
A Appendix: Detail calculation for Sections 2 and 3

This part is a supplement to Sections 2 and 3 and contains detailed proof for referees’ conve-

nience(only for review process).

A.1 Calculation for the proof of Theorem 2.2

Verification of A1 :

A1 =

n∑
c1, c3, c4=1

p∑
c2=1

xc1c2ψc3ojc3

{ n∑
b�=c3

oc2b{oiboc4c3xc1c4 + oc4boic3xc1c4}
�c3 − �b

+

p∑
b=n+1

oc2b{oiboc4c3xc1c4 + oc4boic3xc1c4}
�c3

}

=
n∑

c3=1

{ n∑
b�=c3

ψc3

�c3 − �b

(
oibojc3{O′

1X
′XO1}bc3 + oic3ojc3{O′

1X
′XO1}bb

)
+

p∑
b=n+1

ψc3

�c3

(
oibojc3{O′

2X
′XO1}bc3 + oic3ojc3{O′

2X
′XO2}bb

)}

=

n∑
c3=1

oic3ojc3

n∑
b�=c3

�bψc3

�c3 − �b
.

�

Verification of A2 :

A2 =
n∑

c1, c3, c4=1

p∑
c2=1

xc1c2ψc3oc2c3

{ n∑
b�=c3

ojb{oiboc4c3xc1c4 + oc4boic3xc1c4}
�c3 − �b

+

p∑
b=n+1

ojb{oiboc4c3xc1c4 + oc4boic3xc1c4}
�c3

}

=

n∑
b=1

n∑
c3 �=b

ψc3

�c3 − �b

(
oibojb{O′

1X
′XO1}c3c3 + oic3ojb{O′

1X
′XO1}c3b

)
+

p∑
b=n+1

n∑
c3=1

ψc3

�c3

(
oibojb{O′

1X
′XO1}c3c3 + oic3ojb{O′

1X
′XO2}c3b

)
=

n∑
b=1

oibojb

n∑
c3 �=b

�c3ψc3

�c3 − �b
+

p∑
b=n+1

oibojb

n∑
c3=1

ψc3 .
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Verification of A3 :

A3 =

n∑
c1, c3, c4, m=1

p∑
c2=1

xc1c2oc2c3ojc3

∂ψc3

∂�m
oc4moimxc1c4

= 2
n∑

c3, m=1

oimojc3

∂ψc3

∂�m
{O′

1X
′XO1}c3m = 2

n∑
c3=1

oic3ojc3�c3
∂ψc3

∂�c3
.

�

A.2 Calculation for the proof of Theorem 2.3

Verification of T
(11)
ic3

:

T
(11)
ic3

=

n∑
c1, c5=1

p∑
c2=1

xc1iψc5oc3c5

{ n∑
b�=c5

p∑
c6=1

oc2b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5 − �b

+

p∑
b=n+1

p∑
c6=1

oc2b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5

}
= {X ′XO1Diag

(∑
b�=1

ψ1

�1 − �b
, . . . ,

∑
b�=n

ψn

�n − �b

)
O′

1}ic3

+(p− n){X ′XO1Diag
(ψ1

�1
, . . . ,

ψn

�n

)
O′

1}ic3

= {O1Diag
(∑

b�=1

�1ψ1

�1 − �b
, . . . ,

∑
b�=n

�nψn

�n − �b

)
O′

1}ic3 + (p− n){O1Diag
(
ψ1, . . . , ψn

)
O′

1}ic3.

The second equality can be seen as follows: Summing over c2 from 1 to p, we see that∑p
c2=1 oc2boc2b = δbb and

∑p
c2=1 oc2boc2c5 = δbc5 = 0 for c5 	= b. �
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Verification of T
(12)
ic3

:

T
(12)
ic3

=
n∑

c1, c5=1

p∑
c2=1

xc1iψc5oc2c5

{ n∑
b�=c5

p∑
c6=1

oc3b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5 − �b

+

p∑
b=n+1

p∑
c6=1

oc3b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5

}
= {X ′XO1Diag

(∑
b�=1

ψb

�b − �1
, . . . ,

∑
b�=n

ψb

�b − �n

)
O′

1}ic3

+{X ′XO1Diag
(ψ1

�1
, . . . ,

ψn

�n

)
O′

1O2O
′
2}ic3

+{X ′XO2O
′
2}ic3Tr (O′

1Diag
(ψ1

�1
, . . . ,

ψn

�n

)
O′

1)

= {O1Diag
(∑

b�=1

�1ψb

�b − �1
, . . . ,

∑
b�=n

�nψb

�b − �n

)
O′

1}ic3.

