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Abstract

The problem of estimating large covariance matrices of multivariate real normal and
complex normal distributions is considered when the dimension of the variables is larger
than the number of sample size. The Stein-Haff identities and calculus on eigenstructures
for singular Wishart matrices are developed for real and complex cases, respectively. By
using these techniques, the unbiased risk estimates for certain class of estimators for the
population covariance matrices under an invariant quadratic loss functions are obtained
for real and complex cases, respectively. Based on the unbiased risk estimates, shrinkage

estimators which are counterparts of the estimators due to Haff [1980, ANN. STATIST. 8
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586-697] are shown to improve upon the best scalar multiple of the empirical covariance
matrix under the invariant quadratic loss functions for both real and complex multivariate
normal distributions in the situation such that the dimension of the variables is larger than

the number of sample size.

1 Introduction

Estimating a population covariance matrix is an important and difficult problem in the theory
of the multivariate statistical analysis [29, 35]. It has been known that the empirical covariance
matrix has unexpected feature for a finite sample situation, that is, the eigenvalues of the
empirical covariance matrix spread out more than those of the population covariance matrix.
Since James and Stein [16], there has been a lot of literature to explore better estimators for a
population covariance matrix from a decision-theoretic perspective [7, 12, 13, 14, 24, 37] or from
a Bayesian point of views [3, 4, 5, 42] in order to overcome the shortcoming of the empirical
covariance matrix. Recently there has been an upsurge of investigation for procedures of the
population large covariance matrix in the situation such that the dimension of variables, p, is
larger than the number of observations, n. See [2, 15, 23].

In this article we consider the problem of estimating large covariance matrices in a decision-
theoretic manner when the dimension of variables, p, is larger than the number of observations,
n. Population distributions include not only real multivariate distributions but also complex
multivariate distributions. We provide estimators that are better than the best scalar multiple
of the empirical covariance matrix under an invariant quadratic loss function. Our approach

to derive new estimators is the so-called ‘unbiased risk estimate method’ and calculus on the



eigenstructures for singular Wishart matrices. Both methods for full-rank Wishart matrices
have been well-established. See [6, 10, 11, 14, 37, 39] for the Stein-Haff identities for full-rank
Wishart matrices and see [13, 14, 19, 21, 22, 25, 26, 27, 36, 37, 39] for calculus on eigenstructures
for full-rank Wishart matrices. We extensively develop the Stein-Haff identities and calculus on
eigenstructures for singular Wishart matrices, i.e., in the situation such that p > n, in order to
obtain unbiased risk estimate for certain class of estimators which are analogues of estimators
due to [12] for population covariance matrix in the situation such that n > p.

This paper is organized in the following way: In Section 2, situation for real singular Wishart
matrices is considered. In Section 2.1, we derive integration by parts formula for singular real
Wishart matrices in a matrix form. In Section 2.2, using calculus on eigenstructures for singular
real Wishart matrices, we obtain unbiased risk estimate for certain class of estimators under an
invariant loss function. In Section 2.3, we derive shrinkage estimators which are analogues of
estimators due to Haff [12]. In Section 3, parallel results for singular complex Wishart matrices

are explored. In Section 4, the proof of Theorems in Sections 2 and 3 are given.

2 Real case

Assume that n < p and let X be an n x p random matrix having the multivariate real normal
distribution Ny xp(0pnxp, In ® 3), where ¥ is a p x p positive-definite matrix. So the rows
of the matrix X are mutually independent and have p—dimensional normal distribution with
zero-mean vector and the covariance matrix X. Put § = X’X. Then S has a real Wishart
distribution with the dimension p, the degrees of freedom n, and the scale parameter 3. We

call S a singular real Wishart matrix. See Srivastava [34] for the density function of a partial



block of singular real Wishart matrix with respect to Lebesgue measure.

2.1 The Stein-Haff identities and calculus on eigenstructures for sin-
gular real Wishart matrices

The Stein-Haff identity for singular real Wishart matrices was first established by Kubokawa
and Srivastava [22]. Their derivation was based on the approach due to Sheena [32]. In this
subsection, the Stein-Haff identity for singular Wishart matrices by [22] is generalized to a
matrix form of the identity via a modification of an approach by [37].

To state our identity, let Vx = (9/0x;;)i=

won for X = ()i For real numbers

i=1,2, =1,2,..,n-

j:1727"'7p j:1727"'7p
aj, as, ..., a,, we denote by Diag(ai, as, ..., a,) an n x n diagonal matrix with diagonal
elements ay, as, ..., a,. Furthermore, set RY = {(ay, as, ..., a,) € RP’; a4 > ay > -+ > a, >

0}.

Theorem 2.1. Assume that an nx p real matriz X is distributed according to Nyxp(Opxp, In®
Y) with a p X p positive-definite matriz X. Assume that, for a p X p real random matriz
G = G(S) = (9i)i=1,2....p, €ach g;; is a differentiable function of S = X'X and satisfies the
J=1,2.\p

following conditions;

0Giyi
E (|22 5, 9izis|] < 00, E [%ilax—;; .
forii,....ie=1,2,....,pand ji, jo=1,2, ..., n. Then we have
(2.1) F[S'SG] = F[nG + (X'Vx )G,

where the superscript “' 7 stands for the transpose of a matriz. In particular,

E[Tr(Z7'SG)) = E[nTr (G) + Tr (X'VxG')].



The identity (2.1) appeared in the proof of the Wishart identity for nonsingular Wishart
matrix in Loh [25]. Note that the identity (2.1) involves in a differential operator related to
the multivariate normal random matrix X rather than an operator related to singular Wishart
matrices. This is an ingredient to develop the Stein-Haff identity for singular Wishart matrices.
Combining Theorem 2.1 with calculus on eigenstructures for the singular Wishart matrices
in terms of the differential operator Vx, we give a matrix form of the Stein-Haff identity
below. Another ingredient, i.e., calculus on eigenstructures for singular real Wishart matrices,

is developed in Section 4.

