7'G)] =FE[(n—p)Tr (GW ™) + Tr (DwG)],

which was obtained by Svensson [39].

For integers n, p such that p > n > 1, we denote by CV,, ,, the set of all p x n semi-unitary
matrices U, such that UJU, = I, i.e., CV,, = {U; € CP*"; UU, = I,}. Next theorem
gives the Stein-Haff identity in a matrix form. Its proof is a combination of an application of
Theorem 3.1 with calculus on the eigenstructure related to the singular real Wishart matrices

given in Section 4.

Theorem 3.2. Assume that n < p and that £ (Z) = CN,x,(0, I,, ® X), where X is a p X p
positive-definite Hermitian matriz. Decompose Z*Z = ULU7, where Uy is a p X n semi-
unitary matriz such that UTU, = I,,. Let ¥ := W(L) = Diag(¢1 (L), ¥2(L), ..., ¥,(L)),

14



where Yy, = Yp(L) (k =1, 2, ..., n) is differentiable function from R to R. If the conditions
stated in Theorem 3.1 for G = U Diag({; "1, ..., {74, U} are satisfied, then we have the

following identity;
[[E'U, QU = [Ul\Il(lc)U*{ T (L) (I, — UlUj)] ,

where W19 = Diag( (o) o 7(110)) and, fork=1,2, ..., n,

1c Z U — Uy 3%

" b, — b c%k'

In particular,

(3.3) E[Tr{S'U,QU*} = [ {(p )15: + %: - Z dlj’; — Zf’}] .

Remark 3.2. Combining Theorem 3.2 with the result obtained by Svensson [39][see also [21,

40]], we can see that, under suitable conditions,

min(n, p) min(n, p)

= | Y e gt 2 ),

k=1

where W = Diag(Yn, 12, ..., Yminm,p)). Here we decompose Z*Z as Z*Z = U,LU7, where
L = Diag(lq, ..., lmin(n,p)), U1 belongs to CV,, , if p > n, and Uy is a p x p unitary matriz if

n > p.

Next theorem is a complex analog of Theorem 2.3.

Theorem 3.3. If the conditions stated in Theorem 3.1 for G = U ,Diag(¢; ¢y, ..., {;',)U?

x XU Diag(¢y, ..., ¥,)U?T are satisfied, then we have

T (S0, U s U wU) = (T {30, %V Uy,

15



where (Ivl( ) = Diag(v, e Nél), . 1/37(11)) with

(3.4) o = (p— >‘Z”“+2w 0%k | 9y, - Z k=1,2,.... n

U, Ol by, — Eb

3.2 Unbiased risk estimate for a class of invariant estimators

Consider the problem of estimating a covariance matrix ¥ under the loss function (2.4), where
3 is an estimator of ¥ based on W. We denote by R(i\?, 32) the risk function of 3, i.c., the
expected values of the loss function (2.4) with respect to the distribution of Z.

Recall that Z*Z = U, LU7, where L = Diag(¢y, {5, ..., {,) and U; is a p X n semi-unitary

matrix such that UTU; = I,,. Our class of estimators are of the form
(3.5) S =U,®(L)U?,

where ® := ®(L) = Diag(p1, 2, ..., ¢n) and ¢y == pp(L)(k =1, 2, ..., n) is a differentiable

function from Rg to R.

Theorem 3.4. For the estimators of the form (3.5) that satisfies the reqularity conditions stated

in Theorems 3.2 and 3.3, we have

n ~(1) ~(1)
RE D) = £y {o-m(G 22 + (G 25

o b ol "0,
(N — 208) — (B — 203)

where 3 = (p — n) @} /0 + 200(0pr/Ok) + 201 Xy (o — o)/ (b — &) fork=1,2, ... n.

Proof. Note that
(3.6) E[Tr (X' — 1,)%] = E[Tr (B S8 7'8)] - 2E[Tr (Z7'8)] + p.
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We first apply Theorem 3.3 to the first term in the right hand side of (3.6) to get

(3.7) HTr (2188 18)] = E[Tr (20,8 U],
=(1) . (1) ~(1) ~(1) .
where ® ° = Diag(®;’, @57, ..., @n’). Then apply Theorem 3.2 to the second term in the

right hand side of (3.6) and the term in the right hand side of (3.7) to get the desired result. O

3.3 Alternative estimators

Proposition 3.1. Consider the form of estimators fla = aW , where a is a positive constant.

