020 O Gauss UOOOOOOOODOOO

1 ODboooooooboood

00 21 0000000 XeROOOOO (GaussUO)OOOO0O, X O
0000 (R, B(R)) OO Lebesgue OO (R OO Lebeague 00 )0000O00O
goooodg p0ooboobgog.

() = \/2;76XP<_(”32_0§)2> (z €R).

000, u=EX],e?=V[X](c>0)000.000 X ~N(u,o?)00O.

00 22 2z00000000.E[Z]=00 V[Z]=10000000 N(, 1)
0000000000. X=0Z+x0000,X ~N(ge?)000.000
0,0000 {zeR;p(z) >0} 0000000.000,00000 pO0DO
000000000000000.

P(|X — p| < 30) ~0.997.
000,z —-00000,p0000000000000000000.

00 2.3 (MilOOOO) X ~ N(p, 02)000.0000,Vt>00000,

o 12
PIX—u>t) < —expl ——— 1.
(>0 < (s )
goodo

PX - p<—t) < e (202)

P(|X —p| >t) < (Z\[exp< )



0000000000000,x=00 ¢=100000000000000
0.Z~N(0,1)0000,

P(Z > t) ! /we < £>w
= —_— X PE—
V2T P 2
22
< —ex — | dz
o \/27r/ p< 2)
= wm ) {aew(-3))e
t\V 2w 2
- (5
 tVor 2 )
20000000,p000000D0ODOOODOODO. 30000DOO0O

P(1Z| >t) = PH{Z>t}u{Z < —t})
< P(Z>t)+P(Z < —t) (-O00oooooo)
2P(z>t). (-O00000DOOOOOOODODOOO0)

00000000000 ZzOOOOOOOOOOO o000OO0O00O0'd,O

D000 (MGF)
M : s— M(s) :=E[exp{sZ}]

gooooooo.
O0,Zz000000000000.seROOOO,

Mz(s) = [GXP{SZ}]
- = / exp{sz}exp( '22) i
_ %E/ w42;0+;}m
_ exp<522>. ( \/liﬁfooooexp{—(sz}dzzq

ooz?
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00000,000000000000,X ~ N(u,02)00.seRO000,

Mx (s) := Elexp{sX}| = E[exp{scZ + su}| = exp{su}Mz(s0)

{5 )
= exp us—l—?s .

2 0 GaussUOODOOOOoOOOOOOO

000000000000000000000000. X1, Xa, ..., X, ~
iid. N(y 02) 00,

n

Y~—£ZX- N ©
" n J b

j=1
0oo00d.o0o00oooog 21000000 ve>00000,

ooo.0o0g,0o0o0é>00000,

P(X—o\/zloi(?/‘s)<u<x+o\/2logn<2/5)>>1—§ (2.2)

ooog.
ooooo,

2¢e _nt? —6<:>—n—t2—lo 0 <:>t2—ﬁlo 2
*p 202 ) 202_g2 T on g5

21og(2/9)

<— t==0

0o00.000 (2)oooooo,

]P’(]X—u]>a 210gn(2/6)> <0

ugboo.aogad

P(|X—u} <a\/21°gn(2/6)) >1—-0+(22)
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goo.
000000000 GawssOOOOOOOODODOOOOOOOOOOOO
oooooooo.

00 240000 X O0O0O0ODO (variance proxy)o? (o > 0) 0000 Gauss
ooo0ooooooo,0uo (1), (2 0oooooooo.

(1) E[X] = 0.

(2) X UOOOOOOOOUODOOoOO.vseROOOO,

E[exp{sX}] < exp<”2232).

000 X ~ subG(e2) DODO.

00 2.5 subG(e?) 000O00D0D0D0000000000. 00000, X ~
subG(e2) 0000000 D00000O0000.

00 2.6 000000 XeROOOOO ¢?20000 GaussOOOODODO
O0,EX]=00,000 «eS10000,u’'X ~ subG(e?) DOODOO
000.00000, X ~ subGy(e?)DDOO. 00O,

Shi={z eRY [z =1},  |#]o=VaTa
noo.