Theorem 2.2. Assume that n < p and that an n X p real matriz X is distributed according to
Nisep(0nsep, In @ X) with a p X p positive-definite matriz 3. Decompose X'X = O,LOY,
where Oy is a p X n semi-orthogonal matriz such that 010, = I,. Let ¥ = W(L) =

Diag(¢y (L), ¥o(L), ..., (L)), where ¢y := (L) (k =1, 2, ..., n) is differentiable function
Jrom RY to R. If the conditions stated in Theorem 2.1 for G = O\Diag({; 'y, ..., £7%,)0)

are satisfied, then we have the following identity;
[[2710, 90, = [01\1:“7“)0’1 T (L (I, — 010’1)] ,

where ¥ = Diag(1)} (1r) ,wém, BRI ) and, fork =1, 2, n,

1) =V — Uy O U
- 4ok Uk
i b;ézk b, — 0y oYy, 4y,

In particular,

o A R D, Uk =y
(2.2) E[Tr{X'0,%0}}| = LZl{(p—n ) +28—€k ; A H

The identity (2.2) was given in [22] to develop unbiased risk estimate for orthogonally
invariant estimators for precision matrices of the multivariate real normal distributions in the
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situation such that the number of samples n is less than the dimension p. Their approach to
obtain the identity (2.2) is based on the arguments of Sheena [32]. It is interesting that the
matrix form of the identity in Theorem 2.2 involves in the matrix O. Here Os is a p x (p —n)
semi-orthogonal matrix such that a p x p matrix [O1; O,] is orthogonal. This part causes
essential difficulty in evaluation of risk for alternative estimators of the covariance matrix based
on singular real Wishart matrices. Next theorem which plays an important role in derivation
of an unbiased risk estimate under an invariant quadratic loss function can be obtained from
an application of Theorem 2.2 and from calculus on the eigenstructures for singular Wishart

matrices given in Section 4.

Theorem 2.3. If the conditions stated in Theorem 2.1 for G = ODiag(¢; 'y, ..., £;14,)0),

xX 710, Diag (i1, ..., 1,)0) are satisfied, then we have
E[Tr{X'0,¢0, 20,90} = E[[Tr {10, ¢V 0 }],

where ¥ = Diag(yV, V. ... vl with

2 oY "y —
9 (1) Cn—1 Vi P ALID) § k— ¥b =1,2
( 3) wk; (p n >£k ¢k agk ¢k o gk — gb ; k 5 4y ,

2.2 Unbiased risk estimate for a class of invariant estimators

Consider the problem of estimating a covariance matrix 3 under a quadratic loss function

A~

(2.4) LE, ) =T (2 —1,)

where 3 is an estimator of 3. This loss function was used in [12, 30]. We denote by R(f], 3)
the risk function of f], i.e., the expected values of the loss function (2.4) with respect to the

distributions of X.



Recall that X'X = O,LO', where L = Diag((y, ls, ..., {,) and O is a p X n semi-

orthogonal matrix such that O}0, = I,,. Our class of estimators is of the form
(2.5) 3 =0,%(L)0),,

where ® := ®(L) = Diag(p1, @2, ..., ©n), and @ := pp(L) (k. =1, 2, ..., n) is a differen-

tiable function from R’ZL to R.

Theorem 2.4. For the estimators of the form (2.5) that satisfies the reqularity conditions stated

in Theorems 2.2 and 2.3, we have

n (1) (1)
5. %) = (B Pk Ooy " _ ., 0pk
R(Z, E)—[E[;{(p n 1)(£k 2€k)+2( TN 28£k)

n (1)

byl 200 = él)—Qsob)}+p}

bk b= by

where o) = (p—n—1)g2 /b +4pr(0r/0l) + 201 S (0r—00) /(U — o) fork =1,2, ... n.

Proof. Note that
(2.6) E[Tr (SX' — 1,)%] = E[Tr (B S8 7'8)] - 2E[Tr (Z7'8)] + p.

We first apply Theorem 2.3 to the first term in the right hand side of (2.6) to get

(2.7) [T (Z'E27'8)] = ([T (7'0,210))),
with @) = Diag(gogl), @él), ce @511)). Then we apply Theorem 2.2 to the second term in the

right hand side of (2.6) and the term in the right hand side of (2.7) to get the desired result. O

2.3 Alternative estimators

Proposition 2.1. Consider the form of estimators f]a = a8, where a is a positive constant.
Then the best constant is given by a = 1/(p +n + 1) under the loss function (2.4).
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Proof. Apply Theorem 2.4 with ¢, = aly, (k =1, 2, ..., n) to get that

R(2.,, %) = np{lp+n+ 1)a2 —2a}+p

1 )2+ P>+ p
p+n+1 p+n+1’

= np(p+n+1)(a—
which completes the proof. a

Proposition 2.2. Leta=1/(p+n+1). Consider estimators of the form

- 1 ¢ ¢
Sur = —— ——ODiag(( bt ——— .0, 0,
S SRy 1ag(1+TS+’ 2t gr o T )
1
- - (s 0,0/
p+n+1( +TS+ )

where t is a positive constant and ST is the Moore-Penrose inverse of 8. Then Typ improves

upon S, if 0 <t <2n—1)(p—n—1)/{(p—n+1)(p—n+3)} under the loss function (2.4).

Proof. Apply Theorem 2.4 with ¢, = a(fy +t/TrST)(k = 1,2, ..., n). Then we have, for

k=1,2,...,n,

p

(p—n—l 4
Tr S+

= al), + 2 t2.
o = abi+ 2% ek(Trs+)2+eg<Trs+)3)

+ )t +a?

gk(TI' S+)2

Therefore, noting that

Zzgl_gl : and ii7€k2_£b2<0
k=1 bk b =G ) k=1 bk b =G ,

we have

R(Zyr, X) — R(Z,, X)

2Tr (S+)2)t a(p —n+3)Tr (ST)?

(Tr S*)2 (Tr S*)2

(p+2)Tr (S7)? (p—n+3)Tr(S7)?, 2Tr(S")° !
(Tr S7)? T (s (TrS7)2 /]

<aF|(p—n—-1){2a(p+

t*— 2t}

+2{2a



But the coefficients of {Tr (S7)?/(Tr S)?}t is evaluated as

- (S+)2
{2a(p—n—1)+4alp+2) — 4}%1& < 2a(p—n—1)t,

from which it follows that
REur, ) — R(Z,, B) <a®{(p—n+1)(p—n+3)2—2n—1)(p—n—1)t}.