Then the best constant is given by a = 1/(p + n) under the loss function (2.4).

Proof. Apply Theorem 3.4 with ¢, = al, (k =1, 2, ..., n) to get that

R(X., %) = np{(p+n)a®—2a}+p

1 )2+ p2
p+n p+n’

= np(p+n)(a—
which completes the proof. O

Proposition 3.2. Put a = 1/(p +n) and consider estimators of the form

t t

= 1
b = ——U,Diag(/ o by + ———
HF 1 lag( 1 + + TI'WJF’ ) + TI'WJr

p+n TTWt’

1 t §
— p—|—n(W+7TI'W+U1U1)

ly

U;

where t is a positive constant and W™ is the Moore-Penrose inverse of W . Then Zyp improves

upon B, if 0 <t <2(n—1)(p—n)/{(p—n+1)(p—n+2)} under the loss function (2.4).

Proof. Apply Theorem 3.4 with ¢, = a(fy, +t/Tt W) (k=1,2, ..., n). Then we have, for
k=1,2,...,n,

p—n 2

p 1 + )t2
O (Tr WJ’)2 Kz(Tr W+)3 '

W T (Tt W)

wél):a€k+2a2( S )t +a®(
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After a calculation similar to that in the proof of Proposition 2.2 we have

R(Zur, £) — R(Z,, =)

2Tr (W)? (p—n+2)Tr(WT)?
(TrW™)? Jt+a (TrW)?

+ 1)Tr (W+>2t N a(p —n+2)Tr (WH)?2 , _ 2Tr (W)? )
(W) TTwW )’ mw)? ]

<ak|(p—n){2a(p+

t* — 2t}

+{2a(p

But the coefficients of {Tr (W 1)2/(Tr W )2}t is evaluated as

Tr (WT)?

{2a(p—n)+2a(p+1) — Q}W

t < 2a(p —n)t,
from which it follows that
R(Enr, B) - R(E. B) <a{(p—n+1)(p—n+2)2 —2(n —1)(p —n— 1)t}.

This completes the proof. O

4 Proofs

4.1 Proof of Theorem 2.1

Write 3 = AA’, where A is a p x p nonsingular matrix, and put X = (Ti)
Then X is distributed according to Npsp(0, I, ® I,). Furthermore, put H = A'G(A")™!

= (hij)i=1,2,..p. We regard h;; as a differentiable real-valued functions of X. Define § =
j=1,2,..p

(3ij)i=1,2,...p = X'X. S8 = A"'S(A')~'. Now recall an integration-by-parts formula on the
2,..,p

standard normal distribution, i.e.,

Oh,
0%y, |
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where k =1,2,...,n;7,¢{=1,2, ..., p; and J;; is Kronecker’s delta, i.e., §;; = 1 if ¢ = j, and
0;; = 0 if ¢ # j for integers ¢, j. Summing both sides of (4.1) over j from 1 to p and over k

from 1 to n, we obtain

j=

p n )
bt 3 .

j=1 k=1

Thus we get
(4.3) E[SH]=E [nH + (X"vf)’ﬂ] .

Finally, by the definition of H, we have F[SH] = F [A"'SG(A’)"] while, since Vi = Vx A,
we have [E[(X/Vf)’H] = F[A(X'Vx)G(A')7!. Putting these two equations into (4.3)
and multiplying by (A’)~! from the left and by A’ from the right, we get E[(AA")1SG] =

F[nG + (X'Vx)' G|, which completes the proof of (2.1). O

4.2 Proof of Theorem 2.2

To prove Theorem 2.2, we need the following lemma of the independent interest, which states
the partial derivatives of the eigenvalues and the elements of eigenvectors of the singular real
Wishart matrix § = X’'X with respect to the elements of the matrix X. For full-rank real
Wishart matrices, partial derivatives which play a similar role to those in the next lemma
appeared in Stein [37].

In the rest of the paper, we denote by {AB},;; the (i, j) element of product of matrices A

and B.