00 2.7 X ~ subGy(c?) 00D0,VweRIO, <1 00000000,
v’ X ~ subG(e?) DDODO.
00,u=v/|vp €S 0000,

Elexp(sv' X})] = Elexp(s|v]ou’ X))

20,12
v

< exp<"2|232)

< ex —0252

< p B

goooo. O
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00 2.8 000000 XeR>*T 00000 020000 Gauss0OD000O
000,VeeSt,vesT™ 1 0000, u Xv ~ subG(e?) 000000 .

00 2.9 MarkovOOO) X 00000 (Q,FP)000000O0OO0O P
000000.0000,Ve>00000,

P(X >a) < E[L‘LX]
ooooo.
000 A= (a,00) 000. 0000,
E[X] = E[X14(X)]+E[X14(X)]

> E[X14(X)] > aE[14(X)] = aP(X > a).

&

[X]
a
ooo. O

P(X >a) <

00 2.10 X ~ subG(e?) 00D0. OOODO,Vt>00000,
t2

P> 0 < om(—5s ) p<X<t)gexp<t2).

202 202

000 Chernoff 000000000000 DOO0O. Vs>00000, Markov
00000 X ~subG(e?) DDODODOODODO,

P(X > 1) =P(e™ > ¢™) < BT exp<2$2 - 5t>. (2.3)
000, ¢(s) :=(0%/2)s> —st(s>0) 0000

b(s) > inf Bls) = —

s>0 202

00000o,000 (23)0000 s>0000000000,

P(X > 1) < exp<— r )

202
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goo. O

00000000000000.Z ~N(0,62)(¢>0)000000000

OD000o0. keNOOOO,
ElZ k+1

5~
3

0O0O0,I(-)0000000

() = /0OO i le " dt (t >0).

00000,00 21000000000, X ~subG(e?)0DOO0DOOOO
Z ~ N0,¢)0000000000000000O0O0O0OOOOOO.

o0 211 0000 X 0O

2
P(|X|>¢) < 2exp<2];2)

0000ooO00.oooOg,vek>1(keN)OOOO,

E[IX"] < (204720 ().

oo,
E[XI)"* <oet/VE,  (k22)
g
E[|X|] < ov2r
oog.

ooooo 7?2000 21000,t>00000,

E[|X|F] = /OOO]ID(|X|>t1/k)dt (.00 ??)

[ee} t2/k
2 - 00 21
/0 ( 202) i (. 0)

= (202)k/2k/ e Uk =1 gy (u = t;(:; ooo )
0

= (202)’“/2131“(];).

IA
]

»

T
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2000000,Vk>20000,

k/2
@) e

1/k 2
{(202)’6/2/&(;“)} < kU ? < eVeovk.

googo

ooo,k=100000
1
\/§F(2):\/27{'

ugbooan. a

00 212 X 00000 (9,7 P)00000000000O0O0O0OOO0.
(1) E[X] = 0.
() vt>00000,

t2 t2

000,s>0.0000,Vs>00000,

2.2

E[CSX} < 640’ s
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00000000000 TaylorDOODOO.

E[e*¥]

AN
—_
+
[~]e
[V
7~
=
>
O

IN

X (2025%)F/2kT (K /2) -
1+kZ:2 o (.00 211)
1+i (20252)’€(2'lc)1“(k)
k=1 ’

(2h)

2k +1)!

IA
[t
+
—~
)
+
[\
q
[
V)
\_li
K
S
Q
[ V)
Vol
[\
~— T
o
=

IN

®
'
Q
»

o 213 00000booog.z>00000,

X > e 4 E(e”g*l)<:>e‘%21+ E(lfe*””)<:>em+67“’ E21+ L
4 4 4 4
a

gooobooooo.

21 0O Gauss OOOOOODO
neNDOD, Xy, Xo, ..., X, 0N(,0?)(¢c>0)0000000000000
000.0000,a= (a1, a2, ...,a,) €R*O0000,

> a;X; ~ N(0, |al30?)
j=1

000. 000, |lal; =ve'eOOO. O000O0O0O0OO0O0DOOODOO, O
Gauss DOOO0OODOOOODOOOODO.
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00 214 X = (X1, Xo,...,X,)' 0000,0 X;(j=1,2,...,n) 00
Gauss 00 00000,0000 ¢%(¢>0)000000.0000,000
000 X 00000 ¢200 GaussOOO.