This completes the proof. O

3 Complex case

Consider an n x p complex random matrix Z whose density function with respect to Lebesgue

measure on C"*? is given by
fz(z) = 77™Det (Z) " exp{—Tr (2 '2*2)}, z € CVP

where X is a pxp positive-definite Hermitian matrix. This is denoted by -Z(Z) = CN,,«,(0, I,®
3). See [1, 8, 18, 35] for multivariate complex normal distributions. Put W = Z*Z. Then
the distribution of a p X p complex random matrix W is called a complex Wishart distribution
with parameters X, p, and n. This is denoted by £ (W) = CW,(X, n). The integers p and n
are called the dimension and the degrees of freedom, respectively. The complex Wishart dis-
tributions were first explored by Goodman [8] and followed by [1, 9, 18, 33]. This model plays
important roles in signal processing methods[17, 28, 41]. If n < p, then we call W a singular
complex Wishart matrix, as the matrix W is singular. See Ratnaraja and Vaillancourt [31] for
the density function of singular complex Wishart distribution with respect to Lebesgue measure

on the set of n X p complex matrices C"*P.



3.1 The Stein-Haff identities and calculus on eigenstructures for sin-
gular complex Wishart matrices

To describe integration by parts formula for the complex Wishart matrices, we introduce notion
of a complex-valued function of complex variables. Recall that, for a complex number z € C,
we write 2 = Re z + v/—1Im 2, where Re z and Im 2 are real numbers, and that we denote by z
the complex conjugate of a complex number z, i.e., z = Rez—+/—1Im z. A continuous function
f: C — Ris called differentiable on C if 0f/0(Re z) and 9f/0(Im z) exist on C. A function
f =u++v/—1v, where u, v : C — R, is called differentiable if both v and v are differentiable.

We define

2o Tat) 0 =)

For a differentiable function f =u ++/—1v: C — C, we set

%:1( ou_, v >+\/—_1( du du >

0z 2\ 0Rez) 0J(Imz) 2 d(Rez) O(Im2)

For an n X p complex matrix Z = (z;;)i=
j=

n:(1a \/—_18)

.n, we define an n X p matrix operator Vz as

2,..
2,..,p

17
17

i=1,2,..,n
j:L 2,..,p

p, whose (i, j) element a;; is a differentiable function from
R 7q

C™*P to C, we define the (i, j) element of a matrix VzA by

p
aakj

8zik

(VzA);; = fori=1,2,....,n;j=1,2,...,q.

)
k=1

Theorem 3.1. Let Z be an n x p complex matric with £ (Z) = CN,x,(0, I,, ® X), where ¥

is a p X p positive-definite Hermitian matriz. Assume that, for a p X p complex random matriz

10



G = GW) = (g5) .ps the (i, j) element g;; is a differentiable function of Z through

P

i=1,2, ..
j=1,2, ..

W = Z*Z and satisfies the following conditions;

~ agiQis
J1i1
8,2]'2@-4

Eluguell <oo | | <o
foriy, ... iy =1,2,...,p; 51, J2o=1,2, ..., n. Then we have
(3.1) F[X'WG] =E[nG+(Z'Vz)G,

wl!lo»

where stands for the transpose of a matrix. In particular,

E[Tr (Z7'WQ)] =EnTr (G) + Tr (Z'VzG)).

Remark 3.1. Assume that n > p. Hence W is invertible with probability one. Let

[ 1+6; 0 — 0
Dw = { 2 (8(Re w;;) + (1= 0;) _18(Im wij)> }g=11,2 ..... p
J

Note that the operator above is slightly different from that in Svensson [39] so that the expressions

below are changed correspondingly [see also [21]]. From (3.1) and the fact that Vz = Z Dy

and that Tr {DwW G} = pTr (G) + Tr (W Dw G"), we can see that

E[T (S7WG)) = E[(n — p)Tr (G) + Tr (D (WG}
Replacing G with WG, we obtain that
(3.2) E[Tr(%7'G) =E[(n—p)Tr (GW ) + Tr (DwG)),

which was obtained by Svensson [39].

For integers n, p such that p > n > 1, we denote by CV,, ,, the set of all p x n semi-unitary
matrices U, such that UTU, = I, i.e., CV,, = {U, € C»*"; UTU, = I,;}. Next theorem

11



gives the Stein-Haff identity in a matrix form. Its proof is a combination of an application of
Theorem 3.1 with calculus on the eigenstructures related to the singular real Wishart matrices

given in Section 4.

Theorem 3.2. Assume that n < p and that £ (Z) = CN,x,(0, I,, ® X), where X is a p X p
positive-definite Hermitian matrixz. Decompose Z*Z = U,LU7, where Uy is a p X n semi-
unitary matriz such that UTU, = I,,. Let ¥ := W(L) = Diag(yn (L), ¥2(L), ..., ¥,(L)),
where Yy, = Yp(L) (k =1, 2, ..., n) is differentiable function from R to R. If the conditions
stated in Theorem 3.1 for G = U Diag({; 'y, ..., {;14, ) U} are satisfied, then we have the

following identity;

[[E'U, QU3 = [lep“@U*; T (L) (I, — UlU’{)] ,

where W) = Diag(\'? 8 . w8 and, fork=1,2, ..., n,
Z U — 3%
wr) ly, — U 8&3

In particular,

_ —_— - Ve Ok =k — e
(33) E[Tr {70, WU} = L:l {(p KA +; O — Ly }] '

Remark 3.2. Combining Theorem 3.2 with the result obtained by Svensson [39][see also [21,

40]], we can see that, under suitable conditions,

min(n, p) min(n, p)

e e I SR >

k=1

Y — Py
U, — by ’

where W = Diag(Yn, 12, ..., Yminm,p)). Here we decompose Z*Z as Z*Z = U,LU7, where
L = Diag(y, ..., lminn,p)), U1 belongs to CV,, , if p >n, and Uy is a p X p unitary matriz if
n>p.

12



Next theorem is a complex analog of Theorem 2.3.

Theorem 3.3. Under reqularity conditions which are similar to those stated in Theorem 2.3,

we have
T (S0, eU s U wUY = T (U, %V Uy,

~ (1 ~ ~ ~
where &' — Diag( 51), él), e zp,(f)) with

Ui

CONE S =(p—n)—+2wk-g—g+2¢k-2%_wb
btk

Oy — 0y

k=1,2,...,n.
fk; ) y I

3.2 Unbiased risk estimate for a class of invariant estimators

Consider the problem of estimating a covariance matrix 3 under the loss function (2.4), where
3 is an estimator of ¥ based on W. We denote by R(i, 32) the risk function of i, ie., the
expected values of the loss function (2.4) with respect to the distribution of Z.

