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HbD. HERFDZDEH,HDZ &% [REAGR) , BRG] , [Waiw) &
BHBETF TIEIFATWS, KERRDOEAN LI NIZIRTH 5. R
ZEH| X1, Xo, ... DWRDIRBENIDOWTEZAS Z LA S S5 H?
MEH AT — X DIEIZ 0B M THD. Lo TT—2 28D
NIEEDBIFEMPER 0 E2TARL I IFEHETH 5.

T USRI OGEZEET 5. EBS {v,} P o IPURT 5 2104,
FED e>0IZHLUTHIEDEHR N e N BWEELT

Vn>N = |z, —z| <e

MDD ThHhsb. ZDOZe% lime, =2 2EWVWE. 2 xE

n—oo

r, =z (Vn € N) 251X oM lima, =2 &5, TheELI L

% fERZEM (Q, A, Pr) EORERZBINIZOVWTERZTHD.
X1, Xo, ... = N(O, 1)

95, §hbb I OMERLELE| OO BRE O i 5 22 505 1337 [H
—IZN(0, 1) (2D . T oI OMERZI X £ N0, 1) K> 95, 2
DEEX, XX 12 PURI §5& L7 LaL

Pr(X, #X)=1 (VneN)

MBI ZHIF 5. X1, Xo, ... (FILT

1
X, ~ N(O, 5) (n=1,2,...)
Y95 HEBIZIE, FORER ITHLT X, X0 OEHIZEFT S

EFTBH7ZA5. Ll X, 1 JEGREERZRLDT, $XTD n i
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ThHb. 0o DHINS, HEREHFIDINKIZ DOWTIE, FEHEFIDIPRE L
R DEENTTHBREIIRE I bbb, ZOETIIHERERS O
INHDEFEZE BN, ZNIZEDLREARNZHIEE2 L DD XA TIROE
T HIEE AT 5.

(1) KEBDER. X1, Xy, ... % iid HERZBF| & L
— 1 <&
Xn:ﬁZXja p=E[Xi](—00 < < o0)
j=1

95 ZOLEX, FEVWHERT p DIV Z L 2RGET
LEHTH .

(2) ROMBRREIR. Var[X | =0?(0< o< 0) &9 5. n BIHHREND
L& n(X, —p) OOHEFERSAETELTES Z L 2 HRIET D
EHTH 5.

AEDOHIBEIZOWTEHHAR LU TERZ T ITHENT S, GEHHIZOWTIE
fHEBIZEEHBEILIZTS.

4.1 MWEEIRZHIIDINEKRDY A T

T 4.1. HERZEM (Q, A, Pr) LD X, Xy, Xo, ... ZHERERFIET 5.
LI, BFEX,(n=1,2,...)Dcdf ZF,, X Dcdf ZF &95.

(1) HERZRF {X,} $HEREZH X [CHBERINR T521F, Ve > 012

*LUT
lim Pr(|X, —X|>¢) =0

n—oo

MDD EEND. ZDI L% X, 5 X (n— o0) 2L,
(2) MERZHH (X, )} I FHEREE X I BIR 5 213

P(wGQHmXW@:Xwozl

MEEDIIDEEEZND. 2D % X, X (n— o0) &EL.

(3) MEREHF {X,} ITMEREH X I PR 7213 FRNR 5
L, E DT NTOMSL ¢ IKH5NT
lim F,(x) = F(x)

n—o0
M DIDEEEWVWS., ZDIZ L% X, ~ X(n — o0) EFL.
T, X, ~» X(n = o00) D2 X ~ N(0,1) D& ZEITIF X, ~
N, 1)(n - o00) EHELZ LD 5.
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EE 4.2. (1) c EEHETS. Pr(X = c) =1 MM XngX rx Xnic
LELY

(2) PF(X:C):li)YQXnv—)X(nﬁOO) K%XnWCO”L—)OO) r
ER 0

EFE 4.3. X1, Xy, ... ZHERLHINE U X ZHOMEERLETS. 35
IZE[X?] < o0, E[X? <oo(n=1,2,...) &9 5. HRLEHS {X,} »
ESRZSH X 12 T 2 |OBKRTINR 95 & 1%

lim E[(X, — X)*] =0

MEEDNVDEEERVNS. ZOZ2% X, X (n— 00) &7
EFE 4.4, (1) X, 23 X (n—o00) 851, X, & X (n— o00) TH5.

q.m.

