18 Hfm: BRZ2E - TR - H#
R - ot - BB

A1y
Jdiq

1.1 EFEESH
BEEDRS: d,p ZHRKE L, v 2 R ED o BRAZHE 35,
o Cy(RY): RY - TREEX N AFEEEREER S kOES.

o LP(RY, v): RY EOFEBMEHBEET [.]f(2)Pdv(z) < co D
HDEMRDES.

EBREE.BCRIZHNLT

)] 1 (xeB)
ﬂ“”‘{o (v ¢ B)

EREDD. FHIZ, Lo q(x) (@ € R) ZfHHIZ o < o} LTI &I
T5.

1.2 MHEXREIEXRZTHDESE

E& 1.1. Q 2= TRVWELGE L, A% Q OEPEEGHELT 5. AKX
D 35&MEAZTEE, o IEBREIFIENS.

(1) Qe A.
(2) Ac A= Ac A
B) A,eAdn=1,2,..)=> 7", 4, €A

EELA={weQwd A TH5. QL ADH (O, A) ZE 7
RN

YAl A, CRI(n=1,2,...) TU L, A, =R L LEEE, v(A,) <o 75
HEDZ L.
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EE 1.2. C % Q ORDEAHL T 5. MAREHC 1T o INEMZ A7z
LT\, 2oL & £5K olC] %

olC):=(Y{F: FoC F i o ki }

TEDS. THL oC] 1t o MEHL B2 L E2HNIDE ZENTED,
X520 % CAEABD o MEKE Lk &

olC]C g

LB ENEB IR, Thbb oC] & C 2 AUE/N (BaERO
FER) D o LI L 72 5. 0

& 1.3. Q=R &L
O={0CR; 0 IZR OHES}
£9%.00] # RO Borel REHR LTV, B(R) Lild. £/
C={(—o00, ) CR; z € R}

LB IOLECIEO DEEHESTH B oC]=0[0] LHB2Z
YARHISNT NG,

EE 1.4. (0, A 2allzEME 35, A LOBK
vi A3 A v(A) €0, 00) U {oo}
LIRD 2 Sfb % sz d & & AMIZERT (Q, A) EORIES IFEN S,
(1) v(0) =0 TH 5.
(2) BEWVICHER A 45 A, e A(n=1,2,...) ITRLT

V(G An> Y v(A,) = lim 3 V(A

n=1

B MY

Zhon 3 20M (Q A v) ZRIEZEBEE NS, &<IiT,v(Q)=10D¢
S HEERAFEEVWD, (Q, A v) ZHBEERE NS,

20(C] C o[O] EHEATH 2, FOWUEGHEBELRT I LN TE S, ZOHDIEH
\&, Dynkin OE & Euclid fiAHDOFFE % W TIEANTE 5.

EFIZ Q FORHIEE B WS,

imAn 251, ApNA, =@ BERIZLTWEZ L.

6



2026 FHRat R RlEE S (2026 3 H 13 H)

DT, MERMEZ Pr(-) i3 221295, (Q, A, Pr) 2Rz
&9 5.

W 1.5. (0, A, Pr) ZHEREBET S, DL ELUFBRTT 5.
(1) Pr(@) =0 TH 3.

(2) Ac AITHRLT, Pr(A°) =1 —Pr(A) &725. 7272L, A 1Z A D
HERT, A ={weQwd A} TEHRINS.

3) NeN T3, {4V, C A BHWICHRESI3

() =3

Y%,
(4) A, Be A, AC B=Pr(B\ A) =Pr(B) — Pr(A) £ %5%. k5T
AC B = Pr(A) < Pr(B)
PRSI .
(5) Ay € AN A, C Ay (n=1,2,...) ZAETRSE

lim Pr(A —Pr(UA)
bR AN

6) Ay € AB Ay D A (n=1,2,...) 2AETESIE

1;m Pr(A —Pr(ﬂA )

ER5.
(7) (Boole DEM /=% - NTUVR) A, € A(n =1,2,...) K
LT
Pr(fj An> < i Pr(A
n=1 n=1
ER5.
Proof. fii 1.7.1 #2300 Z &. 0
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TE 1.6. (U, A) 2HEMET 3. GH X Q — RIF(Q, A 1
(R, B(R)) ~OMHBKRTH 3 &%

X'B)={we® X(w)eB}e A (VBeB(R))

AT ELEEZND.

Z17. ()d>2(deN) 35 X:Q — RDAPEHD L &,
X (3HERZERH (Q, A, Pr) LOBEERY MLEIFENS. EHEINTNWD
MERZEMIZERIEN RN & ST, fHRICHERR S ML WS 28 H 5.
(2)d=10r &, X LM (Q, A Pr) Lo BEREH LTINS,
ﬁ%éﬂfu\éﬁﬁfwﬁﬁc:%@mm\t ST, BHRICHERZ R E WD
ZEEbh 5. O

EHE 1.8. (0, A) 2 JIZEME L, X: Q > REZEHEL,CEZROD
éﬁxé\ﬁ%‘ez‘:ﬁ‘é.VCeC IHLT, {wed X(w)eCe ATHY, CH
BR) #ERT 25L&, X Fafle 225,

Proof. B € BR) {2 LT, {weQ: X(w) € B} #{X € B} £#Z
1I29%. {B,}2, C B(R) I LT

{XGUB} U{XeBn}

n=1

{XeB}={XeB}

L5, LizhioT, /1D = {B € BR); {X € B} € A} I o Jnik
HE(BEZSIE, R BMADS) %45, £oTCT,CCcDTHY,C Ik BR )
EERT 20T, B/MENPS BR) CD 4252206 X IFHEREK

HBILNbrbd. O

AR 1.9. (1) (X, B) = (R, BR)) 2L T, B 1.8 128175 C D
REUT, {(—o0, r]; r € R} & {(~00, q|; ¢ € Q} REDVDH B.

(2) d>2(deN) &35, (X, B)=(R% B[R)) LT, EH 18128
75 C DERELT

{(ay, by) x (ag, by) X -+ x (ag, bg); —00 < a; <b;<oo(i=1,2,...,d)}

5. O

FE 1.10. LFDZ L Z2EFHHTE 5.