Recall that Z*Z = U, LU7, where L = Diag({(y, {5, ..., ¢,) and U, is a p X n semi-unitary

matrix such that UjU; = I,,. Our class of estimators are of the form
(3.5) 3 =U,®L)U?,

where ® := ®(L) = Diag(p1, 2, ..., ¢n) and ¢y == pp(L)(k =1, 2, ..., n) is a differentiable

function from Rg to R.

Theorem 3.4. For the estimators of the form (3.5) that satisfies the reqularity conditions stated

i Theorems 3.2 and 3.3, we have

n ~(1) ~(1)

£ A A ol ol
n~(1) ~(1)
— 20, — )
+Z (P or) — (@ ©p) ol
T b, — b

13



where 3 = (p — 1)}/l + 20191/ Oly) + 2% > oerlor —@0) /(b — &) fork=1,2, ..., n.

Proof. Note that
(3.6) F[Tr (827" — 1,)%] = E[Tr (7' S8 18)] — 26[Tr (B7'8)] +

We first apply Theorem 3.3 to the first term in the right hand side of (3.6) to get

(3.7) HTr (2188 18)] = E[Tr (20,8 U],
where 5(1) = Diag(<p§ ), gogl), ce ¢£}>). Then apply Theorem 3.2 to the second term in the

right hand side of (3.6) and the term in the right hand side of (3.7) to get the desired result. O

3.3 Alternative estimators

Proposition 3.1. Consider the form of estimators fla = aW , where a is a positive constant.

Then the best constant is given by a = 1/(p + n) under the loss function (2.4).

Proof. Apply Theorem 3.4 with ¢, = aly, (k =1, 2, ..., n) to get that

R(X., %) = np{(p+n)a®—2a}+p

1 )2+ p2
p+n p+n’

= np(p+n)(a—
which completes the proof. a

Proposition 3.2. Put a = 1/(p +n) and consider estimators of the form

-~ 1 t t t
Sur = — U,Diag(( ¢ il —— U
e = o UnDiag(h 4 s, b s 0 o s U
1 t
_ W U,U:
oW e Ul

where t is a positive constant and W is the Moore-Penrose inverse of W . Then fJHF Improves
upon B, if 0 <t < 2(n—1)(p—n)/{(p —n+1)(p —n+2)} under the loss function (2.4).

14



Proof. Apply Theorem 3.4 with o), = a(fy, +t/Tt W) (k=1,2, ..., n). Then we have, for

k=1,2,...,n,

p 1 )
TTW*  (,(TrW)2

t+a

p—n 2 )tQ.

(1) — g 92 2 2
P = ol + 20 (Ek(Tr WE T BEMmwW )

After a calculation similar to that in the proof of Proposition 2.2 we have

R(Zur, £) - R(Z,, 2)
(p—n+2)Tr (W)2

<aF (p—n){Qa(p—l—%)tjta W) 2 — 2t}
PV WR (0 2T (W2, 2 (W2
{20 mw e Y mwy (W |

But the coefficients of {Tr (W ™)?/(Tr W)}t is evaluated as

Tr (W)?

———1 < 2a(p —n)t
(TI'W+)2 a’(p 77/) )

{2a(p—n) +2a(p+1) —2}
from which it follows that

R(Zup, ) — R, 2) <a*{(p—n+1)(p—n+2)t* —2(n—1)(p —n—1)t}.

This completes the proof. a
4 Proofs

4.1 Proof of Theorem 2.1

Write 3 = A A’, where A is a p X p nonsingular matrix, and put X = (Zij)i=1, =X (A"

=1,2,...n
i=1,2,p
Then X is distributed according to Npusp(0, I, ® I,). Furthermore, put H = A'G(A")™!

= (hij)i=1,2,..,p. We regard h;; as a differentiable real-valued functions of X. Define § =
i=1,2,..,p

15



(3ij)i=1,2,...p = X' X. S0 8= A"'S(A")~!. Since
j=1,2,...p
0 1 ~~ B 1 ~—
Dis exp —§Tr (X X)) =—a;exp —§Tr (X X)),
fort=1,2,...,nand j =1, 2, ..., p. Therefore, for a differentiable function A : R"*? — R,

k=1,2,....,nandi, j=1,2 ..., p, we have

0

- 1 . <~ _ Oh  _ 1.~
% :ckjhexp —§TI‘(XX) :{5ijh+xkj@—xkixkjh}exp —§Tr(XX) s

from which it follows that

L _ oh

Here ¢;; is Kronecker’s delta, i.e., §;; = 1 if ¢ = j, and d;; = 0 if ¢ # j for integers 7, j. Putting

h=hj(j,l=1,2,...,p) and summing over j from 1 to p and over k from 1 to n, we obtain
p ~ p n } ahﬂ
E Zsijhﬂ =F nhu +ZZ:U;W . O .
=1 =1 k=1 ki
Thus, putting H = (hj;)j=1,2,..,p, We get
1=1,2,...,p
(4.1) E[SH]=E [nH + (E'vf)’ﬂ] .

Finally, by the definition of H, we have F[SH] = F [A"'SG(A’)""] while, since Vi = Vx A,
we have [E[(X,Vf)’H] = F[A(X'Vx)G(A')7!. Putting these two equations into (4.1)
and multiplying by (A’)~! from the left and by A’ from the right, we get E[(AA")1SG] =

F[nG + (X'Vx)' G|, which completes the proof of (2.1). O

4.2 Proof of Theorem 2.2

To prove Theorem 2.2, we need the following lemma which states the partial derivatives of the
eigenvalues and the elements of eigenvectors of the singular real Wishart matrix § = X'X
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with respect to the elements of the matrix X. For full-rank real Wishart matrices, partial
derivatives which play a similar role to those in the next lemma appeared in Stein [37].
In the rest of the paper, we denote by {AB},;; the (i, j) element of product of matrices A

and B.