000 uw=(ug, ug, ..., u,) €S 0000,

Elexp{su’ X}] = [[Ele¥] < ﬁexp (0252%5 >

Chernoff 0000OD0ODODO,000000.

0 2.15 Xy, Xo, ..., X, 0000000000, X, ~ subG(e2) (j=1,2,...,n)
000.0000,Va=(a, as,...,a,)" €R*" 0 ¢t>00000,

n 2
t
P X;>t] < ),
(o) = on(-zap)
n t2
P X, < —t S -
(Z r<t) < eo(-gg)

00000.00,a;=1/n(j=1,2,...,n) 0000,

IN

— nt?

P(X < —-t) < -

(K<) < ow(-55)
0o00.000000o0o0o0o0ooo.

00000 2140000.Vs>00000,
P(Zanj>t> = P(exp(sz
j=1 =
al3

()
exp ) st |.
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anj> >e )
1
82 —

IN



oog,

- : a’laf3 » t
IP’<jZlanj >t) ;I;%{exp<2s st>} exp(w).
OO0 3000o0booooobooogoobooo. a

00 2.16 (Hoeffding 000) X 000000 E[X]=000,000000
0 Xele,b)000.000,a<b000.0000,VseROD000,

i) < exp( S0 -0

2
DDDDD,DD,stubG<(b4a)>DDD,

000 ¢(s) :=logE[e*X] (se R)0O00. 0000,

, d E[XesX . d? E[X2e5X] [E[XeX])?
’(/)(S) = %1/)(5): Ié[esx]]v 1/)(5) = @ (S): I[E[GSX] ]{ Ié[esx]]}
000,0000000 Xe€la, b 000,

ViX] - V{X_a;rb]SE[(X_a;rb)}S(béla)

goo.gbgobobobobooboobon

- (b—a)?
v(s) < =

000.000,000000000,¢(0)=logl=0000 ¢'(0)=E[X]=0
0oooooo

W(s) = /Os/ouzﬁ(r)drdug/;/ou (b;“)Q drdu:/os (b;a)Qudu
(b-a

8
goo. a
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00 2.17 (Hoeffding DO O0) Xy, X,, ..., X, 0000000000, 00
00000 X, € lay, b](a; <bj;5=1,2,...,n)000.

0oo000,vt>00000,
— — 2n2t?
— J— 2n2t2

ooo.

oog

Yj:X]fEXJ}(]:LZ,n)DDD ooo )/jG [CLj*E[Xj],bj*
EX;)]] OO0 E[Y;]=0000. 000 Y;(j=1,2,...,n,) 000000 2.16
googod

E[e] < exp(i(bj - aj)z) (2.4)
000. o000
P(X - E[X] > t) = P(in > nt) = P(exp(giy'j) - enst)

<E [exp (SZYJH e "t (- Markov OO ODO)

82 —ns
<M 05— 0 ) (o 2)
5% o
= exp<8 Z(bj —aj)° — nst>
j=1
{Z;‘l:l(bj —a;)? ( 4nt )2 2n2t?
= exp 3 A S 7] T~ 52
Zj:l(bj - aj) Zj:l(bj - aj)

}



oooO.ooo

. 4nt
>i—1(by —aj)?
oooo
- — 2n2¢2
P(X —E[X]>t) < exp(—n)
( ) Zj:l(bj —a;)?
ooo. O

0 2.18 X O Rademacher 00 O00OO00OD0. OOOO,

000O0,vseROODOO,

s —s 2
E[e*¥] = % = cosh(s) < exp<52>.