PBIEC 2EBTERND o FAHIK.
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(1) (2 A), (X, B), (Y, C) 2aifilEMe 5. X: Q - X & f: X -
Y ZAHIEHEDO L & F(X): Q — Y IEAHIEGE 25,
2)neN&U, Xy, Xy, ..., X, BHERLHKEL, f:R" - RIEWHl&
T2, ZDEE f(X, X, ..., X,) (ZHEREHL LS.

(3) { Xy}, ZMERLBIIETEH. ZDLE

inf X,, supX, liminfX, limsuplX,

n

EERLERE 5. 72721

(1nf X,) (@) = mE{X0 (@), Xo@). -} (e D)

(sup X)) (@) = sup{X1 (W), Xo(w), ...} (wEQ),
(imnint X,)() = fim (1 {600), Xen (@)} (e D),
(tmsup X,) () = lim (sup{Xu(@), Xprr(@), ...} (weD)

n n—oo k>n

Thsb. O

M 1.1. 7R 1.10 @ (1) — (3) ZFEHHE &£,

1.3 &R, B0 0 K6k, BREHI ORI

EFE 1.11. ABec AL LT, 2O00HEL AL BPRITHSLIF
Pr(An B) = Pr(A)Pr(B)

DD DE ER NS,

& 112. NeNN>3,295. A,cAk=12,...,N) LT,
HEDEED {A Y, W TH D LiE, [FED 2 < < N &{EED
1<k <k <---<k<NIZXHLT

Pr(ﬁAkJ) :f[lPr(Akj) (1.1)

DD DEE RN,

EF 1.13. —RIZHEMELREESHKE A IZX > THRAFEMNTOSNZHLD
BED {Atren, A € A DPBRITH B L1F, A DEEDOERBHES
{ki, koy oo, k) CAITHUT (1.1) DD DEEERND.
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EE 1.14. A, A, 2 A DED 0 EEHR, Thbb
B A (k=1,2) 1k o INEKET A, C A

EAIT. WD o BEIR A & Ay IZRIITH D IE, ERD A € A
L Aye A ITRHLT

PI’(Al N A2> = Pr(Al)Pr(AQ)
MWD DL EZ NS,

EF: 1.15. (1) Ay, Ao, .., A Z A DT o BBBEEL TS, Ay, Aoy ..., Ax
DI THD LI, EED Ay e Ay (k=1,2, ..., N)IZLT

o({)0) - e

MDD ER2 NS,

(2) —fRIZIEAEES A THRAFEN T SNz A DHY o BABHEDOEE
D {Ax}rer DI TH B 213, A DEZDOERIBAES {ki, ko, ..., ke}
LT, {A Yo, I THELER NS,

(3) {Andaer DOMEREDHM j Ak, ke N) LD LE A & A, DI
VDL E {A}er FHRITEICHIIE NS,

SEE 1.16. —f%IC
o MERR { A, 1FMNT = 85 o MIRERE { A}, (Z T
WEHAES 5. LA L, #EETIERW. O

EE 117, (1) BEEH Xy, Xo, ..., Xn BRITHS 2 1E, FEHED
B, eB[R)(k=1,2, ..., N)IZ&LT

N N
Pr(ﬂ{Xk. € Bl-}> = [ Pr(Xi € By)
k=1 k=1
BROULDL EE NS,
(2) ~MUIETTRES A THRAFNT SNHREBOEE D {X)}en

BRI THB L3, A OEEOHRBAES (b, ko, .., e} & A €
BR)(j=1,2,...,01zx%LT

l 0
Pr(ﬂ{ij c Aj}> = [[Pr(xx, € 4))
j=1 j=1
U RACE - AN N

10
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1.4 HFEOESE

1.4.1 HFEOESE

MR X OMBAEZTO 3 DO, O X OB 5 2E0ES
NERTH 254, @ HAMEMRERDOIGE, @ —KDOGE, DIEIZE
ZLTWL. O ~ @ DEERITD Z L 21ZHE#ME WD,

O MR X OB 5 2HEOEEHERD & &

EFE 1.18. MERLH X FHMTH D L1, X DY 5 2MEDEA {X(w); w €
Q} WERTHLEZLZ2 VD,

{z1, 22, ..., 2} = {X(w); w e Q} &FEL. LU, 2y, 20, ..., 7, 1F
RLDMETHD. ZDLE

A ={weQ; X(w) =1} (j=1,2,...,n)

i
X(w) = ijnAj (w) (1.2)

CEFDL. A}, EQ OERBAE LR >TVD ZEITHERT 5.
(1.2) D &S RIPTRILE NDMERLL % BHE (simple) &\ D.

EE 1.19. BIRHERZH X =37 2,14, (v, €R, Aj € A) ITH LT,
X O H5E E[X] %

E[X]=E {Z g;j]lAj] = a;Pr(A;)
j=1 Jj=1
TREDD.
E 1.20. X, Y ZHMAHRERE L, 0, b>0289 5. 2D
E[aX + bY] = aE[X] + bE[Y]
N AIRVASR

Proof. zj, ye €R(j=1,...,m; £=1,2,...,n) &L, {A;}7,, {Be}j,
ZQOREETS. X, Y BEMRDOT

X:ij]lAj, Y:ZW]IBZ
=1 =1

11
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YEFETE. TEL {ANB} s mir..n b Q ODEL D
AOPE

E a)(%—bY’ [j?:

J]=

n

CLSC] + byg ]1A QB£:|
=1

3)—‘

=) (ax; + byy) Pr(4; mBg)]

j=1 ¢=1

—aZx]Pr(U (A; N By) ) +begPr(U (A; mBg))
_aZxJPr( (UB@))‘FbZQ@PI’((O )ﬂBg)

\,_/
=0 -0
=a Z z;j Pr(4;) + bz ye Pr(Be)
j=1 =1
— GE[X] + bE]Y]
5. BT RE . O

B 1.21. X, Y Z2HMA DM RHERERE L, a, beR TS, Z
=1

E[XY] = E[X]E[Y]
i RVASY

Proof. i 1.20 OFFHOF S 2T 5. £7, €% L.17(1) ITHERT
5 &

X LY g
& Pr(A; N By) = Pr(A)Pr(B)  (Vj=1,...,m;l=1,...,n)

ThHhHILIZEETS. 75

m

E[XY] = szjygpr (A; N By) :i 2,;y0Pr(A;)Pr(By)

(f%fr )(Xﬁﬁdﬂ): [X]E[Y]

NHird. 0

@ FEEERE SRR I 2 WA

12
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EFE 1.22. JFAlEMERZH X O E%E
E[X] =sup{E[Y]; Y I3 HHM2MERLHTY < X}

TEDD. 272U, E[X] =00 BFT.

