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oo od

COVI[X, Y] = E[(X — E(X))(Y — E(Y))] E[XY — XE[Y] — YE[X] + E[X]E[Y]]

= E[XY]- E[X]E[Y]

goooo O

00 3.6 0XOYOOUOOOOO

COV[X, Y] =0
gooao
oo oad
COV[X, Y] = E[(X —E(X))(Y —E(Y))] = E[XY]-E[X]E[Y]
= E[X]E[Y] - E[X]E[Y]
ogoood O

o0 3.6 MO 3600000000D0O0ODOOODOOOODOO
OO0 3.7 b0000000eX +0Y OO0DDOOOODOOODODOO

ElaX + bY]
VAR[aX + bY]

aE[X] + bE[Y],
a®’VAR[X] 4+ b*VAR[Y] 4 2abCOV[X, Y]

0000000XO YOOOOOOdO
VAR[aX + bY] = a*VAR[X] 4 b*VAR[Y]
oooo

oo d O
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037 (X,Y)000000000

1, O<z<l,z<y<z+1,
Ix,y =
0, (Oo0O),

gbooboboobbooD X0 youoooooooooooox o yoooooooooooooooo<z< 1
O000fxy(z,y)>00000000000000<2<10000

[e’e] r+1
:/ Ixv(z, y)dy:/ dy =1

0000000000 fx,y(z,y)=00000fx(x)=0000000000

1, O<z<l,
fX(x)_{ 0, @©oo),

00000000<y<20000fx,v(z,y)>00000000000000

o} Y
ldz, 0<y<1, , 0<y<1,
y) :/ fxy (@, y)dx f01 =7 y
oo fy_lldx, 1<y <2, 2—y 1<y<2,

gooocooooo

Y, 0<y<l,
friy)=9 2—y 1<y<2,
0, (0oo)

gooboooooboobdgd

E[X] = /Ooxfx(x)dm/olxdx:%,

—00

%) 2
E[Y] = / yfy()dy—/oydy+/ y(2 — )dy—% %zl,

E[XY] = / / xyfx, v(z,y dmdy—/ / acydydm—/ [—QEH dx

0 2 3 4, 12

gooooooooo

7 1 1
X, Y|=EXY|-EX|EY|=——--=—
COVIX, Y] =EXY] -EX]E[Y] = 5 — 5 = 5
gooo
goog
XO0YvYoooo
X — E[X] Y —E[Y]
VAR[X]’ VAR[Y]
oooboob0 XO0yooooooooao
X-E[X] Y-EY]| COV[X, Y]

plX, Y] =E

X =
VVAR[X] = \/VAR[Y]| +/VAR[X],/VAR[Y]
0ooooOooooo
p[X,Y] >000000 X0 YOOOOOOpX,Y]<000O0O0O0O X0 YOOOOOOOOOOODO
p[X,Y]=000000 X0 YOOOOODOOOOOODOOOO 36000X0 YOODOOOOOXOY
0000000000000 3600 X0 YOOODOOOOOO X0 yY0OOOODOO0ODOO0OOO
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0038 O0XO YOOOOOOOOOOOODOOOOOOOO0O0OOOO
(i) O-1<p[X,Y]<1.
(i) Op[X,Y]|=1000000000000000 q,b(e£0)000000

P(Y=aX+b)=1

00000000000 000p[X,Y]=10000a>00000p[X,Y]=-10000ae<00000

00 0@ 0000000
h(t) = E[{(X — pux)t + (Y — py)}?]

0000000 Oux =E[X],py =EY]0000000000000000

h(t) = PE[(X - px)’] + 2E[(X — px)(Y — py)] + E[(Y — py)?]
= t?VAR[X] + 2COV[X, Y] + VAR[Y]
COV[X, Y]>2 VAR[X]VAR[Y] — {COV[X, Y]}?
VAR[X] VAR[X]

= VAR[X] (t +

O0000000ARE)>00
VAR[X]VAR[Y] — {COV[X, Y]}* >0
oooooooooo
{CoV[X, Y]}? COV[X, Y] -
VAR[X]|VAR[Y] — VVAR[X]/VAR[Y]|

00O0O0@) 00000
(i) 000000 |p[X,Y]|=10000000000000

VAR[X]VAR[Y] — {COV[X, Y]}2=0«= ¢t 000000 h()=0000000
pgoddoouooo tcboooooa DE[(X—MX)tO—I—(Y—uy)]:O|:||:||:||:||:||:||:|
0= h(to) =E[{(X — px)to + (Y — py)}?] = VAR[(X — px)to + (Y — piy)]