000,000020000000000000.00,a=-1,b=1,E[X]=0
000, Hoeffding D OO OO

E[e*] < exp(S;)

ooo. O

OO0 2.19 Hoeftlding 00O ODOOOOOO0OO0OO. OOO,000000O0
goboooobooo. ooobooboobooobobooooo,obbo0ooboog
O0000000000000, Hoeeffdng OOOOOOOOOOOOOOOO
ubo,0booocooobobobo. boooboob, 0000000000, d
obooooOobooooboobooon.
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3 duooboogd

000000000000 Gauss 000000000, 00000000
0?000000,00 10000000 (Laplace)0102000. 00000
Lap(1) 000. X ~ Lap(1) 000O00,¢t>00000,

t —|§‘ t
P(|X|>t) = 1—IP(|X|§t):1—/ 62 ds=1—/e“s|:e_t.
—t 0
ubobooooooboobobobobobooooooo. oboooooboooa
oooobooog.
0000 Xooooooooboobh Xoooooooooooooooo
0.00,

e = ——  (sl<D)

uob.0o0oboooooobooboboooboooboooooooo,od
0000000000000 00000000oUO. X ~ Lap(l)0ooao,

1
E[e*¥] < €2’ (|s| < 2)

OO00. Laplace 000000000, 000000D0,00000D000000
OO00000D. Laplace OO0DOODOOOO0ODOOODOOOOOODDOOO
ooooooooooon.

00 220 X 00OOOOOOO0OOOO0,00 A>000000,vt>000
oo,

2
B(IX| > 1) < 2exp(—j)

ooooooOo.0poog,vkeNODOO,

E[|X[*] < A*k!

2Lebesgue 1000000000000
L -zl
f@) = Ze (z€R)
oooooooo.
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goooo.ooo,
(EIIX[F])/* < 22k

\_/

1
ESX< 222
[e ]_exp(s)\) <V||_2)\

gooono.

OO0 keNOt>00000,

E[|X|*] :/OOOIP’(|X| >tYF)ydae (o007

0 2t1/k
g/ Qexp( >dt c-00)
0 A
N\ "
= 2(2) k/ e uF 1 du (u= Qt/\/ oono)
0

< NED (k) = AFE.

2000000,k>10000,
(k) <kF; kYR <el/e <2

oooooo,
(APED(K))V*F < 20k

ooooo.
O00,XO00000o0D0D00O00000,00000 TaylorOOooooo.

0Ooo0oooo,|s|<1/(2x) 0000,

s|FE[| X |*]
8X<1+Z|| (X1 (-00000000)

oo

<14 qum'f = 14+ 8227 (s|n)
k=2 k=0

k

1 242

<1+ 5222 g (2> =14252\2 <N,
k=0
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00 221 XOOO A(A>0)00000000000O00O0O,00000
goooo.

(1) E[X]=0.
(2)V|s|<1/A 0000,

IE[ }<exp< 2)\2>
000 subE(A) OOO.

00 2.22 X ~ subE(\) O0O00O. Z = X?2-E[X? 00000, Z ~
subE(160%) OO O.

ooooboooogon

o0

EleY] = E[HZSQE[Z’“J]

k=1

o i SEIZ _ |, i SME[(X ];E[XQ])k]

_ oy s’“?’“-l{E[XQZ + (E[X?)*}

k=2
- 2E[X 2K
P k!

ey
0 k4k 2)k
ey

IN

IN

k=2
(00 22000)

= 1+ (9s0?)? Z(Ssa)k =14 (8s0%)?
k=0
< 14 (850%)? =1+ 64s%0* <1+ 1285%0" < exp{128s%0*}

= exp(W).

8so?
1 — 8502
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3.1 Bernstein OO OO

00 2.23 (Bernstein 0000) X1, Xo,..., X, 00000000000,
E[X;] =00 X; ~ subEQA)(A>0;5=1,2,...,n) 000.

Y:%}j&

j=1

ooo.oooo,vt>00000,
IP’(X>t)/\]P’(X<—t)Sexp{—Z(i/\i)}

Oo00.000,aq,beROOOO,aAndb0 o0 bpO0000O0D0DOODOO0O.