HERERF) (X, )0, /X THhHLIE X, < Xy < -0 DD lim X(w) =
Xw)(weQ) ZAlcd ZLTH5.
IR 1.23 (HFHMAEH). {X, )00, IZMREHT] 6 TE[X,] > —c0 2
DX, N X ekl ded b ZDEE, X FHEREKT

lim E[X,] = E[X]

DKL 5.

Proof. fii 1.7.2 #&HE &. O
EM 1.23 ZHAWS 72012, BT, (z) : [0, 0) — [0, 0) &

U, (2) = min (n 2in 12" J)

CEDD. EEL, 1] HreR AMABRVEAOEKL TS, T
>0 UT, U, (2) >0 2D {U, ()}, Mo LRBIENELIZD
"5,

WmE 1.24. X ZIFAMMHREHE L, X, = U,(X) &BL. 20 E,
X,>0neN), {X,} "X T X, $HMMELELHE RS,

Proof. fi 1.7.4 #Z8& &. O

® —HRDHERZHNI NI HIARHE: WERZM X 1T LT

Xt (w) :=max{0, X(w)}, X (w):=max{0, —X(w)}

YIEDD. THE Xt X 1RE b ICHAMEMRER Y 25, E[X*] < 0o
EFEEX ] <oo DEF

E[X]:= E[X*] — E[X]

YIED B, E[XH] =00 2D E[X ] =00 D& ¥, E[X] XEHS AR,

62 Z T, JEAMEMERARBIIN U CHIFMEEZ EHR U720, —ROMRER X OWfE
iz @ DRETCEETDHI LTk,

13
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TBY, —~MOMERERITH LTS E]|X]] < oo, E[[Y]|] < 0o D& &
E[aX + bY] = aE[X] + DE[Y] (a, b € R)
MDD, 51T, X &Y AT E[XY[] < oo D& E
E[XY] = E[X]E[Y]
AN D AVAC RSB
X Q — R &REREM (Q, A, Pr) LOEHRS NARERER L
T5.
(1) PX(B) :=Pr({w € Q; X(w) € B}) =: Pr(X € B) (VB € B(R)) % X
DRBEND.
(2) F¥(z) = Pr(X <) = PX((—o0, 2]) (Vz € R) & X OREDHEL
(fEEIZ AR E VD) WD,
(3) EED z e RITHUTHEREZH X OnFi%E PX &L,m%ZR LD

Lebesgue M & 9% . JFEMHEBIE p* T [T p*(z)dm(z) =1 2HkT
HLDOMRFHEL T

P¥(B) = / oX(2)Ip(z)dm(z) (VB € B(R)) (1.3)

LAETEE pX & X OMERERH (p.df) &V,

B 1.2. (1) HERZR X O PX I3 lZEM (R, BR)) LoORERNE
L% I efERE L.
(2) FERZE X O/MBE FX ZUTFTOME 273 2 & 2R L.

o 0 < FX(CU) < 17T, lim; e FX(x) =1, lim; FX(:E) = 0.
e FX I R ETHEA. Thbb, z<y = F¥(z) <FYX(y).

o FX X R FOAEMGEE. T405  lim o0 F¥ (v+e) = FX(2) (Vo €
R).

o FX DA s 42 iRl

EFE 1.25. X, Y 2HEREHE L, T hOomBERE FY, FY &L
ET5. X Y ONMmEMNEL &I

F¥(z) = F¥ (2) (Vx € R) (1.4)

DEZZWND.

14
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TR 1.26. HERER X, Y O04i%z PX,PY £ELLTA. Z0EE X
LY On4ibE U ThHE

P*(B) = PY(B) (VB € B(R))
MDD EDRHOENT WS, ZOHEEZBEFEZAT, sMAHHELTH S
Zr%(14) TEDTWVS. O

il 1.27 (WEIFEORITAN). MEREH X &, Lebesgue I 2R
5% pdf p* 2RO TS EEOWHEKL: R — RIZHLUT,
Ep(X)] WEEIND LT D ZDLE

ERETE5.
Proof. fEE® B € B(R) I LT, h=1p &L &
E[r(X)] = E[15(X)] = Pr(B)

Y725, —F, (1.3) LT B L

/OO h(x)pX(x) dm(z) = /OO ]IB(:U)pX(x) dm(z) = PX(B) = Pr(X € B)
LR, ZOGEIIFEHOTENEL V. HEid, EEEE O ~ ® D
BRI & B IX . 0

FR 1.28. JIFHEIZEE$ 2 AN FHFE 2 L TR TEH <. Gt
iF, BRI U T, oL 5 2 & 2R U 21T, BER A
v k.

(1) X &Y ZIEMEMEEHRE U E]Y]| <0 2T5. ZDLE

X <Y = E[X] <E[Y]
ASALT 5.

(2) X &Y BREREEL L, E[|X]] < 0o BOE[Y[] <00 £T5. 20
v

X <Y = E[X] <E[Y]

NI RVACRLSR
(3) MEXRZH X T E[X|] <00 &T5. ZDEE, |E[X]\ < E[|X]|] &7
5. O

15
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E&E 1.29 (8. X % E[X? < 0 B MRLKLTE. 2D E X
DAE Var[X] %

Var[X] := E[(X — E[X])’]
TEDS.
EE 1.30. E[X2] < 0o & 5IF, E[|X]] < 00 Db 5. RS

|z| < max(1, |z]) <1+ 22
oke

E[[X]] < E[max(1, |X|)] <1+ E[X?

mobmb. KoT EX?Y <00 2IKET DL X ONWMNEHRIND T
ERoN5. O
Rd 1.31. X ZIAMEMRLHETDH. 2Dk &,

E[X]=0= Pr(X=0)=1
L5,
Proof. £73

A={weQ; X(w)>0}={X >0},

A, = {weQ;X(w)>l} (n=1,2,..)

n

B THEA C Ay C DA = A 2B KoT,

B15(5) 5 "~
lim Pr(4,) = Pr(U An) = Pr(A) (1.5)
n=1

&b, —H, A, CABDT,0< 1y, (w) <Iy(w) (weQ) T "H5B. Z
DI EIERT L

0=E[X] = E[X14 +X14] > E[X14] > E[X14,]
>0

1 1
> “E[Ly,] = ~Pr(4,)
n

S

1 (we A)

7 . =
mﬂih.QBwHﬂMM—{o (w e A%

BOMREHTH 5.