Lemma 4.1. Assume that p > n. Let X = (x;;) n and decompose a p X p ma-

j

triv X'X as X'X = O,LO}, where Oy € V,,, = {01 e RP*". 010, = I,} and L =

Diag (¢4, 0, ..., £,) is ann X n diagonal matriz with {; > ly > -+ > £, > 0. Furthermore, let

O, = (0ij) i=1,2,. > € Vy pn be a p x (p—n) semi-orthogonal matriz such that O = [Oy; Os]
j= n+1 2

sapxXp orthogonal matriz. If (v > by > --- > L, >0, then we have, fori, k, m=1,2,..., n

anda, j=1,2, ..., p,

p
O, .
- Oclmxicl iju

aZL‘Z‘j 1
D0ul, 0ur{ 0p0csk + 003k }Tier | "N = 0ab{0jb0cyk + 0crbOjk }Tiey
AT ) SLOLEELNL NG o I RUEHES A
b#k c1=1 b=n+1c1=1
for a # k, and Ooyy,/0x;j =0 fork=1,2, ..., n
Proof. Taking differentials of
L O (pn) Loll|o,
X'X=0 O' =[0,;0,] ;
Op—n)xn  Op—n)x(p—n) 0 0 0/2

and using the fact that O'(dO) + (dO")O = 0,,, we have, for a, k, m =1, 2, ..., n such that

a # k,
(12) (0180} = ;- {OL(AX)X + X'(dX))O\
(13) (L) = {04 (X)X + X'(dX))O1}
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and, fora=n+1,2,...,pand k=1, 2, ..., n,

1
(4.4) {05(dOy) }ar = a{oé((dX')X + X'(dX))O1}ak-
From the fact that dz;; is the dual basis of 9/0x;; fori=1,2, ..., nand j =1, 2, ..., p, we
have
0

for k = 1,2, ...,nand | = 1,2,..., p. Using (4.2) and (4.5), we get that, for i, m =

1,2,...,nand j=1,2, ..., p,

o, 0
Oy (D (ﬁm)

0 0
- Z Z Oclmdxcgcl ( > xcgcgocgm + Z Z Oclmxcgcldxcgcg (a—> 003m
Z]

c1,c3=1ca=1 c1,c3=1ca=1

p
= 25 OcymTicy Ojm,
C1

which competes the first part of the lemma.
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Using (4.2) and (4.4), we get that, fori, k=1,2, ..., nanda, j=1,2,...,p,

80ak 010 8oclk
= E E ab clb
891:15

b=1 c1=1

_ Zoab{oawol)}bk (af) “ 3 0u{0%(001 (5:)

, 0

- Zbﬁo“bfk O (AX)X + X'(dX))O1 e (axzj)
/ 0

+ Z Our {0 ((dX") X + X'(dX))O1 }, (am»)

abUc1b0c3 0
DY S O b ) ()

b;ﬁk c1,c3=1ca2=1

OQboc b0c¢ k‘ a
N Z Z Z YabPcibVcsk dx0201)x6203 +$cgc1(d$0203)} (aTU)

b=n+1c1,c3=1ca=1

Z Z Oab0]b001k}x261 Z Z Oaboclbojkxzcl Z Z OabojbOCLkaZCl

—/ —/
bk c1=1 b — b bk c1=1 be— b b=nt1c1=1

Oaboc1b0 kLic,
by Y ettt

b=n+1c1=1

which completes the proof of the lemma. O
Proof of Theorem 2.2. We adapt the notation in Theorem 2.1 and Lemma 4.1. Apply

Theorem 2.1 with G = O, PO, to get

(4.6) F[X'SO, 90| =F [nO, 90, + {(X'Vx)' 0,%0}}].

In order to apply Lemma 4.1 to the second term inside the right expectation, we first note that,
fori, j=1,2, ..., p, the (i, j) element of (X'VX)’OllIIO'1 is given by

{(X,VX)lal\Iloll}ij = Z Z x61628 {062631/}630]03}

c1,c3=1ca=1

o coc . d 0 c
(47) = Z Zx0102¢)c30‘763 80 . + Z Zx0102¢0300203 80] >

c1,c3=1co=1 c1,c3=1co=1 Leyi

n P
awc afTn
+ Z Z LereOcoe3Ojes o : =1 A + Ay + As.
c1,c3,m=1co=1 af axcli
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From the second equation of Lemma 4.1 and the fact that O} X' X0, = L, O}0, = I,, and

that 0,0, = 0(p—n)xn, We get

n

n i .
A= Z Ojcs Ojcs Z 7 bqf 0o

c3=1 btes 3

We use Lemma 4.1 and perform a calculation which is similar to that above to get that

n n ) ¢ p n
c3Wes
AQ = E Oib0jb E 07 + E 0ipOjb E ’l/}CS
b=1 cs#b BT b es=1

Furthermore, from the first equation of Lemma 4.1, we get that

n P .
Ag =2 Z OiC30j03€c;g a@é) 2.
c3=1 €3

Putting these three expressions into (4.7), we obtain that
awc gbwc - gbwb
{(X'Vx)0,90}};; = Z 01630]03{2663 3&: ; ﬁ
3

c3=1

(4.8)

p
+ Z 0ib0jb Z Yy

b=n+1 c3=1
Putting (4.8) into (4.6), we get that

E [{271501\1’0/1}1]] = |:Z OZkO]k{n@/)k + 2£k gzé}k + Z W} Z 0ib0jp Z ¢k:|

k=1 b#£k b=n+1

Finally, changing 1 into f;lwk, noting that 0,0, = I, — 0,0 and that

"L O oy — byl ) U — ¥
(4.9) Z vl gk_gbb b ng_gb )gk
o k= tb ar kb k
we can complete the proof of this theorem. O

4.3 Proof of Theorem 2.3

Write
, _ U1 1/12 (AN
F = <f”)§'zll’7%’,','f,’,’;—oDlag(£1 R £n>01’
F = @ﬁ;gwm:JLDMg@hw%“ww@OQ
J:7 7""p
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First apply Theorem 2.1 with G = FY'F to get that
(4.10) E [Tr (z*lﬁzflfv)} . [Tr(zflst*f?)] = E[nA; + Ay,

where Ay = Tr {E7'0,Diag(¢?/01, ¥3/ls, ..., ¥2/(,)O0}} and Ay = Tr {(X'VX)’FEA?’}.