Lemma 4.1. Assume that p > n. Let X = (z;5) .n and decompose a p X p ma-
triv X'X as X'X = O,LO}, where Oy € V,,, = {O; € RP*"; 0/0, = I,} and L =

19



Diag (¢, (s, ..., £,) is an n X n diagonal matriz with {1 > ly > -+ > £, > 0. Furthermore, let

O: = (0i5) i=1,2,...p € Vpp—n be apx (p—n) semi-orthogonal matriz such that O = [Oy; Oy]

]:n+17 29 P

s a p X p orthogonal matrix. If 1 > ly > --->{, >0, then we have, fori, k, m=1,2, ..., n

anda, j=1,2,...,p,

p
or,,
= 2 E OcimTicy Ojm;
8951-]-
c1=1

b, — 0

b#k c1=1 b=n+1c1=1

8xij 51{

for a # k, and Oogy/0x;; =0 fork=1,2, ..., n.
Proof. Taking differentials of

L O (pn) Lo||oO
X’X:O O/: [01;02]

Op—n)xn  O@p—n)x(p—n) 0 0 0,

and using the fact that O'(dO) + (dO")O = 0,,, we have, for a, k, m =1, 2, .

a # k,
(4.4 (010} = ;- {O}((dX)X + X'(aX))O
(45) (0L} = {O4(AX)X + X(dX))O1}

and, fora=n+1,2,...,pand k=1, 2, ..., n,

(4.6) {04(dO, )} i = é{o;«czxvx + X'(dX))O) i

n p p p
00up; Z Z 0ab{0jb0c1k + 0160k } Tic, N Z Z 0ab{ 0601k + 0c1b0jk } Ticy

)

.., n such that

The equation (4.6) is an essential part for singular matrix case. Using (4.5) and the fact that

dz;; is the dual basis of 9/0dx;; for i =1, 2, ..., nand j =1, 2, ..., p, we can complete the

first part of the lemma. Next Using (4.4) and (4.6), we get that, for i, k = 1,2, ..., n and
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a’j:]‘727"'7p7

D0ai - ) L )
2= = w0 (dO + w05 (dO
G = > 0ul0400u (5 ) + X oul04a0 5
b=1 b=n+1
Oabojboquzcl Oaboclbojkxzcl Oabojboclkxzcl
= +
D) PLLTLTLENE o JUITTLENED ) SR It
b#k c1=1 b#k c1=1 b=n+1c1=1
Oab001b0]kx261
P
b=n+1lc1=1
which completes the proof of the lemma. a

Proof of Theorem 2.2. We adapt the notation in Theorem 2.1 and Lemma 4.1. Apply

Theorem 2.1 with G = O, PO to get
(4.7) E[X7'S0,%0)] = E[nO,¥0, + {(X'Vx)O0,%0}}].

Applying Lemma 4.1 to the second term inside the right expectation, we can obtain that

o N Z" Moy = Lothes — Lothy
UXVxy OOl = : 10“30”3{%63 ey b; ley — Uy
(4.8) > “

P n
+ E OZ‘bOjbE ey
b=n+1 c3=1

Putting (4.8) into (4.7), we get that

n

E{X 'S0, %0}, =E [Z olkojk{m/)k + 20 awk Z E”i’; — ﬁzw”} > onop Z @Z)k}

k=1 b=n+1

Finally, changing 1 into f;lwk, noting that 0,0, = I, — 0,0 and that

=~ Ol b — G0y Vg
(49) Z kﬁ—ﬁb ZE—E )E
o k= tb ar kb k
we can complete the proof of this theorem. O
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4.3 Proof of Theorem 2.3

Write
wl 1/}2 wn /
F = _ = Di
(fw); Zep O,Diag (61 o £n>01,
F = (fij)izt 3,,,,p:01Diag(¢1,¢2,...,%)0’1.
: P

First apply Theorem 2.1 with G = FY'F to get that
(4.10) E [Tr (z*lﬁzflfv)} . [Tr(zflst*f?)] = E[nA, + Ay,

where A, = Tr {£7'0, Diag (2 /01, ¥3/ls, ..., ¥2/0,)O}} and Ay = Tr {(X'Vx)FE'F}.
We evaluate the expectation of Ay in (4.10). Since F, F, and 7! = (0)i=1,2,..,p are sym-
1,2, ...