0000000 0Oo (@)oo
P((X = px)to+ (Y —py) =0) =1

O000000000a=—tg,b=pxto+py 00000 P(X+b=Y)=1000000000000000

h(t) = VAR[X] (t - WY —0

VAR[X]
0ooooo0oooo

h(t) = VAR[X] (t + WY =0

VAR[X]
000
COVI[X, Y]
t=t) = ———r
VAR[X]
0ooo
_ COV[X, Y]
~ VAR[X]

0000000000« 0D00OD p[X,Y]00D0O0OD0O0DD0O0O0D0OD0O0O@G@OOOODOO o
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3.5 20000000000

(X,Y)0OODOOOOOOO0D0D00000000 g1(z, y), g2(z,y) 000000000000000000
(U, V)= (q1(X,Y), 92(X,Y) 000000000000 00OR2 00000000 BOOOOOR20000
0 AQ

A={(z,y) eR*: (q1(z, y), g2(, y)) € B}
gooood
P((U,V)eB)=P((X,Y) e A)

00ooooDoooooooooO ¢, 00000(U,V)O0OO0 (X,Y)OOUOODODODOOODOOOOODOOO

3.5.1 UU0U0goooooodgn

(X,Y)0OODOOOOOOOOO0O0O00D00000(X,Y)00000000 fxy(z,y) 000U, V)DDO
0000000 fuv(e,v) 0000000000008 ={(z,y) €R?: fx y(z,y)>0000

T:{(u,v)eRQ: 00 (z,y) €eSO0000O Ou=g¢g1(z, y), v=g2(z, y)}

00ooooo (w,v) eTOODOfy,v(u,v)>0000070000000000000000000 (u,v)eT
goood

Sw ={(x,y) €S : g1(z, y) = u, g2(z, y) = v}
ooooo

fov(u,v)=PU=u,V=0)=P(X,Y)€Sm)= Y, [xv(zy
(z,y)ESuw

gooo

00 39 0UXOYOOOOOODAM>00 A(A>0)000000000000000000O0X+Y OO
O+ X0O0O0CQOOOOOOO

00 0000 (X,Y)Oooooooo

fre=f \ve=?

R =0,1,2,...,y=0,1,2, ...

fX,Y('T7 y) =

000000000 0S={0,1,2,...}x{0,1,2,...} 0000
O00DU=X+4Y, V=Y OUOOOOOOOOqn(z,y)=z+y,g(z,y)=y0000y=v,c=u—0v 00
v=0,2,...00 u—v=0,1,... 00 u=v,v+1,v+2, ... 0000000000

T={v=0,1,2,...;u=v,v+1,v+2, ...} ={u=0,1,2,...;0=0,1,..., u}

0000000 (u,v) €T 000008, ={(u,u—0v)} 000000

gu—ve=f \ve=A
fo,v(u,v) = fx,y(u, u—v)=

)

(u—2o)

gboovobooboooooobooobooobobobobob «w0ODbDO0DO

{U = u} = Uv:fU,v(u,v)>0{U =u, V= U}
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{v: fuv(u,v) >0} ={0,1, ..., u}
go0oooO0o00ao

n n
fulu) = PU=u)=PUy_o{U=u,V =0} = ZP(U =u, V=uv)= ZfU,V(u, v)
v=0 v=0
n Pu—ve—t \ve—A B n Qu— AV
- Z (u—2o)! 2! - (0+A)Z(u—v)'ﬁ
v=0 : ’ v=0 o
67(0+)\) n " o 67(0+)\) (9 4 )\)u
- u! Z v 0 A= u!
v=0
goooooboooooboa O

3.5.2 UOUOOOOO

(X,Y)0OODOOOOOO00O000000000 fxy(z,y)0000000000000000000 (U, V)
OU=g(X,Y),V=gX,Y)0OOoono

S = {(Z‘,y)ERQfovy(l‘,y)>0}
T = {(u,v)€eR*: 00 (2,9)€SO0000 Ou=gi(x,y),v=g2z,y)}

0go0oooboo0oo0ob0oobobooboooobobobg, e 0000000000 0O0O0O0OODODOO
x = hy(u, v), y = ha(u, v)

goooooooooooo
‘% % ’_83&83; ox Oy

9y Oy | PGudv v Ou
ou v

0GP0 000000
ox  Ohi(u, v) dx _ 0Ohi(u, v) % _ Oha(u, v) Ox  Ohz(u, v)

u ou ' v v ' Ou ou | v ov
go00oooooono Joooooooooooooooooooao
f _ Ix, v (hi(u, v), ha(u, v))|J], (u,v) €T
vV 0, (u,v) €T