0000000000, A=100000. 00, Chernof 0000000,
Vs>00000,

P(Y > t) < H E[esxj]e_s”t.

j=1

00,[s|<1000,0000000000,E[%]<e™/2. 00000
~ ’n82
IF’(X>t)§eXp 7—snt .
s=1At0000,
J— n 2
P(X >t) <exp —§(t At) ).

P(X <—t)0000000000000000. O

4 UO0O0OOOOOOO

gbobooobooboobboobooboobbooboobb. obo
ub,0000000000b0000b00bo0ooob0oooooaa.
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4.1 0O00000O0O0O0OO
00 224 neNOO, Xy, Xo,..., X, 00000000,

X; ~ subG(o?) (0 >0;j=1,2,...,n)

ooo.oooo,

E[max Xj] < o+/2logn,
1<j<n
E[lrgag |Xj] < oy/2log(2n)
<j<n
ooooo.ooda,ve>00000,
<

t2
P(lgl]aSXHXj - t> nexp(—w)
t2
) < _
P(lr%agn | X > t) < 2nexp< 202)
goooo.

O0O0vs>00000,

1
E[ max X;] = SE[Iogexp(slrgjagian>}

1<j<n

IN

1
- log]E{ max eSXJ}
s 1<j<n

(Jensen 0O DODODODO)

% log (zi:l E[eSXJ’]>

1 - 5202
-1
o Sen()
j=1
logn o2s
s 2

2logn
S =
\ "2
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ooo,




oooo,

logn s%0? /a2logn o2 210gn
+ -
] 2 2
21
\/U ogn_g 2logn
oo l1oodouooooo.

0000000000000000000 (union bound) OO DOOO.

P<121ja<an >t) = (CJ X; >t})

t2
< nexp|—=— ). (.00 2.10)
202
000 2000000, Xnpi=—-X;(i=1,2 yoooo
max |X;| = max X;
1<j<n 1<;<2n
00o00ooooooooon. O

4.2 000000000
D000 POD,000000 V(P)OOOODODODDOOOOOOO. PO
00000000000000 conv(V(P))DDODO. 0OODO,

P = conv(V(P))

ooooo.
deNDODO,X eR‘00O000000OOO,000000

Fi={0"X;0¢cP}

0000.000,PCcRYODDD n00D0D0D0O0O0OOO. FOOOOOD
O,FO0000000DOOO0OO0DOOOODOOOOOOO.O0O00OD,00
ooogooo.
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00 225 ceREOQOO. OOODO
zx—c'x (x € RY)
0000.0000,0000000 PcRYODOOO,

mach:c: max CTZB

xeP xzeV(P)

oo0o.ooo,yP)o POOUOOOOOO.

000 VP)={x1, z2, ..., x,} 000. Ve e P=conv(V(P)) DD OO, O
000000 A, dey ..., A\, 0000,

n n
x:Z)\jmj; Z)\jzl
j=1 j=1

oooo.oooog,

n
c'r = cT<E )\icTwZ)
i=1

< Ai max ¢ x
xzcV(P)
= max cT:c
xzcV(P)
ooa,
maxc' < max c'x < maxc' .
xeP xzeV(P) xcP
O
00 2.26 POOOO nO000000000,00000 oW, 0@, ... oM ¢

REOOD. X eRYOODDODODO0D,O0 [PTX(@=1,2...,n)000
00 o%(¢c>0)0000000000000.0000,

]E|:I§lag(0TX:| < o+/2logn; E[rgagdGTX] < o+/2log(2n).
€ €
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Ooo,v>00000,
P(maXOTX >t) < nexp(—tQ>
6cP - 202 )’
]P’(max|0TX >t) < 2nexp<—t2>.
6eP - 202
gooono 225000 22300000. O

4.3 ¢, 000000
By O 6,00

d
By = {QIJ = (l‘l, o, ..., .’Ed)T S Rd; Z,CE? < 1}
j=1

gooooo.oogoooooooocooog.oog, e, oooooooo
oooo.0oo0,B, 0000000 AOODOO,A000000 B, OO
booobooooboobooooboooooan.

00227 KCRYO e>000000.00 NORIOOOOGA(,,-)00
00 e0000D0O0,NCKOOOO,vVzOOOO,002ce NOOODOO,

d(z, z) <e
gooooboboogdg.