�

Verification of T
(13)
ic3

:

T
(13)
ic3

= 2
n∑

c1, c5, m=1

p∑
c2=1

xc1ioc2c5oc3c5

∂ψc5

∂�m

p∑
c6=1

oc6mxc1c6oc2m

= 2

n∑
c1, c5

xc1ioc3c5

∂ψc5

∂�c5
oc6c5xc1c6

= {X ′XO1Diag
(
2
∂ψ1

∂�1
, . . . , 2

∂ψn

∂�n

)
O′

1}ic3

= {O1Diag
(
2�1

∂ψ1

∂�1
, . . . , 2�n

∂ψn

∂�n

)
O′

1}ic3 .

�
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Verification of T
(21)
c4c3 :

T (21)
c4c3

=
n∑

c1, c5=1

p∑
c2, i=1

xc1if̃c2c3oic5

ψc5

�c5

{ n∑
b�=c5

p∑
c6=1

oc4b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5 − �b

+

p∑
b=n+1

p∑
c6=1

oc4b{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5

}

=

n∑
c5=1

n∑
b�=c5

oc4boc2bf̃c2c3

ψc5

�c5 − �b
+

n∑
c5=1

p∑
b=n+1

oc4boc2bf̃c2c3

ψc5

�c5

= {O1Diag
(∑

b�=1

ψb

�b − �1
, . . . ,

∑
b�=n

ψb

�b − �n

)
O′

1F̃ }c4c3 + {O2O
′
2F̃ }c4c3

n∑
c5=1

ψc5

�c5

= {O1Diag
(∑

b�=1

ψ1ψb

�b − �1
, . . . ,

∑
b�=n

ψ1ψb

�b − �n

)
O′

1}c4c3.

The second equality can be seen as follows: Summing over c6 and i from 1 to p and c1 over from 1

to n, we can see that
∑p

c5, i=1

∑n
c1=1 oc6c5xc1c6xc1ioic5 = �c5 and

∑p
c5, i=1

∑n
c1=1 oc6bxc1c6xc1ioic5 =

�c5 = δbc5�c5 = 0 for c5 	= b. �

Verification of T
(22)
c4c3 :

T (22)
c4c3 =

n∑
c1, c5=1

p∑
c2, i=1

xc1if̃c2c3oc4c5

ψc5

�c5

{ n∑
b�=c5

p∑
c6=1

oib{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5 − �b

+

p∑
b=n+1

p∑
c6=1

oib{oc2boc6c5xc1c6 + oc6boc2c5xc1c6}
�c5

}
= {O1Diag

(∑
b�=1

�bψ1

(�1 − �b)�1
, . . . ,

∑
b�=n

�bψn

(�n − �b)�n

)
O′

1F̃ }c4c3

= {O1Diag
(∑

b�=1

�bψ
2
1

(�1 − �b)�1
, . . . ,

∑
b�=n

�bψ
2
n

(�n − �b)�n

)
O′

1}c4c3.