(2) X, B X (n—o00) %5, X, 5 X (n—o0) THS.

Proof. (1) & A :={w € Q; lim,_,o X, (w) = X(w)} FEATFD KD ITFE
BHTE3. m, jeNIZHLT

A = {w € 0 [Xom(w) — X(w)| < %} (4.1)

LEL.T5L

(o eluNe cRENNe o

A=1U N Ans

j=1n=1m=n

EERBTEDL. X, ¥ X(n—00) DEE Pr(A)=1Th5. joeNIZ
LT

(o olNe ol o]

NUN A= U ) Ao

j=1ln=1m= n=1m=n
THcdDT

e <pe (U ) = o0 ) 4ns) =

n=1m=n n=1m=n

75);1975)5 Bn,jozmoo_ Am,jo KB< <‘.’.Bl CBQC f%% J:")f,

m=n

fife =30 D LM A &

lim Pr(B,.,) = Pr(@ Bn,jo) = Pr(@ N Am,jo> =1
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101



EeLit s ) 85 4. WSRO & A5 DR
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nEond. TNOfiEGE LD L (1) DREERAFEAT E 72.
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1
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Noird. O
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K7W (Q, A, Pr) ETERINMHEREHHI L L
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B MU TOFER» S5,
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FT WeNIZHLT, hE2+aKRERn, e NDH->T

~| -

Vn >ng = M,(w) <
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M,(w) — 0

EIBIEERT. TDEHOIZ, LeNIZHLT
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My, (@) := sup [ Xp(w) = X(w)[ = sup [Xp(w) = X(w)]

k>n1 k>no

{w e M, (w) < %} C {w e M, (w) < %}

Nbhrsb. ko, {w € O M,(w) < %} IS KF| & 705 DT,
n=1

B 1.7(6) 15
(oo o <1)

1
= lim Pr({w €O My(w) < Z})

1= Pr(ﬁ Bg) <~ PI’(B@) =1 (\VIE S N)
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< lim Pr({wGQ M, ( %})zl(VfEN)
< lim Pr<{w € Q; M,( %}) =0Vl eN)
nbonb. ULRoT
XnaLSXX(n%oo)(:)MngO(n—)oo) (4.2)

2%, PLEOFERD S, BINEHIZ n ATy THD | X, — X| (k> n) B
BK (BR) 12225500 0 IZHERNKRT I L LRETH 5. O
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RERF| T
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X, 50(n— o00) & p, =30
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LB, mEDOFEFIE, X, ~ N0, 1/n) DT, E[X2] = - %252k
n

AW 5T X,50(n — 00) TH5. 0

RIZIR D X 1 T OBEBRIZDOWTHR RS,
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lim F,(z) = F(z)

n—o0
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107



EeLit s ) 85 4. WSRO & A5 DR
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(1) ~ (7) FFAETH 5.

(1) X, ~» X Th5.

(2) R LOEEOAFEKREE g 12X LT

lim E[g(X,)] = E[g(X)]

n—o0
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EE 4.14. X, X, Y, Y (n=1,2,...) (ZHERLEIN LTS . g: R>R
AR L U, c 2ERMET 5.