metric matrices, we see that the expectation of A, is given by

p
(4.11) [E[Az]:[E[ Z 6304fC4ZTZ(613)_|_ Z oe3c 6(4223]’

c3,c4,1=1 c3,cq4=1

where, for ¢, c3, ¢4, =1, 2, ..., p,

p
2(013) Z Z Cllafwcg, and 0(4223 _ Z Z xclzfcgq aafcu
Leyco

c1=1ca=1 Leres c1=1ca,i=1

Next, using Lemma 4.1, we evaluate TZ(C? and Tc(fc)?,, respectively. To evaluate TZ(C ), recall that

F= O,Diag (1, 1, ..., 1,)0'. Then we have

n p n p
806265 Z aocy:s
E E xcliw65 06365 a E xcli’l/}65 06265 a

c1,c5=1ca2=1 Clc c1,c5=1co=1 Clcg

0. Ol
+ Z Z L¢130coe50c3e5 7, 1/} > = T(ll) + T(12) + T(13).

ag axclcg ic3 ic3 ic3

(4.12)

c1,c5,m=1ca=1

Applying Lemma 4.1 and using the fact that O70, = I,, and that X' X = O;LO, we have

14 14 nUn
(Tiey)) i=1.2 ~» = O1Diag( Zelible’ ezipze’ -7, ilje
037172 LD b£1 1 b b£2 2 b b

+ (p - n)OlDiag(wla w27 ceey wn)Oll
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Similarly we use Lemma 4.1 and the fact that X' X 0505 = 0, (p—) to get

(T) =12 .p = OiDiag( ZgM)b Zemjb --Ef”wﬁ )O';
e b tn

c3=1,2 p b1
iy 3% )
Ty i , = O,Diag(2/ 20 , 20, =)0
Tiea ity or tag (205, 2, "0,
Putting these three expressions into (4.12), we get that
p
(4.13) E[ 3 amfmTiiﬂ E[Tr {S7'0\Diag(v{"), ¢{', ..., ¢{9)0}}].
c3,C4,1=1
where, for k=1, 2, ..., n,
3% Ui
20— .
wk;fk—€b+ Ve +(p )gk

Similarly, we can see that the second term in the right hand side of (4.11) is given by

(4.14) {Z oT} = E[Tr {=7'0Diag(yy"”, vy, ..., ¢{")O1}],

c3,c4=1

where, for k=1, 2, ..., n,

(I
b, — 0

(16) _ Ui
U == gt 4 2 —+wkz
Putting (4.13) and (4.14) into (4.11), we see that the expectation of nA; + A, is given by
EnA; + Ay = E[Tr{E7'0\Diag(¥{", ¢{", ..., )01},

where the 1/1,5;1) (k=1,2,...,n)is given by (2.3). This completes the proof of this theorem. O

4.4 Proof of Theorem 3.1

The proof is essentially the same as for Theorem 2.1. Write ¥ = AA*, where A is a

p X p nonsingular complex matrix, and put Z = (Zi)i=1,2,..n = Z(A")"'. Then 2(2) =
1=1,2,..,p
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CNuxp(0, I, ® I,). Furthermore, put H = (h;;)i=1,2,..p = A*G(A*)™'. We regard h;; as a

j:17 27 P

differentiable functions of Z. Define ﬁ; -7 *2 . Since

1 e ) L
im exp <—Tr (Z Z)) = —(Re Z;) exp (—Tr (Z Z))
and
/=1 o e ) "
T2 9(mz,) Y (-T(Z'2)) = V=1 zy) exp (-T (Z'2))
fori=1,2,...,nand j=1,2, ..., p, we have

agij exp (—Tr (2*2)> = —Z;j exp (—Tr (2*2)> ,

from which it follows that
p
E [Z wijhjl] =
j=1

From this formula, we can see that the analogue of the formulas (4.2) and (4.3) are given by

P n
nhzl—i—ZZ%m g%:] 3

j=1 k=1

p n )

j=1 k=1

p
[E[Zwijhﬂ] = F
j=1

[[WH| = [E[nH+(2’v2)’H].

for j, ¢ =1, 2, ..., p, The rest of the proof proceeds in the same manner as for Theorem 2.1.