The second equality can be seen as follows: Summing over c6 and i from 1 to p ano over c1

from 1 to n, we can see that
∑p

c6, i=1

∑n
c1=1 oc6c5xc1c6xc1ioib = {O′

1X
′XO1}c5b = δc5b�b = 0 for

c5 	= b, and
∑p

c6, i=1

∑n
c1=1 oc6bxc1c6xc1ioib = {O′

2X
′XO2}bb = 0 for b = n+ 1, . . . , p. �
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Verification of T
(23)
c4c3 :

T (23)
c4c3

= 2
n∑

c1, c5, m=1

p∑
c2, i=1

xc1if̃c2c3oc4c5oic5

∂

∂�m

(
ψc5

�c5

) p∑
c6=1

oc6mxc1c6oc2m

= 2

n∑
c5=1

p∑
c2=1

�c5 f̃c2c3oc4c5oc2c5

∂

∂�c5

(
ψc5

�c5

)
= {O1Diag

(
2�1

∂

∂�1

(
ψ1

�1

)
, . . . , 2�n

∂

∂�n

(
ψn

�n

))
O′

1F̃ }c4c3

= {O1Diag
(
2�1ψ1

∂

∂�1

(
ψ1

�1

)
, . . . , 2�nψn

∂

∂�n

(
ψn

�n

))
O′

1}c4c3.

�

A.3 Calculation for Proposition 2.2

Put a = 1/(p + n + 1) and apply Theorem 2.4 with ϕk = a(�k + t/Tr S+) (k = 1, 2, . . . , n).

Then we have, for k = 1, 2, . . . , n,

ϕ
(1)
k =

(p− n− 1)a2

�k

(
�k +

t

Tr S+

)2
+ 4a2

(
�k +

t

Tr S+

)(
1 +

t

�2k(Tr S+)2

)
+2a2(n− 1)

(
�k +

t

Tr S+

)
= a�k + 2a2

( p

TrS+ +
2

�k(Tr S+)2

)
t+ a2

( p− n− 1

�k(Tr S+)2
+

4

�2k(Tr S+)3

)
t2.

Therefore, we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

= �

[ n∑
k=1

{
(p− n− 1)

{
2a2
( p

�kTr S+ +
2

�2k(Tr S+)2

)
t+ a2

( p− n− 1

�2k(Tr S+)2
+

4

�3k(TrS+)3

)
t2

− 2a

�k(TrS+)
t
}

+ 2
{
2a2
( p

�2k(TrS+)2
+

4

�3k(Tr S+)3
− 2

�2k(Tr S+)2

)
t+ a2

(2(p− n− 1)

�3k(Tr S+)3

− p− n− 1

�2k(TrS+)2
+

12

�4k(Tr S+)4
− 8

�3k(TrS+)3

)
t2 − 2a

�2k(Tr S+)2
t
}

+
4a2

(Tr S+)2

n∑
b�=k

�−1
k − �−1

b

�k − �b
· t+

(a2(p− n− 1)

(Tr S+)2

n∑
b�=k

�−1
k − �−1

b

�k − �b
+

4a2

(TrS+)3

n∑
b�=k

�−2
k − �−2

b

�k − �b

)
t2
}]

.
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But we have

n∑
k=1

n∑
b�=k

�−1
k − �−1

b

�k − �b
=

n∑
k=1

n∑
b�=k

�b − �k
�K�b(�k − �b)

= −
n∑

k=1

n∑
b�=k

1

�k�b
= −

n∑
k=1

1

�k

n∑
b=1

1

�b
+

n∑
k=1

1

�2k

= −(Tr S+)2 + Tr (S+)2

and

n∑
k=1

n∑
b�=k

�−2
k − �−2

b

�k − �b
=

n∑
k=1

n∑
b�=k

�b − �k
�2k�

2
b(�k − �b)

= −
n∑

k=1

n∑
b�=k

�k + �b
�2k�

2
b

= −
n∑

k=1

1

�k

n∑
b=1

1

�2b
+

n∑
k=1

1

�3k
−

n∑
k=1

1

�2k

n∑
b=1

1

�b
+

n∑
k=1

1

�3k

= −2(Tr S+)Tr (S+)2 + 2Tr (S+)3.