00 2,28 NOOOO ||-||0000 e0000,KOOOOOOO NOO
oboo0obUd ebb0oO0.obo0,veeK Oooo,

inf |z —z| <e
TEN

uog. a

obooob B, 0000 e0000O0D0O0OODOODO.
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00 229 0<e<100000.0000,000 B0 EucdidDOOODO

OeO NOO, .
#(N)s<3)

€

00000000000 .000,#(N)000 NOODOOOOOOO.

0000000 ed00O0OO0. &y —0000. VieN(E>2)0000, ; O
Ve eBy O, |z —2;la>e(j=1,2,...,i—1)000. 00000 « 0000
gobo,0bboogobodbbodb.bboo,bbg eboob.bbo,0n
0000000 e00000O0U0O0O0OO.Ve,ye NOUOOO, |z—yla>eO
O0,zeNOOOOOOODO ¢20 EucidO0O0OOOOOOOO. OO0,
ZLGJN{Z+;B2}C (1—1—;)1832.
ggd
{z+ By} :={z+ex; x € By}
000.000,000000,

Vol(l-l—;]Bg) > Vol( {z+§1532}>
ZeN

I
<
o
=N

gog

oooooo.oooog,
e\ 3\ ¢
NY< (|14 = <|-].

00 2.30 X eRYO00000 o2(¢c>0)00000000000000.0
ooo,

E[max@TX] = E[mawaXq < 4oVd.
OEB, 6€B,
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ooo,vs>00000,

P(maXHTX =max |0 X| < soVd+ 25\/210g(1/5)> >1-96

0cB; 0B,y

ooooo.
000 NO Eudid0ODOOOO0OB, 0 (1/2)0000. 000,00 21600
#(N) < 6
000.60€B,0000,32e NDzecRYO |z;<1/200000000,
O0=z+=x

oooo. 00000,

max0'X =maxz' X + max =z X.

6cB2 zEN xe(1/2)B2
ooao, ,
Lo @ X = smaxd X
ooao,

max0' X < 2max 2T X.
0cB2 zeN

ooo,00 22300

E[gn%xoTX] < E[QmaszX] < 20v/2log(#(N)) < 201/2d1log 6
[S1:.5)

zZeN

< 40/6.

oboooboooooobooboo.onb 22300

2
]P’(maXOTX > t) < ]P’(ZmaszX > t) < #(N) exp(—t>

0cB, ZEN 802

6%e 2
xp| ——= ).
P 8c2

t2
exp(—ggQ> +dlog6 < § <= t* > 80?dlog6 + 80 log(1/4)

IN

aog
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0 8logb<400000,

t :=4oVd + 20/21og(1/9)

oooo,
t? > 80%dlog 6 4 80 log(1/6)
ooooo,
P(gn?BXBTX > 40\/g+20\/210g(1/6)> < P(gn?BXBTX > t)
€B2 €2
<

t2
exp(—&'2 +dlog6) <§

ooo.oboooooobooon,

P<max0TX < doVd+20/2 log(1/6)> >1-6

0B,

gooog. O

5 Uuuubbbubooobbbuboooobn
O

oooog,0o0b0bb0b0bb0bbbbbbbbbbbbbbbbbbbo
Jo0o00oooooobo. 00000000 ooooOoO Bernstein OO O
goodooob. oo oooobooobboooboooooooa
goooobboooooo.

00,»00000000000000000000000 P(Amax Y, X, >
t)DDDD,DDDDDDDDDDD. gooooboooobooobooa
0000DoooooD.0oD,dxddoooo A, BOOOO, AB+# BA
ooo,

exp{A+ B} =expAexpB

gooob,boboooooboobo. oo,

exp A = = A'=1, o0=1
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goo.

oo

Mat(d; R): dxd 00000000000,

Sym(d; R) := {A € Mat(d; R); A= A"}.

Sym™(d; R) := {A € Sym(d; R); ADDDOO <=« Az >0 (Vz € R?) }.