O

4.5 Proof of Theorem 3.2

To prove Theorem 3.2, we need the following lemma of the independent interest, which states
the partial derivatives of the eigenvalues and the elements of eigenvectors of the singular complex

Wishart matrix W = Z*Z with respect to the elements of the matrix Z. For full-rank complex
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Wishart matrices, partial derivatives which play a similar role to those in the next lemma appear

in [21, 39].

Lemma 4.2. Assume that p > n. Let Z = (2;j)i=1,2,...,n and decompose a p X p matric Z*Z
j=1,2,.

as Z*Z = U,LU7, where U, € CV,,,, and L = Dlag (61, Uy, ..., Ly) is an n X n diagonal

matriz with {; > ly > -+ > {, > 0. Furthermore, let Uy = (u;;) i=1,2,...p € CV, p_p be

j:n+17 27 P

ap X (p—n) semi-unitary matriz such that U = [Uy; Usy] is a p X p unitary matriz. If

by >0y > - >4, >0, then we have, fori, k,m=1,2, ...

p
or,, _
- E UeymZicy Ujms
3zij ! L

c1=1

,nanda, 7 =12, ..., p,

auak o 2 : 2 : uabuqbu]kzzq z : z : uabuclbu]kzzcl .
Dzii b, — 0 ’
W b;ék c1=1 k% b=nt1c1=1
aﬂak o 2 : 2 : uabu]buclkzzcl + 2 : 2 : uabujbuclkzzcl
&zij gk — gb
b#£k c1=1 b=n+1c1=1

for a # k, and Ouyy,/0z;j = 0 and Oty /O0x;; =0 fork=1,2,...,n

Proof. The proof is essentially the same as for Lemma 4.1. Take differentials of

L o Lol||U:

0 0 00| |U;

we can see that the analogue of the formulas (4.5) and (4.6) are given by

(4.15) (U)o = - (U(AZ)Z + Z°(AZ) U
fora=1,2,...,nand k=1, 2, ..., nsuch that a # k;

(4.16) (dL)ym = {UT((dZ")Z + Z*(dZ))U 1 }oum
form=1,2,..., n;and

(4.17) (UL )} = U2 Z + Z°(@Z2)U )
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fora=n+1,2,...,1and k=1, 2, ..., n. From the fact that d(Re z;;) and d(Im z;;) are the
dual basis of 9/0(Re z;;) and 9/0(Im z;;) for i =1, 2, ..., nand j =1, 2, ..., p, we have

(4.18)  dz (i) = d(Re zi;) + vV —1d(Im z;;)} ( 0 ) =00y and  dZ (i) =0

02k Oz Oz
fork=1,2,...,nandl =1, 2, ..., p. Using (4.15)-(4.18) and proceeding in a similar mannar
as for Lemma 4.1, we get the desired result. a
Proof of Theorem 3.2. The proof is essentially the same as for Theorem 2.2. We adapt the

notation in Theorem 3.1 and Lemma 4.2. Put G = U, WU and apply Theorem 3.1 to get
(4.19) E[X'WU, QU3 = E [nU, YU’ + (Z'Vz)U,$U?|.

Similarly the analogue of the formula (4.8) is given by

{Ecg 3%3 + & Ebwcg - Ebwb}

! / ol G s
{(Z'V2)U U}y = Y wie,Tye, oy = b
Cc3

c3=1

P n
+ Z UipUjp Z Yes-

b=n+1 c3=1

Putting this expression into (4.19) and proceeding in a similar mannar as for the proof of

Therem 2.2, we can complete the proof of this theorem. a

4.6 Proof of Theorem 3.3

The proof is essentially the same as for Theorem 2.3. Write

= UlDiag(ﬂ V2 %)U”{;

F = (fl]) £17€2a"'7£

= 29"'7p
=12,...,p

F = (fz]) = UlDiag(wla 1/12, RN wn)UT

727---7
2,
Apply Theorem 3.1 with G = FX'F to get that

(4.20) E [Tr(zflfwzflﬁ‘)] oy ; [Tr (z*lwmrlﬁ‘)} = E[nAs + Ay,
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where Ay = Tr {S7'U \Diag(v?/61, ¥3/ls, ..., ¥2/0,) U3} and Ay = Tr {(Z'V ) FE'F}.