Therefore we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

= �

[
(p− n− 1)

{
2a2
(
p +

2Tr (S+)2

(Tr S+)2

)
t+ a2

((p− n− 1)Tr (S+)2

(Tr S+)2
+

4Tr (S+)3

(TrS+)3

)
t2

−2at
}

+ 2
{
2a2
(pTr (S+)2

(Tr S+)2
+

4Tr (S+)3

(Tr S+)3
− 2Tr (S+)2

(Tr S+)2

)
t+ a2

(2(p− n− 1)Tr (S+)3

(Tr S+)3

−(p− n− 1)Tr (S+)2

(Tr S+)2
+

12Tr (S+)4

(Tr S+)4
− 8Tr (S+)3

(Tr S+)3

)
t2 − 2aTr (S+)2

(Tr S+)2
t
}

+
4a2

(Tr S+)2
(−(Tr S+)2 + Tr (S+)2) · t+

(a2(p− n− 1)

(Tr S+)2
(−(Tr S+)2 + Tr (S+)2)

+
4a2

(Tr S+)3
(−2(TrS+)Tr (S+)2 + 2Tr (S+)3)

)
t2
]

< a�

[
(p− n− 1)

{
2a
(
p+

2Tr (S+)2

(TrS+)2

)
t+ a

(p− n + 3)Tr (S+)2

(TrS+)2
t2 − 2t

}
+2
{
2a

(p+ 2)Tr (S+)2

(Tr S+)2
t+ a

(p− n + 3)Tr (S+)2

(TrS+)2
t2 − 2Tr (S+)2

(Tr S+)2
t
}]
.

Since the coefficients of {Tr (S+)2/(TrS+)2}t is evaluated as

2a(p− n− 1) + 4a(p+ 1) − 4 = 2a(p− n− 1) − 4a(n− 1) < 2a(p− n− 1),
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we have

{2a(p− n− 1) + 4a(p+ 1) − 4}Tr (S+)2

(TrS+)2
t < 2a(p− n− 1)t,

from which it follows that

R(Σ̂HF, Σ) − R(Σ̂a, Σ) < a2
{
(p− n + 1)(p− n+ 3)t2 − 2(n− 1)(p− n− 1)t

}
.

This completes the proof. �

A.4 Calculation for the proof of Theorem 3.2

Verification of A4 :

A4 =

n∑
c1, c3, c4=1

p∑
c2=1

zc1c2ψc3ujc3

{ n∑
b�=c3

p∑
c4=1

uc2buc4buic3zc1c4

�c3 − �b
+

p∑
b=n+1

p∑
c4=1

uc2buc4buic3zc1c4

�c3

}

=
n∑

c3=1

uic3ujc3

{ n∑
b�=c3

ψc3

�c3 − �b
{U ′

1Z
′Z U 1}bb +

p∑
b=n+1

ψc3

�c3
{U ′

2Z
′Z U 2}bb

}

=
n∑

c3=1

uic3ujc3

n∑
b�=c3

�bψc3

�c3 − �b
.

�

Verification of A5 :

A5 =

n∑
c1, c3, c4=1

p∑
c2=1

zc1c2ψc3uc2c3

{ n∑
b�=c3

ujbuibuc4c3zc1c4

�c3 − �b
+

p∑
b=n+1

ujbuibuc4c3zc1c4

�c3

}

=
n∑

b=1

n∑
c3 �=b

uibujbψc3

�c3 − �b
{U ′

1Z
′Z U 1}c3c3 +

p∑
b=n+1

n∑
c3=1

{U ′
1Z

′Z U 1}c3c3

uibujbψc3

�c3

=
n∑

b=1

uibujb

∑
c3 �=b

�c3ψc3

�c3 − �b
+

p∑
b=n+1

uibujb

n∑
c3=1

ψc3 .

�
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Verification of A6 :

A6 =

n∑
c1, c3, c4, m=1

p∑
c2=1

zc1c2uc2c3ujc3

∂ψc3

∂�m
uc4muimzc1c4

=

n∑
c3, m=1

uimujc3

∂ψc3

∂�m
{U ′

1Z
′Z U 1}c3m =

n∑
c3=1

uic3ujc3�c3
∂ψc3

∂�c3
.