16
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21355 Li2oT, Pr(d,) = 0(Vn € N) Bbh 5. (1.5) Labe s
YPrA)=0&%55. £oT

1 =Pr(A°)
_ Pr(({X <OPN{X >0} U ({X <0pn{X < 0}))

=Pr(X =0)+ Pr(X <0)
=0
NRE 7. 0
fRd 1.32. X ZIAMHEMREHE L, p>1 95 ZDLE
E[X?] = / prP L Pr(X > z'/?) dm(z)
0

b, 72720, miE R E®D Lebesgue HIETH 5.
Proof. f¥.D7-H1Z, X 1% Lebesgue HIEIZEA9d % p.df. p¥ 2Fo&
LT % 5% 5. Fubini(GEHE 1.42) OEHE AN 5 &

/000 paP T Pr(X > 2'/P) dm(z) = /OOO prP~t {/:O p™ (1) dm(t)}dm(g;)

1/p

- [o { [ e ama) | amio

=tp

Il
~
3
©
>
—~
~
S~—
(oW
3
—~
~
N—

L5, O

1.4.2 HFEDOFFN
R 1.33 (Markov DAER). X IZIHAMHELHLTE. 2oL

Pr(X >1) < y (Vt > 0)

MKALT 5.

17
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Proof. E[X] =00 D& &%, FEXITHPEZRD T, E[X] < 0o & U TEEMH
TRV,

X = X1, 00)(X) + X1 1y (X)
CETBZLITERET S, T 5 L HIRHEDRRELM D S

E[X] = E[X 1 (X)] + E[X T (X)]
>0

> E[X Ly o) (X)] > tE[1}, (X)) = ¢ Pr(X > 1)

LDHLN5. O

% 1.34. (Chebyshev ODAEN) X ZMERZEHE L u = E[X], 0? =
Var[X] <oo(0<o<o0) €95, TOLEVE>0ITHULT

0.2

PMX—Mzﬂggg

NI A RVASH
Proof. (X — p)? X LT Markov DA% (M 1.33) 2@MHT 5. ¢
e

Pr(|X — | > t) = Pr((X _ ”)2 > t2) < EKX]; ,U)Q]

Nhoird. O

EIH 1.35. (Cauchy-Schwarz O ARFERX) HEREH X &V 2 2 IROAHR
Bt RO & &

E[XY]] < VEXTEN?]
AN
Proof. i 1.7.4 22 & &. O
EE1.36. B g: RR VN THEEH 2, ycRE0SVEL]
WXL T
gtz + (1 —t)y) <tg(z)+ (1 —t)g(y)

DAL THEEEZVD. THIT —g MDD E E g 1K concave THD L
WD,

18



2026 FHRat R RlEE S (2026 3 H 13 H)

EH 1.37. (Jensen DAER) X 2 HRLIIRHAEZ R OMEREH L T 5.
(1) B8 g: R — R X4 T g(X) OIFHEIXARD & &

Elg(X)] = g(E[X])

AN
(2) g ' concave D & &

Elg(X)] < g(E[X])
5.
Proof. Vo € R IZH UL THBEM r € R BFAE® LT
g(E[X]) +r{z —E[X]} <g(z) (v €R)
L5, 217 X ZMRAL T EOARERD ML D IARHE % H
9(E[X]) < E[g(X)]

Nonb. O
% 1.38. (Young DAEX) p,g>1 &L

-+-=1
P q
BEAZTETBH. DL EVa, b>0IIZF/LT
p q
ab < a_+b_
P q
AT
Proof. B# g ZiM& L, Y ~ Unif(0,1) £ 9%, AlfESBEE A R — R
IZHUTX =h(Y) &9, €8 1.37 6

o[ 1) amio)) = o(€x)) < EL0)) = [ ) ami

2185, 7272U, m IZ R _E® Lebesgue flfETH 5. ZZT

SET A42 2 BIR.

19
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Y5 T5 LB g 30T

1 log b
ab:exp{p oga+q °8 }

p q

1/p 1
:exp{/ plogadm(y)+/ qlogbdm(y)}
0 1

/p

:exp{/0 h(y) dm(y)} S/O exp{h(y)}dm(y)
= %exp{plog a}+ %exp{qlog b} = a;j’ + %q

Nhoird. O

Pl v MR X Y 1 E[XP] < oo, E[Y]] < 00 2B T

P 4
9% Z0LE E[XY|] <o T

EIHE 1.39. (1)(Holder DAER) p, ¢ 131 <p<400,1<g< 40 &
1

E[XY) < {E[IXPT} eV}

AN .
TN 1
(2)(Minkowski OAFR) 1 < p < 400 T—-+ - =1 &L, HRE

p g
BX, Y IEE[|XP] < o0, E[JYJP] < 00 AT ETE. ZDLE,
E[|IX +Y]P] <oo T

(EIX +Y P} < {EIXPI7 + {E[Y P}
L755.

Proof. fii 1.7.5 2&RE &. O

1.4.3 IURER

EIE 1.40 (Fatou D). C(> —oo) ZEEE U, {X, )52, ZHEREL
Fle U, X, >C(YneN) £§5. ZDLE

E {lim inf Xn} < liminf E [Xn}
n—oo n—oo

DD LD, 72720, AFERITHLD +oo0 DHEEBLEDTVWAS.