We evaluate the expectation of A, in (4.10). Since F, F | and X' = (%), ,p are

i=1,2,.
:12 )

symmetric matrices, we see that the expectation of A, is given by

E[A;] = E[Tr {X'Vx FE ' F}]

- . 0 ra c3cq
(4.11) :[Elz > xmax—m(fczcsa fcu')]

c1=1c2,c3,cq4,i=1
p
— CSC4 (1) C3C4
- [E|: § fC4111’LC3 + g TC463 ’
c3,c4,1=1 c3,cq=1

where, for ¢, c3, c4, =1, 2, ..., p,

(1) - d f0203 (2) ra afcu
w3 Z Z Cll 6162, and 6463 B Z Z xC”fCQCSa (2162
c1=1co=1 c1=1 ca,i=1
Next, using Lemma 4.1, we evaluate TZ(C? and Tc(fc)g, respectively. To evaluate TZ-(C?, recall that

F = O,Diag (1, 1, ..., 1,)0'. Then we have

n
1 _
Ty = xcu Ocyes Yes Ocses
Leico

c1=1ca=1 c5=1
do
cgc(J C3C5
(412) == g § xclzw050(:305 a + § § xclzwcsom% O
c1,c5=1ca=1 c1,c5=1ca=1 c102

o, ol,, 11 12 13
+ Z Z $01206203063Ca ag ° : a - CZ—‘Z(Cg ) + 7_;(63 ) + 7_;(63 )
c1,c5,m=1cao=1 xq(:g

Applying Lemma 4.1 and using the fact that 070, = I, and that X' X = O,LO/, we have

-0 Dlag Z Elqu)l €2¢2 nwn

T-(H) i : :
(Ties ) i=1,2 Gl g b—0 " —f,,

c3 P
03:1 2 P

+ (p - n)olDiag(wla ¢27 R wn)oll
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We use Lemma 4.1 and the fact that X' X 0,0, = 0px(p—n) to perform a calculation which is

similar to that above so that we have

14 @/)b fﬂﬁb oy
712y, — 0,Di ! , o..
( res )C3 11,22,...,;) 198 Z f Z f ’ Z Eb — En) !

b#£1 b#n
Finally, by Lemma 4.1, we have
0@/)2 o
T713) — O,Diag(2¢ 0 o, .20, =)0,
(Ties™) =20, 1Diag (26, 57~ ot “ o0, afn) 1

Putting these three expressions into (4.12), we get that

(413) E[ Z C3C4fc4z zcg} o [E[Tl" {Z O Dlag(w - ¢(1a ) @Z)izla))oll}}a

c3,C4,1=1
where, fort=1,2, ..., n,
a - 0 :
R P + 20 w’“ Fp-m)E
U — 0y 1o
bk
Since F' = O Diag({; "¢y, 63" s, ..., £;1,) O}, we have

9 c
Tc(42€)3 = Z Z xcﬂfCQCg a ( 6405775 z Ozcs)

c1,c5=1co,i=1 Lereo

n P a
w 0 w 60‘
— E E ZTeyiJezesOics gca ax&l% Z Z xcm]cwsom% gCa 8xw5
Cc1C2 c1c2

(414) c1,c5=1ca,i=1 c1,c5=1ca,i=1

oMy O (e,
+ Z Zxc”f@%()“cso’%am 9 (€ >

c1,c5,m=1ca,1=1

= T(21) + T(23) T(23)

cqc3 cqc3 cqc3

By Lemma 4.1, we have

Y ww RSN
(Tc(fclg))ggjll,z,...,p = O0.Diag Zgbl b Zg 2%b Zgb b 01’

2,...
1P b£1 b£2 btn

sy ~ OuDiag(y 1 3 iy Sy
c4C3 g§;1:2:7p 1 — (El —Eb)gl’ s (62 — Eb)€2’ ceey o (En . Eb)gn 1

0 1/11 0 1/}2 0 wn
T _ = 0O,Diag(2¢ 20 oy 2ty ’
(T )03:41133:::-717 0O, 1ag( 1¢1 (61) 2% (62) ) (0 ar, <£n )O
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Putting the above three equations into (4.14), we see that the second term in the right hand

side of (4.11) is given by

(415) |: Z UCSC4TC403:| - [E[TI‘ {E lolDlag( (lb)7 élb)a R wr(zlb))oll}]a
c3,c4=1
where, for k =1, 2, ..., n,

wlilb):_<n+1)¢k+2¢ 5¢k+w Z

Ly, Ol by, — Eb

Putting (4.13) and (4.15) into (4.11), we see that the expectation of nA; + A, is given by

EnA; + Ay = E[Tr{E7'0\Diag(¥{", 1", ..., )01},

where the z/;lil) (k=1,2,...,n)is given by (2.3). This completes the proof of this theorem. O

4.4 Proof of Theorem 3.1

Write ¥ = AA*, where A is a p X p nonsingular complex matrix, and put Z = (Zij)

Z(A")"'. Then ¥(Z) = CNnxp(0, I, ® I,). Furthermore, put H = (hjj)i=1,2....p =

]:1727 "'7p

A*G(A*)™'. We regard h;; as a differentiable functions of Z. Define W = Z Z. Since

1 e i L
Qm exp <—Tr (Z Z)) = —(Re Z;;) exp (—Tr (Z Z))
and
V=1 o e ) "
T2 O(Imiy) ¥ (-T(Z'2)) = V=1 zy) exp (- T (Z'2))
fore=1,2,...,nand j =1, 2, ..., p, we have

3§ij exp (—Tr(2*2)> = —Z;; exp (—Tr (2*2)> :
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Therefore, for a differentiable function h : C"? - Cand k=1,2,...,n;4, 5 =1,2, ..., p,

we have

0

= [2kjhexp <—Tr (2*2)>] = {6+ 2kj% — FpiZrgh} exp (—Tr (2*2)) ,

from which it follows that

— . oh

Putting h = hj; (j, L =1, 2, ..., p) and summing over j from 1 to p and over k from 1 to n, we

obtain
p
E [Z wijhj,] =E
j=1

Thus, putting H = (hj;)j=1,2,...,p, We get
=1,2,..,p

p n )

j=1 k=1

(4.16) E[WH]=E [nH + (2’v§)’H} .