�

A.5 Calculation for Theorem 3.3

Verification of T
(31)
c4c2 :

T (31)
c4c2

=

n∑
c1, c5=1

p∑
i=1

zc1c2ψc5ūic5

{ n∑
b�=c5

p∑
c6=1

uc4būc6buic5z̄c1c6

�c5 − �b
+

p∑
b=n+1

p∑
c6=1

uc4būc6buic5 z̄c1c6

�c5

}

= {U 1Diag
(∑

b�=1

ψb

�b − �1
, . . . ,

∑
b�=n

ψb

�b − �n

)
U ∗

1Z
∗Z}c4c2 + {U 2U

∗
2Z

∗Z}c4c2

n∑
c5

ψc5

�c5

= {U 1Diag
(∑

b�=1

�1ψb

�b − �1
, . . . ,

∑
b�=n

�nψb

�b − �n

)
U ∗

1}c4c2.

�

Verification of T
(32)
c4c2 :

T (32)
c4c2

=
n∑

c1, c5=1

p∑
i=1

zc1c2ψc5 ūc4c5

{ n∑
b�=c5

p∑
c6=1

ūibuibūc6c5zc1c6

�c5 − �b
+

p∑
b=n+1

p∑
c6=1

ūibuibūc6c5zc1c6

�c5

}
= {U 1Diag

(∑
b�=1

ψ1

�1 − �b
, . . . ,

∑
b�=n

ψn

�n − �b

)
U ∗

1Z
∗Z}c4c2

+(p− n){U 1Diag
(ψ1

�1
, . . . ,

ψn

�n

)
U ∗

1Z
∗Z}c4c2

= {U 1Diag
(∑

b�=1

�1ψ1

�1 − �b
, . . . ,

∑
b�=n

�nψn

�n − �b

)
U ∗

1}c4c2

+(p− n){U 1Diag
(
ψ1, . . . , ψn

)
U ∗

1}c4c2.
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Verification of T
(33)
c4c2 :

T (33)
c4c2 =

n∑
c1, c5, m=1

p∑
i=1

zc1c2uc4c5ūic5

∂ψc5

∂�m

p∑
c6=1

ūc6mz̄c1c6uim

=
n∑

c1, c5=1

p∑
c6=1

zc1c2uc4c5

∂ψc5

∂�c5
ūc6c5 z̄c1c6

= {U1Diag
(∂ψ1

∂�1
, . . . ,

∂ψn

∂�n

)
U ∗

1Z
∗Z}c4c2

= {U1Diag
(
�1
∂ψ1

∂�1
, . . . , �n

∂ψn

∂�n

)
U ∗

1}c4c2.

�

Verification of T
(41)
c4c3 :

T (41)
c4c3 =

n∑
c1, c5=1

p∑
c2, i=1

zc1c2 f̃c4iūc3c5

ψc5

�c5

{ n∑
b�=c5

p∑
c6=1

uc2būc6buic5 z̄c1c6

�c5 − �b
+

p∑
b=n+1

p∑
c6=1

uc2būc6buic5z̄c1c6

�c5

}

=
n∑

c5=1

p∑
i=1

n∑
b�=c5

f̃c4iūc3c5uic5

ψc5

�c4

{U ′
1Z

′Z U 1}bb

�c5 − �b
+

p∑
b=n+1

n∑
c5=1

p∑
i=1

f̃c4iūc3c5uic5

ψc5

�c4

{U ′
2Z

′Z U 2}bb

�c5

}
= {F̃U 1Diag

(∑
b�=1

�bψ1

�1(�1 − �b)
, . . . ,

∑
b�=n

�bψn

�n(�n − �b)

)
U ∗

1}c4c3

= {U 1Diag
(∑

b�=1

�bψ
2
1

�1(�1 − �b)
, . . . ,

∑
b�=n

�bψ
2
n

�n(�n − �b)

)
U ∗

1}c4c3 .