108



EeLit s ) 4.1. FERZBHNDOPRRED XA T

(1) X,5X PDY,5Y = X, +Y,BX +Y (n— ) TH5.
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1
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n=1
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Pr(w e an(w) < oo) =1

n=1
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Proof. FEWAIEET 4.5.2 T7 5. 0
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Proof. x=0,1 D& & (4.6) FHHLNZDT, 0<z <1 IZXH LT, (4.6)
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CEZEEL. WENS E[(X) — p)Y = 0% < co BDT, KDL (&
Mo417) &b

LS 0, — ) B[ - 1)) = o (43)
X, 5w (n — o0) (4.9)

THb. (4.9) 12 LT, EH 4.14(6)(g(z) = (x — p)?) 2HVS &
(X, —1)’ 50 (n— o) (4.10)
Yib. X517, (4.8), (4.10) L EH 4.14(3)(5) & b

—0 (n — o0)
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LR v K= A 44, TR

Thb. MHE, TH 4.14(6) ZHN5 &

Sn By (n — oo) (4.11)
g
1

Nbond. BEIC (4.7), (4.11) L EH 4.14(5) &b

-1 NO,1) (1 — o0)

O

EIE 4.24. X, Xy, ... Ziid. WEREXZ MVIIET S, 72720 j =
1,2, 2L T

Xy, i1 E[X;]

Xoj 2 E[Xa]

Xaj i E[ X4
&L,

Var[X14] Cov[Xi1, Xo1| -+ Cov[Xi1, Xa]
Var[X,] = 5 = Cov[Xg.l, Xi1] Var['le] COV[Xg.l, X
Cov[Xa, X11] Cov[Xar, Xoi] -+ Var[Xy]
BEEME TS, ZOLEEED ceRHITHLT

Vvne' (X, — p) ~ N(0, ¢"Ze) (n — o0)
VAN AVAC - TN NP 2
VX~ 1) = Na(0, %) (0= )

tELZEIZTS.

Proof. GEBHIZERTITS. O

4.4 TIVLYE

{V,} 2HEREHIIET 5. Y, OMBIMAPERSMAO L o170
FRMERI g R — RIZKH LT g(Y,) OMBRSAERD XS,
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EIR 4.25. (TNVRIK) Yy, Yo, ... ZHEREHE| & L

\/ﬁ(Yn - U) —

. N(0, 1) (n — 00)

YU, gld o= p OEETHEGMATHEREITY (1) £0 &35, /27

b,ueR,O<a<oo,é(t):%(t) BB DL E
Vi(g(Ya) — g(p)) - N(0. 1)
g (u)|o

MELT S, Thbb

2 20.2

Y, ~ N <u, %) = g(¥,) ~N <g(u), (9 () _>

n
ThH5. 72720 T~] 1T [HHAWNELTES] OEKRTH 5.
Proof. i 4.5.5 TitlH%Z$ 5. 0

Bl 4.26. X1, Xo, ... & iid HERZEEFIE L, E[Xq] = p, Var[X;] =
02(0<o<o0) 9 5. ZD& EHULMBIRER (EH 4.22) £ D

(% -n)

- N(0, 1) (n — o0)

L5 WX

W, =e~n
YL LENoTgr) =" (r €R) ETNE]I (z) =¢* £%5. ko

TTFIL R (EH 4.25) £ 0

W, — et
MWN(Q ) (n— o)
eto

ks, £oT .

n

W, ~ N(e“, € )

n

N, 0

EHE 4.27. (ZRIATNVRE)Y = Vi, You, -, Yau) (n=1,2,...)
EHERNR T FLEE L

\/ﬁ(Yn — ,LL) > Nd(Od, E) (n — OO)
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835, ELpeRTE X dxd DIEEMHENFRITHI & T 5. B
g: RI - RIZWSMNT

5]
gygl n
g
Do Y2
Vagly)=| “* |, y=| " |, Vu=Vyly)
: : Y=
Jdg #
ya Ya

E95H. oLz

Vilo(¥.) ~ 9(u) = N(O. VIEV,)  (n o)

X1 X2 Xin
Xo1 ) Xo )7 Xon

i iid. R MLAIT

L.
5l 4.28.

¥ _ _
E 11 _ H1 —
i Xo1 | i H2
¥ z -
Var 11 _ 011 012 -
Xo1 O12 022

35, 270 T I 2x2 DIEEENFMTITH 5.
Xl:ﬁZXU’ XZZEZXQJ'
=1 =1

L
Y, =X1Xq, g(s1, $2) = 5182 (51, 52 € R)