Finally, by the definition of H, we have F [W H] = F[A"'W G(A*)~] while, since V3 = VzA,
we have E [(Elvz)’H] =E[A*(Z'Vz)G(A*)7!]. Putting these two equations above into (4.16)
and multiplying by (A*)~! from the left and by A* from the right, we get E[(AA*)"'WG] =

E[nG + (Z'Vz)' G], which completes the proof of (3.1). O

4.5 Proof of Theorem 3.2

To prove Theorem 3.2, we need the following lemma which states the partial derivatives of the
eigenvalues and the elements of eigenvectors of the singular complex Wishart matrix W = Z*Z
with respect to the elements of the matrix Z. For full-rank complex Wishart matrices, partial

derivatives which play a similar role to those in the next lemma appear in [21, 39).

24



Lemma 4.2. Assume that p > n. Let Z = (2;j)i=1,2,...n and decompose a p X p matric Z*Z
j=1,2,.
as Z*Z = U,LU7, where Uy € CV,,,, and L = Dlag (61, ly, ..., L,) is an n X n diagonal

matriz with {, > ly > -+ > {, > 0. Furthermore, let Uy = (u;;) i=1,2,. . € CV, p—n be

—n+1 2
ap X (p—n) semi-unitary matriz such that U = [Uy; Uy] is a p X p unitary matriz. If
by >0l > > /L, >0, then we have, fori,k,m=1,2, ..., nanda, j=1,2, ..., p,
ol, _
0% - Zuclmziclujm;
R c1=1
OUgp, U Uy bU ik Zi UabT, bu 1 Zi
. Uabtheibtjk<icy HabWerbjk<icy
Y et § S i
b;ék c1=1 b=n+1c1=1
Oy UapUibUe | 2 UapU bu %7
o ] Cc1 C1 a ] C1 1C1
Sy Y T § Y |
b#k c1=1 b=n+1c1=1

for a # k, and Ouyy,/0z;j = 0 and Oy /O0x;; =0 fork=1,2, ..., n

Proof. Take differentials of

L o Lo||U
Z*Z =U U* = [Ul;Ug]

0 0 0 0| |U;

and multiply U* and U from the left side and from the right side, respectively. Then we obtain

that
U{(dZ"Z + Z*(dZ)}U
L 0 L 0 dL 0
(4.17) =U"(dU) + (dUNU +
0O 0 0 0 0 0

But, using that U*(dU) + (dU”*)U = 0,,, and comparing the left and right hand sides of

(4.17) blockwisely, we get

(4.18) U{(dZ*)Z + Z*(dZ)}U; = U:(dU,)L — LU(dU,) + dL
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and

(4.19) U{(dZ*)Z + Z*(dZ)}U, = U4(dU,)L.

From (4.18), we get, form =1, 2, ..., n,

(4.20) (AL = (U ((dZ*)Z + Z7(dZ))U 1 b .

From (4.19), we get that, fora =1, 2, ..., nand k=1, 2, ..., n such that a # k,

1 * * *
(4.21) {U(dU ) }ar = i {U((dZ)Z + Z*(dZ))U 1 } g
From (4.20), we get that, fora=n+1,2, ..., land k=1,2, ..., n,

1
(4.22) {UdU ) }or = 5 1UL((dZ7)Z + Z7(dZ))U 1 Jar

k

From the fact that d(Re z;;) and d(Im z;;) are the dual basis of 9/0(Re z;;) and 0/0(Im z;;) for

1=1,2,...,nand 7 =1,2 ..., p, we have

(4.23)  dz (i) = d(Re z;;) + v —1d(Im 2;;)} ( 0 ) =00y and  dz (i> =0

6zkl aT/d azkl
for k =1,2,....,nand | = 1,2, ..., p. Using (4.20) and (4.23), we get that, for i, m =
1,2,...,nand j=1,2, ..., p,

ol 0
mo I v
Oz (L) (azz‘j )

D n
= Z Z Ueym{d(Re 250,) — V—1d(Im z¢5c,) } (%) ZegezUegm

ij

c1,c3=1co=1

p n a
+ Z Z UeymZeser AR Zepes) + vV —1d(Im 205c4) } ( ) Uegm

c1,c3=1co=1 )

p
- E UeymZicy Ujm,
C1
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which completes the first part of the lemma.

Using (4.21) and (4.23), we get that, fori, k=1,2, ..., nanda, j=1,2, ..., p,

8uak . 8ucl k
a — E E uabucl b
zij

b=1 c1=1

- ;uab{UT(dUl)}bk (%) + i uab{U5(dU 1) Yok (aij)

b=n+1

- Z%bﬁ{UT((dZ*)Z‘FZ*(dZ))Ul}bk( o )

bk 8zij
0

+ a U,(dZ")Z + Z*(dZ))U

Zu U022 + 2 a2)U . (5 )

abtc1bteg 0
- Z Z Z - Z:_qub k dZCQCl)ZCQCS _'_ 26261 (d’ZCQCZS)} (%)

b;ék c1,c3=1ca=1

Uabuc bUc k 0
N Z Z Z UabUciblesk d202c1)ZC2C3 +Zczc1(d20203)} (87”>

b=n+1c1,c3=1ca=1

Z Z udbu()lbujkz’LCl Z Z uabuclbu]kzzcl
)

b#k c1=1 b=n+1c1=1

which completes the proof of the second part of the lemma.

Taking the complex conjugate of (4.21) and (4.22), we proceed in a similar way to the lines
above to get the third equation of the lemma. a
Proof of Theorem 3.2. We adapt the notation in Theorem 3.1 and Lemma 4.2. Put G =

U,¥U; and apply Theorem 3.1 to get
(4.24) F[XT'WU, YU} = E[nU,WU; + (Z'Vz)U,9U;).