Sym™(d; R) :={A € Sym(d; R); ADDOD <=z Az > 0(Vx € R,  #0) }.
000000000.0000 AD000, MA)G=1,2,...,d0 ;0

uoooboooobooobo.oooa,

M(A) >0 <= AcSym'(d;R),
M(A)>0 <= AcSym™t(d;R),
00 23100 f: R—ROOOO. A€ Sym(d;R), A\, Ay, ..., \g OO

0000,\A)(G=1,2,...,d 000000000000 w,; eRE00D0.
oooo,

d
A= Z)\juju;
j=1
goo.oooo,
£A) =37 FO yuu”

j=1
goooo.
oog,
4
epr:Z?; A'=1I, 0'=1
j=1
00000000000, 00, A € Sym™(¢;R) 0000, 00 log :
Sym™t(d; R) — Sym(d; Ry D0 O00D00. |[A-I4) <1000,
lo A:mﬂA—Ij
g JZ_; 7 ( d)
0000000000.000, A= (a;x) €Mat(d; R) 0000,

Al =




000.00000000,00 (1973, p.88)00000.
000,A BeSym(d; R) 0000, A<BOOO,

Trexp A 2 Tr exp B
O00.00,A, BeSym™ (¢;R)0000,A3BOO0O,
log A < log B (2.5)
ooo.

00 2.32 A, B e Mat(d; R) 0000, (25) 0000000000000,
O

5.1 Laplace OO0
00 233 YeSym(d; R) 0000000000, 0000,VteRO0OOO,

>t <i —6t
IP><)\max(}f) = t) > 51;%{6 E l:TI‘ {exp(GY)}} }
000. 000, Aex(Y) D Y OOOOOOOODO.

gog

]P()\max(Y) > t) = P(Amax(GY) > 9t> < eet]E{exp (/\max(QY))]

eatE{Tr <exp(0Y)>]

000000000 0000000 X1, Xo, ..., X, 000000, Bern-
stein 00000 Hoeffding 0100000000000,

E{eE?IXJ} = ]E[Jﬁl eXf] = f[l]E[er]

IN
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000000000000. 000, A, BeSym(d; R)0000,0000
exp(A + B) # exp(A) exp(B)
OO00.O00000, Golden-Thompson 00 00O
Tr (exp{6(A + B)}) < Tr (exp(0A) exp(0B))

uoboooooobooobo.oo0,0b0000,000000 30000040
ooooooooon.

00 234 00 f: Sym(d; R) — Sym(d; R) 0000000, A, B €
Sym(d; R)0 0<A<10000,

fAA+(1-NB) > Af(A)+(1-AN)f(B)
ooOoOooooood.
00 2.35 (Lieb0ODO) H €Sym(d; R)000. Sym*(¢; R) 00000
f(X) :=Tr exp(H + log X)
O00D00. 0000, f0 Sym™ (¢;R)00000000.

000 Ruskai (2002, J.Math.Phy., pp.4358-4375) 00O O . O

0236 X,HecSym(d;R) 00, X 00000000, HOODOOOO
0.0000,

E[Tr {exp(H + X)}] < Tr exp{H+logE[eX]}
ooooo.
O00Y =eX 000. Jensen 0O O0OO0ODOOO,

E[Tr {exp(X + H)}]

E[Tr {exp(H +1logY)}]
Tr {E[exp H +logY) ]}
Tr {exp(H+ElogY)}
Tr{exp(H+10gIEe 1)}
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00 2.37 X1, Xo, ..