Y <L IR (E 4.24) £ 0

\/ﬁ(zl_ul)WNg(Og,E> (n—)oo)

Xo — iz
AR
99
o )-(2) - (2)
05y
THHDT

VIEV,L = po11 + 21 f12012 + 1302
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ThHs. LizhoT

\/5(7172 - M1N2) ~ N(Oa (5011 + 241 f12012 + /13022) (n — 00)

Noird. 0

4.5 EHRSN7-FFBA

4.5.1 EI¥ 4.17 DEIHA
FED§>0& niZHLT

LREDD. PHSNIT
Xj:Y}—{—Zj, (]:1,2,,7’L)

Thd. UFTIE, X;(=1,2, ..., n) dEEEMEREHE L, LAD
pdf p ZFO2LLT, O ~ @ DEMERCHEmZEDT NS,
OE[Y)] =3 u OFfH: 2ok &

Var[Y;] = Var[vy] = E[Y?] — (E[v1])” < E[Y?]
= E[ X750, 60 (X1)]

00 én
:/ $2ﬂ[5n’5n]<$>p($)dl’:/ 2?p(r) dzx

[e%S) —on

on 0o
< 5n/ |z|p(z) dz < 5n/ |z|p(z) dz

—on —00
= onE[|X,]]
A ST A SRS
VarlY)] < 6nE[ X1 (=12 ....n) (4.12)
Thbd. IRIZ
E[Y;) = EVi) = ELX0 (X)) = | o su(o)ple) da
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cEIFL 2T

(v

T—sn,6m)(2)P(@)| < |2lp(2), 250 5m(2)p(x) — 2p(2)

)
/OO 2|p(z) dz < oo
THhdHILIZFERLT, BICRERZHWS &
i) = [ oless(op(o)do "= [ apla)da

LB bnb. LizhoT

€V " (113)
THb.
©) Pr( Y- ,u’ > 26) < SE[|X:|] DFEHE: PAEDZ & 2B E X

HEEED e>0 120 LT

Pr( EZYJ» —Evy]| > e) = Pr< >y - E[ZY]} > ne)
N4 j=1 j=1
1 n
< WVar [X;Y]} (% 3.3)
]:
n nonE[| X
= 5 VarY)] < % (- (4.12))
)
- E_QEHX1|]
5. UlzhioT
Pr liéyu—ﬂy]>> <<£wau (4.14)
= ’ N e |

B, KoT, (413) & (4.14) 5, FAREL n ITHLT
Pr(lZYj—u‘z%) :Pr(
nis
1 n

j=1
< Pr(

1 n
~D Y - EM
7j=1

1 n
L0V~ B+ D] - ] > 20)
j=1

+EWﬂ—M220

> e) + Pr(\E[Yl] — | > e)
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1
< E—QEHXH]

bt Lzh-T
Pr(
b AN

© Pr(zg;l 7, 4 0) <5 OFW: =512, E[X,] < oo BOT, FEED
550 L TARER n EHLT

/ |z|p(z) dx < 67
|z|>dn

1o 5
— Y, —ul > 2| < —=E||X 4.1
PR o 2 2¢) < e (4.15)

CTEDLIZEICEETD. 2022 &Y, j=1,2, ..., niZ/HLT

—on 00

p()do+ [ pla)da

n

Pr(Z; #0) = Pr(|Z;| > on) = Pr(|X;| > on) = /

—0o0

2] 1
= p(z)dr < / —p(r)de = — |z|p(x) dx
/|m|>5n x| >5n ON on Jiz)>on
2
L0
n

5 (4.16)

5.
® Pr<

1 n (o) = N >~
=X —u' > 4€> X0 OFEH: UL7=A3o T, (4.16) 25
n

O{Zj 7 0}> <nPr(Z,#0) <dé (417

Jj=1

Pr(ZZj # O) < Pr(
j=1
2185, £oT, (4.15) & (4.17) o, TR RELZ nITHLT

1o 1

§Pr<lZYj—u i3z Z46>
(C ne
1 & 1 &
< Pr —Zyj_u > 2¢ | + Pr EZZJ- > 2¢
Jj=1 j=1
1 n n
SPF(—ZYJ'—M ZZe)—l—Pr(ZZj;«EO)
n
j=1 j=1