We evaluate the expectation of Ay in (4.20). For X7! = (07);1,9,. p: we see that the expec-
7=1, 2
tation of A, is given by
P
(4.21) E[A4] = El S 0 f, T, + Z gcngC(fgs],
c2,c3,C4,=1 c3,c4=1
where, for ¢, c3, c4 =1,2, ..., p,
» ~
afc 1 rs afc c
6(4?6)2 ZZ Clczﬁ; and Z Z ZC1¢2fC4Z . 3
=1 i=1 e c1=1ca,i=1 ey
Similarly the analogue of the formulas (4.13) and (4.14) are given by
- a 1 >
(4.22) E[ > 00364f6263Tc(522} = E[Tr {='U,Diag(¢\", 5", ..., U3},
c2,c3,c4=1
p ~, ~
(4.23) [E[ > aCSC4T§f23] = F[Tr {=7'U,Diag(4"”, o7, ..., o)UY
c3,cq4=1

where, for k=1, 2,..., n,

~ " _ 2
L= %Zii_?b%—%awk (p—n)%'

+ ;
b=l Ol b
~(1) @/)k Oy U — Py
= + + P ) :
Vi Ve B, TV b= b

Putting (4.22) and (4.23) into (4.20), we see that the expectation of nAz + Ay is given by

(4.24) E[nAs + Ay = E[Tr {7'U,Diag(4”, ¢, ..., oMU},
where 1’/;,9)’5, k=1,2,...,n,are given by (3.4). This completes the proof of this theorem. O
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Table 1: Result of 1000 Monte-Carlo simulations for p/n =1/2 and ¥ = I,

p n S/(n+p+1) Sur PRIAL S PRIAL
10 5 6.863(0.013) 6.733(0.014)  1.8% 6.3465(0.017)  7.5%
20 10 13.549(0.014) 13.323(0.015)  1.7% 12.654(0.017)  6.6%
40 20 26.891(0.014) 26.580(0.014)  1.2% 25.647(0.016)  4.6%
60 30 40.216(0.014) 39.867(0.015)  0.9% 38.821(0.016)  3.5%
80 40 53.570(0.014) 53.200(0.014)  0.7% 52.095(0.015)  2.8%
100 50 66.894(0.014) 66.511(0.014)  0.6% 65.362(0.015)  2.3%

The values in parentheses refer to the standard error on average loss.

Table 2: Effect of variables to number of observations on PRIAL when ¥ = I,,.

p n S/n+p+1) Shr PRIAL S PRIAL
20 4 16.795(0.009) 16.737(0.009)  0.3% 15.391(0.015)  8.4%
20 8 14.467(0.013) 14.289(0.013)  1.2% 13.367(0.017)  7.6%
20 12 12.700(0.015) 12.436(0.015)  2.1% 11.974(0.017)  5.7%
20 16 11.343(0.015) 11.117(0.016)  2,0% 10.992(0.017)  3.1%
100 20 83.461(0.009) 83.364(0.009)  0.1% 81.044(0.011)  2.9%
100 40 71.630(0.014) 71.345(0.014)  0.4% 69.849(0.015)  2.5%
100 60 62.750(0.015) 62.277(0.015)  0.8% 61.435,(0.016)  2.1%
100 80 55.803,(0.016) 55.219(0.017)  1.0% 54.891(0.017)  1.6%

The values in parentheses refer to the standard error on average loss.
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Figure 1: Effect of o for p = 20, n = 4. Figure 2: Effect of o for p =20, n = 8.
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Figure 3: Effect of o for p = 20, n = 12.

values of alpha(correlation=0.88).

values of alpha(correlation=0.97).

Figure 4: Effect of a for p = 20, n = 16.
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values of alpha(correlation=0.99).
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values of alpha(correation=0.96).
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Figure 5: Effect of a for p = 100, n = 20.

Figure 7: Effect of a for p = 100, n = 60.
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Figure 6: Effect of o for p = 100, n = 40.
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Figure 8: Effect of o for p = 100, n = 80.
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