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B3E MRIHBFEORFN

EHFE T 2 O N iR CHAAHMEIZN U T ERZVWUIETNRZ 5
ZHARERITEMTH 5. fii 3.1 TIX, Markov DAERX & Hoeffding A
FAFEHZ 5. fi 3.2 Tl Cauchy-Schwarz 74 & O A % 51 4 5
rERXE 52 5.

3.1 MEIINTIAFENX

EIHE 3.1. (Markov DASEN) MERZEM (Q, A, Pr) EOIEEETERZE
X EL EX]<oo &T35. ZOEE VE>0IZHLT

EX]

Pr(X >1t) < .

MR D LD,

Proof. X ($#4#RIT p.df. p 2HF25GG%2RT.

E[X]—/Oooxp(x)dx—/otmp(x)dx—l—/tooxp(x)dxz/tooxp(m)dx
> t/too p(z)dx = tPr(X >1t)
P EbhB. .

32 A>0195%. X 2HFRLEMEUE[] <o & T2 ZDLE
V>0 12 LT
Pr(XZt) Se_ME[e)‘X}

NI ARVASH
Proof. M \XFEAMERERZ B0 TER 3.1 2#EHTHIE

Pr(X > t) = Pr(e’\X > e)‘t) < e”\tE[e’\X}

b A O
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% 3.3. (Chebyshev DAEFER) X ZMERL L U p = E[X], 0% = Var[X] <
©0(0<o<o0) T2 ZOLEVES0ITHLT

0.2

Pr(|X —p| >1t) < =
NS A RVASH
Proof. (X — p)? 126 LU T Markov O AEX (EH 3.1) 2 #HT 5. T
5L
E[(X — p)?]
12
Nonb. O

Pr(lX —pl>t) =Pr((X —p)*>#*) <

IRIZ Hoeffding D AREXNZFEHT 5720 DfEHEZ 52 5.
WE34. 0, beRIFa<0<bRDITEHELET . HEREH X &
E[X]=0, a<X<b
EAREZTEEVAS0ITHLT

E [eAX] < e)\Q(bfa)Q/S

k5.
Proof. X ZAFD LS IZEZET.

X —a

X=9+{1=-7a 7v=73—

. TH5L M DOMELD

X —a b—X
Aa b Aa
_b—aB +b—ae

275, E[X] =0 CERLT LOROWILOMHFHEZEFHT 2 &

e < yet + (1 —7)e

b
A g Aa

E[e’\X} < e

= b-a b—a
=ce™ + (1 —c)e™ (c:: ¢ 1-c= b )
— cMII=D) | (] _ ) rel-a)

= M ] _ o4 A0

=e “{l—c+ce"} (u:=A0b-a))

= exp{—cu + log(l —c+ ce“)} =: exp{g(u)}
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Nbhnrsd. W E
° oo 1
g(0)=9(0)=0, 9 (u) < 1 (u>0) (3.1)
HEET 5. 5K
. _dg B ce®
9 (u) = du et 1 —c+ cet’
oo - d29 cel 0262u

T du? l—ctecer (1—c+cev)?

) % Si (UMM 2 1 — ¢ & cet (AT 2. )

mobnd. (3.1) IZERL T, Taylor &% 41X

u2

9(u) = g(0) +u g (0)+ 5 9 (&) (€€ (0, u)
BEGREY uw’ A (b—a)
=5 9= <= 3
nbohrbd. koT
E[GAX} < 6g(u) < 6>\2(b—a)2/8
2135, 0

EH 3.5. (Hoeffding DAEFER) a;, 0, (j =1,2,...,n) 1T a; <0< b
RBEME T B, HERZEM (Q, A, Pr) FOMERER X, Xy, ..., X, 1&
VNG

E[X;] =0, a; <X; <D

EHRIZTETEH. ZOLE VES0ITHLT

F%ZX>Q<W{z“gcw}

J=1

AN AVAC RSN
Proof. % 3.2 ZH\WA. YA > 0125 LT

n

Pr(Z X; > t) < e‘”E[expOin)}

j=1 j=1

=M ﬁ Elexp{AX;}] (.- M5ZM)

< e—Atjl_[lexp{M} (. fliE 3.4)
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2O
= exp{—)\t - 5 Z(bj — aj)2}

j=1
:eXp{Z?q(bj—aj)?{A_ 4t }2
8 2 -1 (bj — a;)?
B 2t* ]
2 -1 (bj — a;)?
X0
Pr(in 2t> Sexp{— o 2 2}
= Zj:l(bj - a;)