1(413) B0 n ZHHREL LB Y [E[Yi]—p| > ¢ 5 BDT, Pr(|E[Vi]—p| > €) =0
Y5,
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)
fS;ﬂXM+5

7%, 22T, 0 & LBERBEE, FAKRELR nITHLT

g

7%, ERFEED e >0 THIULZDT, B OERIFGEHI N,
O

1 n
— E X; — ,u‘ > 46) < eE[| Xy]] + €
n

j=1

4.5.2 8 4.18 DIEBA
EHETHIHT 5. TD70IZ

Pr(iXk < oo> <1

k=1

ZIRETD. SOICHRLF & N %

F::{weﬂ; f:Xk(w)<oo}, N = {wEQ;iXk(w):oo}
k=1 k=1
TEDD. ZDLZ
Q=FUN 72 FNN=g
DO ILD. ULizioT
1=Pr(Q) =Pr(FUN) =Pr(F) +Pr(N) (. Pr OhniEdE)

hrd. ZOBEBRKE EEIEOMKE Pr(F) <1 25 Pr(N) >0 &745.
—H,weND&Z

ZXk(w) = 00
k=1
ThO, we N D& ZE
0< ZXk(w) < 00
k=1
TH5. UIDoT, EREDIEADER r> 012 LT

riy(w) <> Xilw)  (VweQ) (4.18)
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DD LD, (4.18) DHHLDIIFHEEZ & 5. 35 & & 2.10(4), (4.3) &
(4.18) 75

r % Pr(N) = E[rly] < E[i Xk] = i E[X)] < o0 (4.19)

213%. (4.19) ORBEOFZIZIHFANKEH P 5%, T T Pr(N) >
0THY, r >0 IFMEBEDOERKZ 72D T, r = co &THIL, (4.19) Dy
IE +oo &RBDT, FEVELSD. Uz oT, Pr(F) =1 HE D 3%
D, O

4.5.3 7EIE 4.9 DA

(1) X, DX &95%. e>0 2[EET5. ZDLE Markov DAER (E
31 &b

2
Pr(|X, — X| > ¢) =Pr(|X, — X[" > ¢*) < M %0
Wohrb.
(2) X, X 295, e>02EHEL, 2 & v+e % X O cdf Flz) O
L35 ZDLE

F.(z) = Pr(X, <)
:Pr(Xngx, X<x—|—e)+Pr(Xn§:v,X2$+e)
<Pr(X <az+e¢)+Pr(|X, - X|>¢) (4.20)
=F(z+¢) +Pr(|X, — X| >¢) (4.21)

LB, [FHERIZ

Flz—€) =Pr(X <z —¢)
:Pr(Xngx—e, Xn<x)+Pr(X§x—e, Xan)
<Pr(X, <z)+Pr(|X, - X|>¢) (4.22)
= F.(z) + Pr(| X, — X| > ¢) (4.23)

LB, (4.21) & (4.23) EHbED L
F(z —€) = Pr(| X, — X| > €¢) <Fu(z) <F(z+¢€) +Pr(|X, — X| >¢)
o5, EOXDAXTn— oo &FHIL

F(z —€) <liminf F,(z) < limsupF,(z) < F(x +¢€)
n—oo

n—oo

SX DA DA G L 2 MBEMEZR DT, ZOX S ITHERNS Z LITEREYE
X.
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é&fﬂ% Ln+%F? nEE. 4.5. }i,ﬁ\ﬂ I N 7-FEA

7%, ZZTe—0,ULax % F(x) D I

lim F,(x) = F(x)
NHind
B) Xy » X MODHEIEM c WHo>TPr(X=¢c)=1,95%. cte%k
F(o) DA EIIZLTe>0 2FETE0 0Lk E

Pr(‘Xn — c} > e) Pr(Xn <c-— e) + Pr(Xn > c—i—e)
Pr(X <c—e)—i—Pr(anc—|—e)
=F,(c—€¢)+1—-F,(c+e)

—Flc—€)+1—F(c+e) (n— o0)

—0+1-1=0

b A O

M 4.2. (4.20) & (4.22) 2HERT K. T4bbH

Pr(Xngx,X2x+e) §Pr(‘Xn—X‘ 26),
Pr(ng—e7 anx)gPr(‘Xn—X‘Ze)

.