Proof. Y, = infy>, X & U

Y = lim Y,, = liminf X,

n—o0 n—o0

20
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B IOEE Y, >C T2, /Y BB X5, Y, <X, T
B 5. WIHE D NE 7 ORI VE & BERIDRE D &

liminf E[X,] > liminf E[Y,] = E[Y]

n—oo n—oo

WOs. Ko T, MO ERIFGEH S 7z O

EIE 1.41. X, X1, Xy, ... 2HERZRFIE L, X, B X 5. 251
HOHMERERY DFIELT, | X, <Y (VneN) 2D E[Y]<oo &T 5.
Dk E

lim E[X,] = E[X]

n—oo
NS WRVASH

Proof. i 1.7.6 &% &. O

DE, J Tz DDA VD Fubini OEM 22 THE L. 8 1.42 139k
FEMER BN T 25D THS. —F, EH 1.43 IFIFEME LIRS 7%
WHERZERIZNT 25D THD. 2D, aJfEOMENRERING Z &I
85,

EH 1.42 (Fubini OFEH). X ZHERZEM] (O x Qp, A; X Ay, Pry x Pry)
LI FEMEMERER LTS, 2D E, ARDELT 5.

(1) B Q) 2 wy = Yi(wi) = Epy, [X (w1, )] 13HERZER (Q, Ar, Pry)
FOMRERTHS.

(2) BHEL Q) 2 wy > Ya(wa) = Epy, [X (-, wo)] 13HERZER] (Qy, A, Pr)
FOMRERTHS.

(3) Epr, [Y1] = Epryxpr,[X] = Epp,[Ya).

Proof. & (1) ~ (3) & A7 IEAMEMELZMDESIX Dynkin [ETH
52 xmmU, »EIFEEERME VX X, O

I 1.43 (Fubini OEH). X ZHERZERM (O x Qa, A; X As, Pry x Pry)
FOMERERT Epyupn, | X <00 T 5. ZOLE IFAPKRIT 5.
(1) Pry —a.s. Zwy 12U T, BEREE X (wi, ) 1 Epy,[| X (wr, )] < o0
ATz L

_ ) Epu[X(wi, )] (X(wi, +) € LH(Pry)
Yifwr) = { 0 (ZDMDBE)

& LY (Pry) IZB S 2 MERLMTHS.
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(1) Pro —a.s. 7wy (ZX U T, MERAE X (wi, ) 13 Epr [| X (-, wo)|] < o0
T AT L

_ ) B [X(wn)] (X(,w2) € LH(Pry)
Yalw) = { 0 (Z DA DBE)

& LY(Pry) IZJB T B MERLEHTH 5.
(3) EPrl [Yﬂ = EPF1><PF2 [X] = EPrz D/Q]

Proof. RERIZEH 1.42 LRIUHETH 5. 0

1.5 Borel-Cantelli DfHRE
BB HES (B, TR LT, {B,, 0} %

{E,, 0.} :i={weQ; Vm, In(w) >mst.we Ly}
= {w € O; w € E, infinitely many n}

EREDD.

78 1.44 (Borel-Cantelli OffifH). >°>°  Pr(E,) < co 72 2{EEDHLRS]
{En}?zozl C:j@“b"c

(A1) =Pt i =

k=1n=k

LiRs.

Proof. Gy, =, En, G := limsup E,, = ﬂGk EHL. 5 G D

n—o0

k=1
Grnn(k=1,2,..) TG=N",G, TH3. {LED ke NIZHLT
Pr(G) <Pr(Gy) (. fliiE 1.5(4))

< i Pr(E,). (. fli& 1.5(7))

LB, N Pr(E,) < oo BDT, Y Pr(E,) =% 0 %30T,
Pr(Gy) =3 0 ThHB. 22T, ¥ 1.5(6) VDL

Pr(G) = Pr(ﬂ Gk) = lim Pr(Gy) =0
k=1
WD 5 . 0

22
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fiRE 1.45 (Borel-Cantelli ®i¥). >>>°  Pr(E,) = oo 72 LR DML 72 H
G5 (B, LT

M(ﬁ[jﬂ)zﬁdﬂwmjzl

k=1n=k

LRs.

Proof. p, :=Pr(E,) (n=1,2,...) &&L. MRS

m(iyﬁ)zila—ng (Vk € N)

EHBER I, r>n > kiU T

Pr(()52) =TT - o
n==k n=~k
IR BHDT
Pr(ﬁ E;) = li_>m Pr(h E;) = li_1>n ﬁ(l —Pn) = ﬁ(l — Dn)
n=~k n=~k n=~k n=~k

MHobnrd DEL 1—2<e(x>0) ICERTHEL, EED ke NIZ
LT

r r

] 3 — . _ T _ 00

lim H(l —pn) = lim | | ePr = lim e~ 2n=kPr = ¢~ Zn=kPr — ()

r—00 7—+00 00
n=k n=~k

5. £oT

m(ﬁE@:w (1.6)

n=~k

noird. LML

e - (A02) - U5

k=1n=k k=1 n=~k

ThHdHI L@ 1.505) IKHEETIE

Pr((limsupEn)c) = Pr(D ﬁ Eﬁ) = klim Pr(ﬁ EZ)
—00

—0 (- (16))
AR T
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1.6 RENESHFEOESE TOEFRNHEER

ZDHITIE, AT ESHERDERD O MFEL T, RN S WRMHE % 5
o MEFRIZBI U TR iR A% & U CTE AT 5. Radon-Nikodym DFE
HE2FMHETIETIERL, BHRIIZHEMEDO LT WEGRIEEZES.

(Q, A, Pr) ZHERZEM L $5. 2 DDHER A, B e A0 < Pr(A4), Pr(B) <
1) MEZoNZLE BER ADNGAboN (Honz) EZDER B D
ST EHEE Pr(BlA) &

Pr(AN B)
Pr(A)

TEFEUZ. £/, R A & B IFHEEMICHI (HRICHSIE WS T
I235) ThBLIE

Pr(B| A) = (1.7)

Pr(An B) = Pr(A)Pr(B)

M THIETHolz. HR A L BIPWHNTHE2DDNBENHSE
1%

Pr(B| A) = Pr(B| A°)

Thd. 72720 AT A DFFERTH 5.
1 1.3. Pr(AN B) = Pr(A)Pr(B) < Pr(B|A) = Pr(B| A°) % it &.