Nbhonb. O

TE 3.6. X1, Xo, ..., X, X' Ber(d) 295, 2L 0<0<1ThH5.
IDLEVES0ITHLT

Pr(|X, — 0| >t) < 2e7
LB, L X, = (1/n) S0, X, THA.
Proof. j=1,2,....,n 20 LT

1
Yj=—(X;-0)
EBITIE
0 1—-6 1
E[Y}]:Oa angSb, CL:—E’ b= —, (b_a)2:ﬁ
b, koTEH 35 kD
Pr(Yn—ezt) :Pr(ZY} Zt> < 2t (3.2)

j=1

5. ARk

n

Pr(X,—0<—t) = Pr(ijj < —t) - Pr(Z(—Yj) > t> < et

j=1 j=1
(3.3)
Whhd, £o7T,(3.2) & (3.3) 2&b¥d L
Pr(| X, —0| >t) =Pr({X, -0 >t} U{X, -0 < —t})
<Pr(X,—0>t)+Pr(X, -0 <—t)
< 9~ 2nt?
WoOn5. O
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B 3.7. X1, Xo, ..., X100 = Ber(d) £ T5. 27L0<0<1Thb.
(1) n =100 & U, FR | X1 — 0] > 0.2 DHfEFEE Chebyshev DALER
ZHWTO I UT—RRIZE» Sl 5 &

Pr(| X100 — 6| > 0.2) < 0.0625

Nhonsb.
— 7} Hoeffding DAERZHWT 0 1ZBIL T—RRIZEHS 5 &

Pr(| X100 — 0] > 0.2) < 2e7219902" = 0.00067

L5,
2)0<a<lzZEETS. \WE

t= 11 2
N 2n0g o

EHK. §T5¢ Hoeffding DAEFEALD

Pr(|7n—9‘ > ilog (z)) <a
2n o

b A TNy A )|
2185, £oT

EHITIX
Prl0eC)>1—-a

2155, TRROLEHERE (1 —a) D 0 OFHXH

X —“—log , Xn +“—log
2n
2135,

=0.05,0=1/2 £ LT, n=10, 20, 50, 100 DfFFHX D LI DEI
Z175. CLT @ HIXEEEIH T,
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FRE 3.8, FHEHEKMIZOWTIIH 8.6 22D &,
EHE 3.9. (Mill DAER) Z ~ N0,1) 95, ZOLE Vt> 01X
LT
—t2/2
MWﬂzﬂsv@e
Tt
AN AIRVASH
Proof. £9

Pr(Z >t) = \/LZ_TF /too exp (—%2) dz
< L/Oozexp (—2—2) dz
“Vor ), ot 2
1 o 0 22
vl oen (-3
1 2
= on exp (—5) (3.4)

DD NEDZ LIZHERET 5. X512, N(0, 1) D p.df. BMEEKTH S Z
LIEET DL

Pr(|Z] >t) = Pr({Z >t} u{Z < —t})
< Pr(Z >1t)+Pr(Z < —t)
= 2Pr(Z >1t)

NobB. ZORERY (34) 2ADUES L EHORERNELNG,
O

3.2 HIFEICNT BZ2AER

EIH 3.10. (Cauchy-Schwarz OARFRX) MERLH X & YV 2 2 ROEHR
I HEE RO & &

E[lxV]] < VEXTEY
b A

Proof. E[X?| =0 D& &, il 2.3 75 Pr(X =0) =1 £ 450D T, £
NFHHETHS. ZOZ L 2BEZ, E[X?Y#£0 & LTiEHE#ED 5.
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WE, g(t) =E[(tX —Y)?] &BL. HIRHMED R Z R L CTHIfHEDOR
MEZ WS &
0<g(t) =E[t*?X* — 2tXY +Y?]

o EIXYI\ | EXIEVY  (E[XV])?
—EX ]{t‘ E[XZ]} EX7)

bl A NG g /A R

g(E[XY]) _ E[XZJE[?) — {E[XY]}”
E[X?] E[X?]
& E[X?)E[Y?] — {E[XY]}* >0

& ‘E[XY]‘ < VE[X2]E[Y?] (3.5)
225, 35)IBVWT, X, Y % |X|,|Y]| LiEEHZ 2 L EHOALER

BREND. HERFELT B0 gt) = 0 BEMEHOLEXTHS. &
% c & Bt

g(t) =E[(cX —Y)’] =0 & Pr(Y =cX) =1
A O
EE 31 g RORPOTHDIEIEFK z,yeR & Ve, 1]
LT

gtz + (1 —t)y) < tg(z) + (1 —t)g(y)

MHENLTHEEEND. I5IT —g BMDE E g 1k concave THDB L
AR

EIE 3.12. (Jensen DAER) X & HMRQIIFHEZ R OMERLEH L T 5.
(1) B g: R — RIXMT g(X) OMFHEIZERD & &

E[g(X)] > g(E[X])

AN

AR X 1T LT
E[X] =0« Pr(X=0)=1

THDILIHEETE. FBP(X >0)>0 XETS. T5LH5 >0 BFEELT
Pr(X >¢)>0 &7%5. UL X > el{X >e} &

0=E[X] > €E[1{X > €}] =€Pr(X >¢) >0

YROFPETS. koTEX]=0 & Pr(X =0)=12bhb.
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(2) g A concave D & &
Elg(X)] < g(E[X])
5.
Proof. 2T r e R B"HEE2 LT
g(E[X]) +r{zr —E[X]} <g(z) (V2 eR)
7%, 212 X 2#RAL T EORERD ML O IARHE % B
9(E[X]) < E[g(X)]
Nhomnsb. 0