4.5.4 TFIE 4.12 DEFAA

O1) = 2. @2 =0),002 =4 01 = 26 3) =
5)® (5) & (6)D(B)+(6) = (7) ®(7) = (1) ONEIZFHEH% LT
ARG

O (1) = (2) DitH: g 2EROAERERBKE 2. — K2 Kb
Zg(x) <1/2(x e R) ERELTEW. FFED e > 012X LT, K
SRARHXM K 225 &

Pr(X € K°) <e (4.24)

LTE5. £ZC, 2D K % m(m € N) fHOBEWZHELXH K, =
[al, bl], Kj = (aj, b]] (] = 2, 2, cey m);aj, bj € R) 0:@%[]63\%3—5 'ﬂ‘
mbb, K=" K £R>T WA, ZOXE m&+ARE<IMB L

= 4.25
je{1,2ax m)o yg;g lg(z) —g(y)| < e ( )

OF (2) 3B IR DT, F(z) OARERRIEES~ THMEATH L. LoTZ
ST e EMBIENTES. ChHd. & D&
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BRI {K Y, BEBIENTES. 51T, {aj, b}, E X O
DABIEF O T IS, D&, (1) &P

Pr(X, € K) =% Pr(X € K) (4.26)

LB DFIL, A K S 1M oxy BERISEY, By &

m

ge(@) = g(z)lk,(z)  (z €R)

Jj=1

LREDD. THE

max |g(z) — ge(z)| <€ (4.27)

rzeK

LB, Ul oT, (4.24) & (4.27) ILHEET B L

< E[1x(X)
< max [g(x) — ge(w)| E[1x (X)] + E 1k (X)|g(X) = ge(X) ]

N J/
'

<e  o(427)
< ePr(X € K) 4+ Pr(X € K9)
< 2 (4.28)

=
=
|
5
=
+
-
=
8
=
N
=
|
=
=

Y75 (4.26) B 5, n R FAAE LIS L

|Pr(X, € K°)=Pr(X € K°)| = |Pr(X € K) = Pr(X € K)| < ¢

=1-Pr(X,€K) =1-Pr(XeK)

LTELDT
Pr(X, € K°) <Pr(X € K°) + |Pr(X, € K°) — Pr(X € K°)| < 2¢
Wb, FRRIC

[E[g(X,)] — E[ge(Xn)]| < ePr(X, € K) +Pr(X,, € K°) <3¢ (4.29)

F OAERAITE 2 REZOT, Z2OLI NG Z e Bbhb.
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#1856, g DIED =D o n 2t kELsL
|Elg(X)] — E[ge(X0)]|

< Z |Pr(X € K;)—Pr(X, € Kj)‘ max _|g(z;)]

= 7i={1,2,...,m}
< % <e (4.30)
Y755, &oT, (4.28) — (4.30) 2 AbEB L

|Elg(X0)] — Elg(X)]] < | Elg(Xan)] — Elge(Xa)]| + [Elge(Xo)] — E[ge(X)]]

~~ v~

<3e <e

+ [Eloe(X)] ~ Elg(x)]|

<2e¢

< 6e

NHOND5DT, FRIFFEHT N7z

@ (2) = (3) DFEHT: BIS 2.