G EMERZHRT D, A & A2 @ & Q 2R Tz o NEERE Fa
BHERD.

Bl 1.4. Faold o IMERETH S Z & 2HiERE X,
ZD o MER Fa l2B$ 5 B O EHER Pr(B| Fa) 2% w e Q
2 LT

Pr(B| A) (we A)

Pr(B|A°)  (w € A°) (18)

Pr(B| Fa)(w) = {

CHEDB. TED DS Pr(B|A) EHEREH S S,

M 1.5. Pr(B|A) BEREHTHD Z L 2ERE L. Thbb, vreR
X LT

{we Q; Pr(B| Fa)(w) >r} e A

2Bk,

24
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IHIZweN) ZRHEIET S &
A > B Pr(B| Fa)(w)

X A EOWEREL 5.
S EHIREIZ O W T B B ED 5. H% A € A ORI E %Y
B (NS HERERIT )

)1 (weA)
La(w) = { 0 (WA

DIFHETH 5. T70bbH

ThdH. ZOZLIHELT, REHE X L UL S BEEH X O
£5 Ac A T BRIMSHFEE[X| 4] %

E[X14]
Pr(A)

TEDIE L. T 51T o LR Fa 2B 2 X O5ME  HIFHE
E[X|Fa] 2% weQIZHLT

E[X]A] = (1.9)

) E[X|4] (we A)
E[Xl‘FA}(w) _{ E[X|Ac] (wEAC)

TEDD. TNELHERELBIZ0DZ EITERT L.

Fl:ﬁ 1.6. E[X’A} = aq, E[X’AC} = ag(al < ag) tj—é :o)f\:%,
E[X|Fa] FHEREI L35I L 2R, $005, Vre RIZHLT

{we D E[X|Fal(w)>r}e A

oL,
TDEZSEMLLTHES. C={A, Ay, ..., A} & Q DAEIE

5. $5bb
AeAli=1,2....n), (JA=Q AA=0(+#))
k=1
Thb. IHIC

.FC I:O'[Al,AQ, ;An]
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L. Thbs CeaURND o NIEKTH S, DL, HERLL
X O Fe BT 2 R4 S HIRHE E[X| Fe] 2% we QITNLT

E[X|./—‘.c}(w):E[X|Ak} (WEAk;k:1,2,...,n)
TEHTD. FHCHEREH X 2FR B OEHEBE 13(X) &35
E[15(X)| Fc| = Pr(X~(B)| Fe)

LEIT 5.

DEID, ORI S HIFEEZEHRT D, Y ZRERERE L,
g R—RZHEHBEU, E[lg(X)]] <oco 2AkT LT 5. MELHKY =
y WEZ SN ED X OB g(X) DERMA EHIRHEE[g(X)|Y = y]
EEHZL LS. HEZORMN S WIFHEZ BARIIZE S NLUTERT S
DIF—RIZIZNETH S, TDDIZ, DFDLS5BERREALT ¢y D
BB gy (y) S LTHEDS. 2D gy(y) DI L& E[g(X)]Y =y]=:gv(y)
EEL. IS gy (Y) DI E%E E[gX)|Y]i=gy(Y) &FELZ2IZT S,

T 1.46. LB gy (y) DMFIEL T, EE DA FH DX 43 T 8 7 B
Bht) T

E[A(Y)g(X)] = E[R(Y)gy (V)] (1.10)

WO DL &,y OB gv(y) % E[g(X)|Y = y]:i=gv(y) LHE, &
Y =y BRERoNZEED g(X) DM ESHIEHE WS,
ER 1.47. 5 (1.10) 2T 2720121 b 2EAEBEEEL T,
(1.10) 2R3 5 Z &N TE 2 LI IR DEHERMIZ L D, KHIZE
BB U TH (1.10) BERNLT 5 Z L hibnb.
ER 1.48. & 1.46 TEDTz gy(y) 1y DL LTHE—DEE S
Zebhb. Tk Radon-Nikodym OEH (EHE A.13) 7S RiE S
52 bnr.
M 1.7. gy O—EM % EHEMIZ (Radon-Nikodym OEH (EH A.13) %
RS AEIE L.
Bl 1.49. HERZH (X, Y) iRk L U, [ p.d.f. p&Y)(z, y) 2FFD
BEICARIIZ E[g(X)|Y =y] ZRDTHLS.

X 3B 7 y OBIE h 12X LT, B3 1.46 DFX (1.10) DAL

E[A(Y)g(X)]
/R 2 h(y)g(z)p™ Y (z, y) dm(z) dm(y)
h(y

/{yeR; pY (y)>0} ){/_Z g(@% ddm(x)} -p" (y) dm(z)
(1.11)
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&%, 72720, m X R _E®D Lebesgue HIfE T, p¥ IZMEREZE Y OJFEL
p.df. TH5. —H, A4l

E[r(Y)g" (V)] = /{ o 020) hy)g" (y)-p" (y) dm(y) (1.12)

THhb. (1.11) & (1.12) DFHLZKT S &
Y o * T p(X7Y)(:E7 y) m(x
= [ o)t i) (1.13)
ThHhDZeDbhd. 22T EED BeBR) IZHLT, g(z) = 1z()
rBlk
Pr(X € BlY =y) = E[15(X)|Y =y]
=gv(y) (. (1.10)
Y P, y)
—/;h()pq) m(z) (. (L13))
:/ p Y (z, y) dm(z)

pY (y)
b, LoT, K MNE pdf. DEFRIFIUFDLSIZRS. O

F150. Y =y 2527 EOBEREH X ORERLE pdf

X‘Y(l‘|y)

(XvY)(
X\Y(

p x’ y) > L
- 7 72720 pY(y) >0 D& &=
z|y) = 7 (0] ( P (v) )

TREDS.
M 1.8. a;, 0 e R,AEALL, FweQITHLTY(w) =ala(w) +
aslpc(w) & 95, TDLE
E[Y X] = E[YE[X| F4]]
R

EHE 1.51. X, Y ZfEREH, g: R — R 2L U, E[|lg(X)]] <
0o AT LTS, 2L, Fild (3), (4) TR, E[|g(X))?] < oo &
723295 Z0LE IR TS.