00,v9WeROODODO,

E [Tr exp(z 60X
j=1

L X,€esym(d; R) DO0O00O0OOOOOOO. OO

])] <Tr exp(ZlOgE[GXJD'

j=1

0000000000,9=100000.5=1,2,...,n—10000,E; O
X, X,,...,X;00000000000000000.00,E=E000.
00000000000 LiebOOOOOO

E[Tr eXp(Z X;)] = EoEi--E, ;4
j=1
< EgEp - Epno
= EoE;---E, -
= EoF,--
< Trexp <

j=1

T esp(3 )|

L j=1

r n—1
Tr exp(z X;+ logEnl[eX"])}

Jj=1

r n—1
Tr exp(Z X+ logE[eXnO}

J=1
n—2

‘En_3 [Tr exp<z X

Jj=1

+1ogE, _1[e® 1 +log ]E[eX"])]

g

00 2.38 (D0O00O0OO0OOOO)vteROOOO,

RS

p(xmax(

goooo.

n

D X;) =t

Jj=1
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oooob 237000 pro:3—-80000.

n

P(/\max(;xj)zt> < ggg{eeE[Tr{eXp(jé@Xj)}”
< 52% {eetTr {eXp (zn: log E[e"Xf]> H )

j=1

0239 0000 g: (0, +00) — [0, +oo) U {+o0} 00O DODODO A; €
Sym(d; R) (j=1,2,...,n) 0000,Vje{l,2,....,n} 0000,

E[e”] Zexp{g(0)A;} (0 € (0, +00))
DooOoooDood.

pP= Amax <Z Aj)
j=1

000.0000,vteRODOOO,

P(Amax(i X;) > t) < dggg{exp(—et +g(9)p)}

Jj=1

goooo.

goooo 23800

=]
N
>
2
I
%
A~
NGk
i
~_
vV
~
~_
IA

ggg e Ty {exp (g(e) Zj; Aj) }
inf e Ty {eXp (g(e) Zj; Aj) }

inf e~ Ty {eXp (9(9)p1d> }
(- AZ B=exp(A) Zexp(B))

— inf e‘atd{exp(9(9)0)}

0>0

IN

IN

= ér;% exp{—@t + g(@)p}.
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00 240 EX] =00 A\ux(X) <1000,V eROO00D,
]E[eox];jexp{(ee—O—l)]E[Xz]}
goooao.
oooodo f;,R— RO
e’ —0r—1
2
f(x): 92 z
2
000d0.00oo0oD0 ROOODODOOOOOoOoOooooO.ooooo,

(x #0),
(x =0)

fl@)<f1)  (z<1).
Amax(X)<1000,X 21,000,

f(X) 2 fHa) T f(W)1a.
OooooO

X = IL+0X + Xf(X)X
2 I, +60X + f(1) X2

oboooooboooooboo,

E[e"X] 3 Lo+ F()E[X?] 3 exp(exp f(1E[X?))
= exp{(e’ -0 - 1E[X?]}.

00 2.41 (Bernstein 0000) j=1,2,...,n 0000, E[X;]=00, 0
000000 Aax(X;)<ROD0.000,RO0000000.

o
o* =1 _EXlopi [ Allop = sup VuTAu(A € Sym(d: R))
j=1 e
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O0O0.0000,vt>00000,

fo($5) )

J=1

A\
QU
@
]
ko]
/‘\
o]
>
7 N
BT
N————
N——

t2/2
< d
e’q’( 2+<Rt>/3)
3t? 2
deXp —&‘2> tSf
<
- dexp _3t t> o
S8R R
goooo.ooo,
h(u) = (1 +u)log(l+u) —u (u>0).
oooooobDoO0d,R=100000.00 24000
E[eer] = exp (g(@)E[X?]), g(0) = ef—0-1 (60> 0).

023900

P(x\max <zn: Xj) > t) < eexp(—0t + g(0)c?).

Jj=1

f(0) == -0t — 0%e? — 520 — o

t t
f’(@)—ft—026970220<:>69:1+—2<:>0:10g 1+
o o
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ooo,

]P’(Amax<ZXj)2t) < dexp{tlog< ) ( )02}
j=1
= dexp{—tlog( )-i— ( t2>
—U2log( ) }

) t t
= dexp{a (1+02)10g(1+02 +§
= dexp(—02h<t2)>.

o
oo,o000
u?/2
h(u)l_’_i/3 (u>0)
ooooooo
2 3 2 2t24 t2
d —o°h| — < d — z =d
exp< o <02)> eXp( g 1+£2> P( 2+t/3)
2
dexp —§t2> t<o?
o
= 3t> ,
dexp 3 t>o

goo.
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