®(2) = (4) OFEH]: FEEMEHEKBREE g & M > 012U T, gy(z) =
min{g(z), M} > 0(zx €R) LED S gy FEFER LGS, Lo T

lim inf E[g(X,,)] > liminf E[g(X,)] = Elgu(X)] (- (2))

&b, WAT M = o0 £TBH5Z LT, AREFANHEED S (4)
%135,
@4) = (2) DitH: g 2 AFEGEBE T5. $5LHD M >0 2HF
TELT, [gf <M 2TE3. $58 M4+g >0 3FEAMERERE &2
DT, (4) ZHWB L (2) 27595.
® (3) = (5) DIEHI: BIEA O & 2 e RIZHU T gy(x) 1 1o(z) (M —
o0o)  &783d K57 Lipschitz @S] gy > 0 ZHH I &NTES
DT, (3) 1o

liminf Pr(X,, € O) > ligior.}fE[gM(Xn)] = E[gn(X)]

%, ZOWET M — oo &35, HEEHPCREBEIZL YD (5) 2185,
©® (5) < (6) DIFH: PHVOMELE LT L.
@ (5)+ (6) = (7) DFEHA: B° % B OWNHES, cI(B) % B O35
OB=cl(B)\B° Thd. ZOZLIZFEET B L

Pr(X € BO) < lim inf Pr(Xn € BO) < limsup Pr(Xn € cl(B))

< Pr(X, € cl(B))
L5, Pr(X €dB)=0 &b, EROAHLEADIFHFEL VDT, (7) 15
LN5.
®(7) = (1) DFEHA: B = (—oc0, 2] & ERUT I\, O
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4.5.5 TEIE 4.14 DI

(6) DFEHA: BEE g 1% 20 (€ R) TEKZRDT, FED ¢ > 0 ITH LT,
I>00H->T

Ve eR: |z —x0| <6 = |g(z) — g(x0)] < e
Thd. £oT
{we: [X(w) - Xyw)| <0} C{weQ: [g(X (W) — g(Xu(w))] < e}
7%, EAOHHEREZID, i 1.7(4) ORFEOTEREZEHT S &

Pr(lX — Xu| 2 0) > Pr(|g(X) — 9(X,)| = ¢))

Wbhird. £oT, g(X,) 5 g(X) (n = o0) DRt
(7) DFFH: g o f DWEFUHERBI Y 70 5 & 5126 FdmEE f 203,
X, ~ X (n— 00) LEH 412 55

lim E[f(g9(X,))] = lim E[(f o g)(X,)] = E[(f 0 g)(X)] = E[f(9(X))]

n—oo n—oo

M5 (7) IIREND.

(1) DFFH: X, 5 X (n > 00) 2D Y, B Y (n—00) 25 (X, Y,) 5
(X,Y)(n = c0) Bo2DT, (6) DEME g(r,y) =z +y L
QNN

(2) DFEM: B 2, y, a, be R IZH LU T, AEX {(z+y) — (a+ )} <
2{(z —a)?+ (y — b)*} ZHEZIXT L.

(3) DI YV, 5 c(n = 00) DT, FEFE 42(2) 75 Y, ~ ¢(n — 00)
LB, ZDI N6 (X, Y,) ~ (X, c)(n — o) 75 Z LHGEM 8
TES. HElF () ITBWVWT, gz, y) =x+y ETRTLW.

(4) DFERA: (6) & HWAIX K.

(5) DM (7) ZAVHIE &, O

4.5.6 FEIE 4.25 DEERA

g(z) ¥z =p OIEFETEGMARETDHS. ZOZehodHd 6 >0
PIAELT o — pu| < 6y 7RBERD x 1T/ LT

o) =gl) = e =m) [ G Gurtla—m)ar (3

8 Z MITRFMEBIB DR & AR FETH 2 HEP S b b, b L IZRHMEREEIC
HUTEZARERZAHIE I V. GEL<IX 48, p.135] 22D Z L.
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WBALT 5. %72 (0) 1F o = p THERDOT, LD e >0 LT
»H 5 0y >0 W ->T

o — | <6y = | 9 (@)= ()] <e

&b, XoTlr— p| <min(dy, dy) =: § RBERED 2 ITH LT

/Olé(uﬂ(r—u))dt—é(u)' S/Ol
<e/01 dt = ¢ (4.32)