�

Verification of T
(42)
c4c3 :

T (42)
c4c3 =

n∑
c1, c5=1

p∑
c2, i=1

zc1c2 f̃c4iuc2c5

ψc5

�c5

{ n∑
b�=c5

p∑
c6=1

ūc3buibūc6c5 z̄c1c6

�c5 − �b
+

p∑
b=n+1

p∑
c6=1

ūc3buibūc6c5 z̄c1c6

�c5

}

=

n∑
c5=1

p∑
i=1

n∑
b�=c5

f̃c4iuibūc3b
{U ∗

1Z
∗ZU 1}c5c5ψc5

�c5 − �b
+

p∑
b=n+1

n∑
c5=1

p∑
i=1

f̃c4iuibūc3b
{U ∗

1Z
∗ZU 1}c5c5ψc5

�2c5

}

= {F̃U 1Diag
(∑

b�=1

ψb

�b(�b − �1)
, . . . ,

∑
b�=n

ψb

�b(�b − �n)

)
U ∗

1}c4c3 + {F̃U 2U
∗
2}c4c3

n∑
c5=1

ψc5

�c5

= {U 1Diag
(∑

b�=1

ψ1ψb

�b(�b − �1)
, . . . ,

∑
b�=n

ψnψb

�b(�b − �n)

)
U ∗

1}c4c3.
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�

Verification of T
(43)
c4c3 :

T (43)
c4c3 =

n∑
c1, c5, m=1

p∑
c2, i=1

zc1c2 f̃c4iuc2c5ūc3c5

∂

∂�m

(
ψc5

�c5

) p∑
c6=1

ūc6mz̄c1c6uim

=
n∑

c1, c5=1

p∑
c6=1

f̃c4iuic5ūc3c5�c5
∂

∂�c5

(
ψc5

�c5

)
= {F̃U 1Diag

(
�1

∂

∂�1

(
ψ1

�1

)
, . . . , �n

∂

∂�n

(
ψn

�n

))
U ∗

1Z
∗Z}c4c3

= {U1Diag
(
�1ψ1

∂

∂�1

(
ψ1

�1

)
, . . . , �nψn

∂

∂�n

(
ψn

�n

))
U ∗

1}c4c3 .

�

A.6 Verification of the third equation in Lemma 4.2

∂ūak

∂zij

=

p∑
b=1, c1=1

ūabuc1b
∂ūc1k

∂zij

=
n∑

b=1

ūab{U ′
1(dU 1)}bk

(
∂

∂zij

)
+

p∑
b=n+1

ūab{U ′
2(dU 1)}bk

(
∂

∂zij

)

=

n∑
b�=k

ūab

�k − �b
{U ′

1

(
(dZ ′)Z + Z ′(dZ)

)
U 1}bk

(
∂

∂zij

)

+

p∑
b=n+1

ūab

�k
{U ′

2

(
(dZ ′)Z + Z ′(dZ)

)
U 1}bk

(
∂

∂zij

)

=
n∑

b�=k

ūabuc1būc3k

�k − �b
{(dzc2c1)z̄c2c3 + zc2c1(dz̄c2c3)}

(
∂

∂zij

)

+

p∑
b=n+1

ūabuc1būc3k

�k
{(dzc2c1)z̄c2c3 + zc2c1(dz̄c2c3)}

(
∂

∂zij

)

=

n∑
b�=k

p∑
c1=1

ūabujbūc1kz̄ic1

�k − �b
+

p∑
b=n+1

p∑
c1=1

ūabujbūc1kz̄ic1

�k
.

�
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A.7 Calculation for Proposition 3.2

Put a = 1/(p+ n) and apply Theorem 2.4 with ϕk = a(�k + t/Tr W +) (k = 1, 2, . . . , n). Then

we have, for k = 1, 2, . . . , n,

ϕ
(1)
k =

(p− n)a2

�k

(
�k +

t

Tr W +

)2
+ 2a2

(
�k +

t

Tr W +

)(
1 +

t

�2k(TrW +)2

)
+2a2(n− 1)

(
�k +

t

Tr W +

)
= a�k + 2a2

( p

Tr W + +
1

�k(Tr W +)2

)
t+ a2

( p− n

�k(Tr W +)2
+

2

�2k(TrW +)3

)
t2.