% 3.13. (Young DAEFEX) p,g>1 &L
1 1
— 4 =1
p 4q

EAZTETH ZDEEVa, b>0I1IZFLT

ab b
ab < — + —
p q

b A
Proof. B g Z#iM& L, Y ~ Unif(0,1) 95, AlFESBEH AL R — R
LT X = h(Y) &FhiE
o [ 101 av) = ot€x)) < Elg0)) = [t
285, 22T
ploga  [0<y<t?

qlogb

EBIFE g lEMiRoT

ab = exp{pl"g“ ' qlog”} - exp{/ol h(y) dy} < /O exp{h(y)} dy

p q
1 1 al bl
= - exp{p log a} + - exp{qlog b} = —+ —
p q p q

Nhoird. O

22 DESREME IO X ZAERE VS, BEEANTHBEZ L & FOEB DT
BEORIZBVWT IO RZA2EMMFAET S EDEHEICRS ZeRMosnTWS. 3
L I3fiED B.6 mx 2.
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EH 3.14. (1)(Holder DAEFNX) p, g 131 <p<+o00,1<g< 400 &
1 1 ‘
—+-=12&0U, MERLEH X, Y 13 E[|X]P] < oo, E[]Y]?] <00 AT

@?qé ZDEE, EUXYH <0 T
e[y < (€[} ELY )

LI 72U, p =400 £lF ¢ =400 DE S, | X|™® £F|Y|®

DARER ERZ N5,

(2)(Minkowski DF%R) 1 < p < 400 T4+ = 1 &L, k2
p g

BX, Y IFE[|XP] < o0, E[JYJP] < 00 AT LT L. ZDLE,

E[IX +Y]P] <oo T

EIX +Y P37 < {EIXPI7 + {E[Y P}
L1755,

Proof. (1) DFEHH: 1 < p <o0,1 < g < oo DHFHITDWTDAGEH%

H5Z2%. p=1,q= 00 DE#HIL Cohen (2010, pp.93-94) ZZMRD Z &.
% 3.13 25

X[y

- + -
p q

ThHs. £9,E|XP]=1LE[Y]]=12&F%. (3.6) Difi:d D%

5 &

IXY| < (3.6)

E p q

IXP) BV 1,1 37)
p q P g

#1935, E[|X|P] #1 £ EY]#A1 DL E, (37 TBVWT, X, Y %
X/AEIXPIVe, YHE[Y |} bR s#]A 5 &

E[IXY]] <

E[IXYI] o
{E[ X [P]}/P{E[[Y])} e —

2185, £oTC, 1 <p<oo,1<q<oo DEHHIZDODWVWT (1) IFFEHE
Nz,

(2) DFEH: 1 < p < 00,1 < ¢ < 0o DHHITDNWTDAGEH%Z 5-
Z%. p=1q =00 &L Cohen (2010, pp.94-95) ZZHD Z &.
E|IX +Y]P] =0 D& &%, AERITHFAZRDO T, E[|X + Y] £ 0 ZIKE
LThb Mz lbln. 2oL

E[IX + Y] < E[(IX]+ [Y)IX + Y]
E[|X|x [ X+ Y +E[[Y] x| X +Y[P]
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< {E[IXP]}P{E[X + Y[a@-D]}V/a

+{ENY P} ENX + YD (o (1) 2 )
= {E[IX[7)}"PLENX + Y)Y+ (EY P} P LE(X + Y71
= {{EIXP1}" + (E[Y P} HENX + Y]]}

135, LORERORALE &AL % {E[|X + Y[PI}YVe TE#ElhL, 1<
p<oo,l<qg<oo DEHED (2) WRET. O

3.3 BERIERESZEM

T DETH - 7o BABUIARET HOHERI B GR I E B & 2 872 3. Ho-
effding DAFRIL, HEHHEHZEER THOW O NS EARENTH 5.
ZDHEIL[32,4 & 25F LT,

3.4 HEBMRE

EERRE 3.1. X ~ Po(0) (0 >0) 95, ZDrE FOMNMIE
A K.

(1) X O E[X] &47#K Var[X] &2k K.

(2) Chebyshev D AFEX % FWT

Pr(X >26) <

| =

Rt

EBME 3.2.neNETd. 1<p<oo,pl+gl=10rE% £E
DEE z;,y;(j=1,2,...,n) IZHFLT

n n 1/p n
mes@]w)(Zm@
j=1 j=1 j=1

MDD Z L% Young DAZFEXZFIHL TRE. ZOAREA%Z Holder
DAEFERE NS,

1/q

HBRIE 3.3. s >1>0 & 95. MEREH X M E[|X]] <oco &SI,
E[|X]] <o &7%% Z &% Young DAEFEXZHWTRE.

SHEZHG UL T30, p=1 DHEEZROVTWVWS Z LIZEEE K.
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HEME 3.4. X ~ N(0,1) £95. Var[g(X)] < oo &5 "%
g: R — RIZHLT

Var[g(X)] < E[{é (X)}?]

MENLT 52 8 B R 722U, g (z) = 3—5(@ Thb.
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