9 (it tlx — )~ 9 (u)|dt

Yh. (4.32) &0

g

WIESLT B, \/a(Y, — ) Jo ~ N(0, 1) 2D TY, p TH5. (4.33) 15

/O g (1 +t(Y, — p)) dt— J (u)‘ > e) < Pr(|Y, —p| >6) (4.33)

1
[ et = w)ae B 3 ) (4.34)
0
DT 5. |V, —pu| <6 BRI o722 &, (4.31) iz =Y, 2RATIZ

\/ﬁ(g(Yn; —9(w) _ x/ﬁ(Y; — 1) /1 S (it t(V,—w)dt  (435)

2195, 612, (Y, —p)/o ~ N0, 1) & (4.34) THEELTE
H4.14(5) % (4.35) \T@EH T IK

_ w/ol 5 (i + 1Y, — W) deL{]Y, — u| < 6}
5(#);:019(1)
VU0 =900 y 1y, > 5)
) —or(1) ’
g ()N(0, 1)
2185, JoTEMIIRI N, O
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4.6 ERZFIRESEXH

B OALH X (17, 48] #BHIT U7z, ER 46 X [17] 2S5 OEHTH
.0 A28 1% [40] ZMEM U, B 448 13 (17, 48] ZAEM L. &
417 OFEHIK [27) o DEHTH 5. EHL 4.25 OFEIK [9] 225D
EHTH 5.

4.7 EZMBE
E%ﬁ%&LneNt?%.%ﬁ@%%ﬁﬁxgﬁ{%%wnj}i
DRI S LT 5. bbb

1
P(Xﬁzﬁ): - (k=1,2,...,n)
n 0 (Z DMDILZE)
Th5. MHFEIHEREHR X 1% (0,1) EO—MRAHEIIKS & T5. Thbd
5, X & pdf.

(2) = 1 (0<z<l)
P70 (zoftiose)
2HD. 20L& UTFORMWIER L.

(1)§§x< G+ o1, 0y LT

n

Pr(X, <)

ERDBHIET, 2 e RIZHUTPr(X, <z) 2K XK.
(2)z e RITHLT
Pr(X <ux)
ZRD &
(3)
lim |Pr(X, <) —Pr(X < z)|

ZFHEiSTA5Z LT X, ~ X (n— o0) ZmE.
BB 4.2, {X,}00, 2MEREZEINE U, E[X2 <oco(neN) & 5.
() peR z2EHET 5.

E[(Xn — 1)°] = Var[X,] + {E[X,] — n}

MDD Z L ZRE.
(2) ROFMERFFAETH S Z & 2Rt

2
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(a) lim E[(X,, — p)*] = 0.

n—oo

(b) lim E[X,] = 7D lim Var[X,,] =0

n—oo n—oo

EBME 4.3, {X, 2, {1, X, Y ZfERZER (Q, A Pr) TEHI
NTHERZHFN T 5. HEERXT ML (X, Y,) BHEEXZ ML (X,Y)
IZHERIPOR S 5 2 1d, EED e > 0 1T LT

lim Pr(y/(X, — X)2+ (Y, —Y)2>¢) =0

n—o0

MO DZ LT B, Ik (X, Y,) > (X,Y)(n—o0) LET L
95, Z0LE UFOMWEEZ L.

1) X, D X(n = 00) B2V, 5 Y(n = 00) B5IE, (X, V) —
(X,Y)(n—o00) DD LDZ & &2RE.

(2) (Xp, Vo) 2 (X, V) (n = 00) S, X, & X (n = 00) BDY, 5
Y (n— o0) MWD LD I & &RE.

ETEE 4.4. X1, Xo, .. X E WA AR R R T

35 Z0E X, B 0(n—=00) A X, B 0(n—o00) THDEZ
&Rt

Borel-Cantelli D% 2 % I\ 5 ¥ k.
HEME 4.5. Q= (0,1], A=B((0,1]) & U
Pr((a, b)) =b—a  (a, beEQ)
95,
Xo(w) = Vil 1mw) (n=1,2,...)

CEFELZEE X, (w) ZF 0P, lim E[X?] #0 2Rt
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