In order to apply Lemma 4.2 to the second term inside the right expectation, we first note that,
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for i, 7 =1,2, ..., p, the (¢, j) element of (Z'VZ)’UllI’U’{ is given by

{(Z,VZ)/Ul\IIUT}i]’ = Z Z zcwza {uczcswcsujcs}

c1,c3=1co=1 Zeyi

n P 9 e n 4 I,
(425) - Z chlcgwcgujcgau . + Z 220102¢c3u0203 aujg

c1,c3=1ca=1 c1,c3=1ca=1 c”

n p
0., Ol
+ Z Z chcgucy:gﬂjq a’lg 2 E =: A4 + A5 + AG-

c1,c3,m=1ca=1

From the third equation of Lemma 4.2 and the fact that Z'Z = U,LU), U\U, = I,, and

that ULU, = 0, we get

n

bpthe
I
c3

c3=1

From the second equation of Lemma 4.2 and a similar argument, we get that

D n
A5 Z ulbu]b Z ; 03%0212 + Z uibﬂjb Z 77/)63.
3

c3#£b ¢ b=n-+1 c3=1

Furthermore, from the first equation of Lemma 4.2, we get that

~ o, OU
AG = Z Uic3chgfcgaTS.
c3

c3=1
Putting these three expressions into (4.25), we obtain that
awc . Ebwc - Ebwb
/ /! * —res 3
{(Z'Vz)UeU}; = Z uwsujcs{ DL, + ; T~
Cc3

c3=1

p
+ Z UipUjp Z Py

b=n+1 c3=1

Putting this expression into (4.24), we get that

E{X"'WU, U}

=[F {Z uzku]k{m/)k + Ek 3% Z glﬂ/Z : Zwb} Z UipUjp Z wk} .

k=1 b=n+1

Finally, changing v, into ¢, 'y, noting that U,U% = I, — U U}, and using (4.9), we can

complete the proof of this theorem.
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4.6 Proof of Theorem 3.3

Write
F = ii)i=1.2....p = U1D U7,
udizygn = UiDies (G 0o g )V
F = (fij)i?ll% .p = U Diag(¢1, s, ..., ¢,)U;.
j: b A p

Apply Theorem 3.1 with G = FX'F to get that
(4.26) E [Tr(z—lfrz—lﬁ‘)] — [Tr (2—1WF2—1F)} = E[nds + Ay,

where Ay = Tr {E7'U \Diag (¢3/6, ¥3/ls, ..., 02 /6,)UT} and Ay = Tr {(Z'V ) FE'F}.

We evaluate the expectation of Ay in (4.26). For 7! = (o¥) e we see that the expec-

i=1,2,.
j:1 2

tation of Ay is given by

E[A4] =E [Z Z Zeyen aa (f020306364f04z):|

c1=1 c2,c3,c4,1=1 012

(4.27) ,
c2,C3,c4,=1 c3,c4=1
where, for ¢, c3, c4 =1, 2, ..., p,
P
afc i, ra afc c
c(fc)z - Z Z Zerer 92 - and Z Z zcwzfcu =
=1 i=1 Zeri c1=1ca,i=1 ey
Next we evaluate T, and Tgi)c , respectively. Since F = U.Diag (11, s, ..., ¥,)U7, we have
zzzma (zzp)
c1=1 i=1 c5=1
3UC4C5 s
(428) - Z Z chcgwcauz% a + Z Z 2010277&05“040(J
c1,c5=1 i=1 c1,c5=1 i=1 c”
n P
_ ad)c af 31 32 33
+ Z Z ZeregUeqes Wics 7 al,. > 02 Tc(4cQ) + Tc(4z:2) Tc(4t:2)
c11

c1,c5,m=1 i=1

Applying Lemma 4.2 and using the fact that UjU; = I,, and that Z*Z = U, LU}, we have

/ 1 y «
= U,Diag Zg 1 ZE 2% cee Zg _wz )Ul.
b£1 b£2 btn 0T

(T(Sl))C4=1,2, ,
2

[ p
c :17 27 P
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From Lemma 4.2, the fact that Z*ZU3U, = 0,5 (p—n), and a similar argument, we have

l l nUn
(TEDer=s2 Ding(Y ;0 3 7, el
02:172,. b£1 1 — %b b£2 2 — 4 - b

+ (p — n)UlDiag(wl, 77[)2, cey wn)UT

Finally, by Lemma 4.2, we have

Iy 0,00 Oy v Iy

oty T oty "ol a0, Ut

(T(33))C47 Lo, = UDiag(t;——
—1,2,.

c4cCo P
5P

Putting these three expressions into (4.28), we get that

p
(429) E |: Z UC3C4f0263Tc(fc)2:| [TI' {2 1U1Dlag (1/}( a)a Néla)a R QZr(zla))UT}] '

c2,c3,c4=1

where, fort=1,2, ..., n,

2
) = %Z +¢k8wk (P—")%-
btk

Since F = UlDiag(El_l@Z)l, 05y, ..., Erjl@bn)Uf, we have

9 s —
Tc(f23 = Z Z chchCzM ( 6265%/&6365)
C5

c1,c5=1ca,i=1 Zeyi

_ C5 auCQCS cs aEC3C5
— E E ch c2 fC4lu6365 E : 82 E E Zc1 c2 fC4zu0205 E : 82 ]
c1t C11?

(430) c1,c5=1ca,i=1 c1,c5=1cg,i=1

or,, 0 Yes
+ Z Z ZCIC2fC4ZuCQCSUCSCSa Zeqi af ( >

c1,c5,m=1 ca,1=1

—. (D 4 p(3) )

c4C3 c4C3 c4C3

By Lemma 4.2, we have

(T e,—a,2 = U,Diag (Z by Z by o Z %)U*
cacs (=) (= 0)0" T = (b — )l v
T(42) e _ Di wlwb w2wb - nwb -
(Teies)eztiz o = Un ‘ag(; 0 — 0, Z 7, — ’ Z < 0, — En)Ul’
0 1/}1 1/}2 0 wn
T3 = = Diag /(¢ 0 22l — x|
( 6463)03:411133:35 U, 1ag( 1¢1 51 2% 0 s Unt ol fn )U
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Putting the above three equations into (4.30), we see that the second term in the right hand
side of (4.27) is given by

(4.31) { Z 0’3304T04c3} = E[Tr {S7'U\Diag(¢y"”, 45", ..., o8U7},

c3,c4=1

where, for k =1, 2, ..., k,

~(1p) @/)k "~ U — Uy

Putting (4.29) and (4.31) into (4.26), we see that the expectation of nAz + Ay is given by

(4.32) ElnAs + Ay = E[Tr {7'U,Diag(4”, ¢, ..., oMU},
where QZIE;I)’S, k=1,2, ..., n,are given by (3.4). This completes the proof of this theorem. O
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