(1) E[E[g(X)| Y]] = E[g(X)],as.

(2) Y [(ﬂﬂ—ﬂ@(Mﬁw-

3) [E[¢(X)| Y] < E[lg(X)[]?| Y], as.

(4) Elg(X)] =p &BL. 0L E

E[{E[g(X)| Y] - u}"] < E[{g(X) — u}?].
(5) X & Y AU 512 E[g( )| Y] = E[g(X)].
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Proof. #i 1.7.7 # 2D Z &, O

FR 1.52. (2) & (3) DEIRIFMERZH DO K/NERLDT, FEe A LTHE
FIZHNLT D] LW FERTHS.

1.7 EIHA

1.7.1 ##H%E 1.5 DIEHA
(1) FL=Q F, =2 (n>2) £ B E{F}2, EHWIZHEK 45 &
5. EH/ L2 EHWS L

Pr(Q) = Pr(L:Jl Fn> = ; Pr(F,) = Pr(Q) + ; Pr(2)

2185, koT
Pr(@) =0

AN OY AN

(2)FL=A F:=AF,=0n>3) &BL. 35U F.=0»
DAL}, BEWIHIRZRERI B DT, % 1.7(1) & Pr(@) =0
THHILEAND L

1=Pr(Q) = Pr(G Fn> = f: Pr(F,) = Pr(A) + Pr(A°) + io: Pr(@)

= Pr(A) + Pr(A°) (. (1))

Wbord. £oT, (2) IBREr.

B)F,:=A,(n=1,2, ..., N) & F,=0(n>N+1) £ &{F,}>2,
BHEWCHERBERIIT U F = U A 5. E%E 1.7(2) 2V
5k

_ i Pr(4,)

2B5. k5T, (3) BREhik.
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(4) B\A=BNA*”D B=(BNAYUA TH5b. ZDOILIZHEEL
T, FL=BNA F,=A F,=2(n>3) £ B & {F,}2, IFEWIZH
KZERHT |, F, =B 45, €% 1.712) 2H\Wb L

Pr(B):Pr(U ) ZPr r(B N A°) + Pr(A +ZPr

n=1

= Pr(BN A + Pr(A)

Bbhs. koT, (@) TRt
(5) F1 = Al, F2 = AQ\Al, ceey Fn+1 = An+1\An kj:3\< . {Fn}%o:l Ci
HWZHRTH Y

T
=1 i=1 n=1

kinb. £oT
Pr(4) = Pr(U ) ZPr L EFE17(2))
n=1
N
:N“ifiozgpr(F”) = lim_ Pr(Uan>
= lim Pr(A,)

285, £oT, (5) BREE.
6) A= A, &BL. T2E{A\A 12, FA A, C A\ A4A; C
AN\NA, C-r 2B, ZOZLIERLUTHRENZH NS &

Ui\ 4,) = J@inag) =4,n (ﬂAn) — A NA =4\ A
n=1 n=1 n=1

YW (4) & (6) BFIVE L

Pr(A;) — Pr(A) =Pr(A;\ A) (A1 D ARDT, (4) 2z W)

o0

—pr(Uara0)

n=1

= lim Pr(4;\ A4,) (. (6) ZHW)

n—00

= lim (Pr(Al) — Pr(An)> (-AI DA, ;S

n—o0

= Pr(A;) — lim Pr(A,)

Noird.
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(7) £
Pr(A; U Ay) < Pr(A;) 4 Pr(A,) (1.14)
ZRET. ZDEHIC
AjUA; = AU (A2 \ (4, ﬂA2)> Mo A ﬂ(A2 \ (4, ﬂAg)) =
ThHdIEIZEETS. (3) 2o
Pr(A; UAs) = Pr(4;) + Pr(A2 \ (A1 N A2)>

= Pr(Al) + PF(AQ) — Pr(A1 N Ag)
(A D AN A BOT (4) &)
< Pr(A;) + Pr(As) (- Pr(41 N Ay) > 0)

DWors. (1.14) DEEZFRDEEIX, N e NIZH LT

Pr(n(;l An> < i:lPr(An) (1.15)

Bond. {UN A, 3EINE7Ro T, (5) & (1.16) 225

00 N N 00
Pr(nL:Jl An) = lim Pr(nL:Jl An> < lim ;Pr(An) = ;Pr(An)

Noird. 0

1.7.2 FEIE 1.23 DEEBA
D X IZHEREBCTHZZEDHH: Ve c R IZFLT

{(X<a}=(){X. <z} €A
n=1

LR BDT, X IIHEREHTH 5.
@ limy, oo E[X,] DEFAEDFEN:  BFMED S E[X] < E[Xy] < --- <
E[X] &5, £oT, lim, o E[X,] & +o0 BEDTHIET 5.
® lim, o E[X,] = E[X]| OFEDFEH: lim, . E[X,] > E[X] ZREIE
V. E[X)| =00 DEEIX, HHAEDT, E[X;] < oo &IKE L TIEHT
NEEW. Z, =X, - X1 2 Z:=X-X, &BL. KELY Z 13IA
EHEREE 05, Ko T, Y < 7 B HMIEREH Y 12 LT

lim E[Z,] > E[Y]

n—oo
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ZREIX LWV, L\i7Y:Z?:1yj]lAj (Ij € R, Aj E.A) LEL. TS &,
Z(w) >y (wed) DEE

E1Z:) > > u;PriAy)

ZREIX X,
FEED e>0 2L T

Ajp = {w e Aj; Xo(w) > y; — €}

>Z . —€)Pr(A

Thb. HEROEGEMELS

nh_)rEOZ . —¢)Pr(A Z . —€e)Pr(A

b, Lizhi->T

X = Y iPri4;) -

5. ZORERNL, FED e >0 I UTHLT HDT

ELX,] 2 37 y,Pr(4)

o5, £oT,® MEEPHTE . O

1.7.3 #pRE 1.24 DEERR

X, Y ZIHAMEHREBHE L, a,b>02F 5. ZD&E, M 1.20,1.24
N5

E[aX +bY] = lim E[¥,(aX +bY)] = lim E[a¥,(X) + bV, (Y)]

_ 1;.: {aE[\Iln(X)] + bE[\If:(::J}

=a lim E[¥,(X)] + bnh_{glo E[V,(Y)] = aE[X] + bE[Y]

n—o0
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Nbohd. FKIZ, X &Y Mo e &

E[XY] = lim E[W,(XY)] = lim E[¥,(X)]E[¥,(Y)] = E[X]E[Y]

n—oo n—o0

OS5,
X1, Xo, ... ZIFRUMEMERZERS & U & &, BFPURER D) S

E[g X;] = nli_r)IOlOE{\Ifn (g X,g)} — JL%{; E[\I/n(Xk)]}

=3 Him E[w (6] = SOEX

k=1

Noird.