Therefore, we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

= �

[ n∑
k=1

{
(p− n)

{
2a2
( p

�kTr W + +
1

�2k(Tr W +)2

)
t+ a2

( p− n

�2k(Tr W +)2
+

2

�3k(Tr W +)3

)
t2

− 2a

�k(TrW +)
t
}

+
{
2a2
( p

�2k(Tr W +)2
+

2

�3k(Tr W +)3
− 1

�2k(Tr W +)2

)
t+ a2

( 2(p− n)

�3k(Tr W +)3

− p− n

�2k(TrW +)2
+

6

�4k(Tr W +)4
− 4

�3k(TrW +)3

)
t2 − 2a

�2k(Tr W +)2
t
}

+
2a2

(Tr W +)2

n∑
b�=k

�−1
k − �−1

b

�k − �b
· t+

( a2(p− n)

(TrW +)2

n∑
b�=k

�−1
k − �−1

b

�k − �b
+

2a2

(Tr W +)3

n∑
b�=k

�−2
k − �−2

b

�k − �b

)
t2
}]

.

But we have

n∑
k=1

n∑
b�=k

�−1
k − �−1

b

�k − �b
=

n∑
k=1

n∑
b�=k

�b − �k
�K�b(�k − �b)

= −
n∑

k=1

n∑
b�=k

1

�k�b
= −

n∑
k=1

1

�k

n∑
b=1

1

�b
+

n∑
k=1

1

�2k

= −(Tr W +)2 + Tr (W +)2

and

n∑
k=1

n∑
b�=k

�−2
k − �−2

b

�k − �b
=

n∑
k=1

n∑
b�=k

�b − �k
�2k�

2
b(�k − �b)

= −
n∑

k=1

n∑
b�=k

�k + �b
�2k�

2
b

= −
n∑

k=1

1

�k

n∑
b=1

1

�2b
+

n∑
k=1

1

�3k
−

n∑
k=1

1

�2k

n∑
b=1

1

�b
+

n∑
k=1

1

�3k

= −2(Tr W +)Tr (W +)2 + 2Tr (W +)3.
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Therefore we have

R(Σ̂HF, Σ) − R(Σ̂a, Σ)

= �

[
(p− n)

{
2a2
(
p +

Tr (W +)2

(Tr W +)2

)
t+ a2

((p− n)Tr (W +)2

(Tr W +)2
+

2Tr (W +)3

(Tr W +)3

)
t2

−2at
}

+
{
2a2
(pTr (W +)2

(Tr W +)2
+

2Tr (W +)3

(Tr W +)3
− Tr (W +)2

(Tr W +)2

)
t+ a2

(2(p− n)Tr (W +)3

(Tr W +)3

−(p− n)Tr (W +)2

(Tr W +)2
+

6Tr (W +)4

(Tr W +)4
− 4Tr (W +)3

(Tr W +)3

)
t2 − 2aTr (W +)2

(Tr W +)2
t
}

+
2a2

(TrW +)2
(−(Tr W +)2 + Tr (W +)2) · t+

( a2(p− n)

(Tr W +)2
(−(Tr W +)2 + Tr (W +)2)

+
2a2

(TrW +)3
(−2(Tr W +)Tr (W +)2 + 2Tr (W +)3)

)
t2
]

< a�

[
(p− n)

{
2a
(
p+

Tr (W +)2

(Tr W +)2

)
t+ a

(p− n+ 2)Tr (W +)2

(Tr W +)2
t2 − 2t

}
+
{
2a

(p+ 1)Tr (W +)2

(Tr W +)2
t+ a

(p− n+ 2)Tr (W +)2

(Tr W +)2
t2 − 2Tr (W +)2

(Tr W +)2
t
}]
.

Since the coefficients of {Tr (W +)2/(Tr W +)2}t is evaluated as

2a(p− n) + 2a(p+ 1) − 2 = 2a(p− n) − 2a(n− 1) < 2a(p− n),

we have

{2a(p− n) + 2a(p+ 1) − 2}Tr (W +)2

(TrW +)2
t < 2a(p− n)t,

from which it follows that

R(Σ̂HF, Σ) − R(Σ̂a, Σ) < a2
{
(p− n + 2)(p− n + 1)t2 − 2(n− 1)(p− n)t

}
.

This completes the proof. �
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