1.7.4 T 1.35 OIAA

EX?]) =E[Y?] =0 DL EAEXIIHPTH 5. E[X?]| #£0 & L TAEH%
EDD. WE, g(t) = E[(tX —Y)?] &BL. MfHEOF % R L TR
DM Z W5 &

0<g(t) =E[’X? - 2tXY +Y?

o EIXYI\ | EXIEY  (E[XV])?
—EX ]{t‘ E[X21} EXT)

LRs.

>0 < E[X?E[Y?] - {E[XY]}* >0

ELXY]\  E[XZE[Y? — {E[XV]}?
g( E[X?] ) B E[X?]

@'axﬂ‘g E[X2E[Y ]
(1.16)

2135, (1.16) I2BWVWT, X, Y % |X|, |V| LEEHZ 5 L EHOLEX
TREND. FEVRNLT DM g(t) =0 VEMERODLETHD. &
itz ¢ & BIFIEX

g(t) =E[(cX —Y)’] =0 & Pr(Y =cX) =1

LBl eNME 131 oD, O
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1.7.5 TEIE 1.39 DA

(1) DEEH: 1<p<oo,1<q<oo DEHIZDVWTDAIRAE G2 5.
p=1,q=o00 DHAHIE Cohen (2010, pp.93-94) ZSHD Z &.
2 1.38 5

p q
|1 XY| < —|X| + —lYl
p q

Thd. £9,E|X]P]=1E[Y|)=1&TF5. (1.17) DL HFHEZ
2 &

(1.17)

p q
X} + ElT] oy (1.18)
p q P g
2195, E[|X|P] #1 £ E|Y]) £1DEE, (1.18) ITBWVWT, X, Y %

X/AE[XPIe, YAE[Y ]} @SR D L

E[[XY]] <1
{E[IX [ /P {E[[Y ]} V2 —

2135, £oT,1<p<oo,1<q<oo DHFHITDONWT (1) IFFEHS
Nz,

(2) DFEH: 1 < p < 00,1 < ¢ < 0o DHHITDWVWTDAGEH%Z 5
Z%. p=1q =00 ODEHIL Cohen (2010, pp.94-95) ZZHD Z &.
E[X+YPP] =0 D& &, AERZEHBELRDOT, E[|X + Y|P £ 0 ZRKE
LThb— Mtz kbwn. 2ok

Eflxv) < B

E[IX + Y]] < E[(IX] +[Y[)|X + Y[~]
=E[|X|x [ X+ Y] +E[]Y] x | X +Y]"]
< {EIX[7)} P {EX + Y[ D]y e
+ {EY P} E]X + Y (e (1) R )
= {E[XPI}PEEX + Y1+ {E[ Y1} (X + Y|Py
= {{E[XPI}™ + {ENY I} HENX + Y

%13%. LOARFEAORLLD &AL %E {E]|X + Y[PI}Ve TEIL, 1 <
p<o00,1<qg<oo DEGHD (2) BRtET. O

1.7.6 E3H 1.41 DFEA

TRTOneNIZHLUT, Y+X, >0 282 ITIHEET L. HEREK
FIA{Y 4+ X, }5°, I Fatou D8 (FH 1.40) 2@HT 5 &

E[Y]+E[X] = E[Y + X] <liminf E[Y + X,] = E[Y] + liminf E[X,,]

n—oo n—oo
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Noird. URoT

E[X] < liminf E[X,,] (1.19)

n—oQ

N,
[FRRIZ Y — X, > 0(Vn € N) (TR L T, Fatou Ol (EHE 1.40) %
{Y - X, }o2, CHEHT 5L

E[Y] — E[X] < E[Y — X] = E[Y] + liminf E[—X,,] = E[Y] — lim sup E[X,,]

n—oo n—oo

Noird. Wbord. £oT

E[X] > limsup E[X,,] (1.20)

n—oo

Bbh 5. (119) & (1.20) 2 b2 L

limsup E [Xn} < liminf E [Xn}

noird. LU

limsup E [Xn} > liminf E [Xn}

n—o0 n—00

ROT

limsup E[X,,] = liminf E[X,,| = E[X]

n—00 n—00

Bohd. &oT, REIFGEH T . O

1.7.7 E¥ 1.51 DIEHA

Proof. (1) @k#: (1.10) IEWT h =1 &BIFIEXW.
(2) DFEWT: KA I AR h (LT

E[h(Y)YE[g(X)| Y]] = E[h(Y)Yg(X)] = E[A(Y)E[Y ¢(X)| Y]]
5. (1.10) & —EM» S
YE[g(X)|Y] = E[Yg(X)|Y]

Wb,
(3) DEEMH: B g1 & g0 & EE a1, ap ITH LT

E[a1g1(X) + az02(X)| Y] = a1E[g1(X)| Y] + a2E[g2(X)] V]
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Womd. 72 gi(z) >0 2513
Pr(E[g:(X)[Y] > 0) =1
Wohsd, ZN5DI . te RIZHLT

0 < E[{g1(X) +tga(X)}?Y]
= E[g}(X)| Y] + 2tE[g1(X)g2(X)| Y] + t*E[g5(X)| Y]

2135, ZHICHBIREEAT B L
{E[01(X)g>(X)| Y]} < Elg7 (X)| YIE[g3(X)| Y]

LB Il Tg=g &35 (3) IFFEHHI NS,
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