00000000 w,v)€eTO0O0O0O0OU0OOOODOOOUOOOODOOOO

92 0?
PU<u,V<uv) = // Ix,v(z, y)dzdy
Oudv Oudv g1(z, y)<u, g2 (x, v)<v
82 u v
- auav/ / Frv (ha(s, ), ha(s, 1)1J] ds dt

goooooooobobd

038 UXUOYUOUOUOooobooooooobooooobobooo

U=X+Y, V=X-Y
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00000000000z, y)=a+y, g2(z,y)=2—yO0000(X,Y)0000000000

fxy = ie—(x2+y2)/2
’ 2T

000000S=R20000000¢,9. 00000000000

u+v uUu—v
9 y:hZ(uav): 2

x = hi(u, v) =

0000000D000T=R?200000000

Oz Oz 1 1 1
J = ou ov _ 2 2 _ _ =
AR AR
ou ov 2 2
DDDDDD(U,V)DDDDDDDDDD
fU,V(u7 U) = fX,Y(h/l(u7 U)a h2(”7 ’U))‘Jl
1 1X(u—|—v)2 1X(u—v)2 1
= —e ——x—— e —— X — | =
o P\ 72 4 AN 1 )2

gooooobooo 3100 uvb vooooooo

00 3.10 0OX,YDOOOOOOOOOOg(z)0 000000 ¢g(y) 0 y00OO0D0DO000000000O
U=g(X)0O V=g(Y)0OOOOOO

o0 ogu,vioooooooooobobobobobodo weR,veROOOOO
Su={xeR: gi1(z) <u}, Sy ={y €R: ga(y) < v},
oopooooooo(u,vyoooooooo

Fyv(u,v) = PU<u,V<v)
P(XeS,,YeSs,) =PXeS,)PYeS,)

oooooooo (U, vyoouoooooooo

= o F = dPX S dPY S,
v, o) = o vt o) = (4P e s0)) (0P € 5)

gooboboobboo 1ibuoooooobon o
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3.6 JUoonoouooooua

3.6.1 OUOOUOoOO

00 3.12 D000 (X,Y)0OOUOOUOOOOOOOODOUOO000((X,Y)000 —o0 < pux < 00, —00 <
py <00, 0<ox <o00,0<o0y <oo, -1<p<100000000O0DOO0O0OO

1 1
fxv(z, y) = exp{—iQx,y} —oco <z <00, —00 <y < 00.
(= 9) 2noxoyy/1 — p? 2(1—p?) (. 9)
ooood
(z — px)? v—px) (y—py) | (y—py)?

Q(x,y)z D) ) _2p( )( +( 2

Ox ox oy Oy
gooad

00 3.6 (0000000000) () 0000 2,90 fxy(z,y)>00000

() [ [ fx,v(z,y)dedy=10000
i) X 0O0ODO0OOOoO0oooo

fﬂ@=/ﬁf@yMy

oooo
(iv) O(X,Y)0000000

1
Mx v (s, t) =exp [sux + tuy + 5(320§( + 2stpoxoy +t2oy) —o00< s, t< oo,

gooo
(v) X0 YOOOODOOOooooooooooooo

EX] = ux, EX’=0%+uk, E[XY]=jpoxoy+puxpy
ooooooooo
VARX] = E[X? - (E[X)) = o},
COV[X,Y] = E[XY]-E[X]|E[Y]= poxoy

gooo
00 000000 ooooooo
_ITkx Y= py
ox oy
goooooo
Q(z, y) = u* = 2puv +v* = (u—pv)* + (1 - p*)v’

oooooooo
U — pu

V1= p?

w =
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ogooo
<o I e 1 (u—pv)? 02
flz, y)dedy = / / 7exp{—7—— du dv
/—oo/—oo @) —o0 J—00 2m/1 — p? 2(1—-p2) 2
<1 ( wZ)d /°° 1 ( Uz)d
= exp| —— ) dw exp| —— | dv
e VEr P2 e v2r P\ T2
=1
gooad

(i) OX OOOO0OOOOOOoOO

fx(z) = t/fm [z, y)dy

oo 2 2
S YR N —
2rox+/1—p? J-oo 2 ox 2(1 - p?) ox

googoood
1 _
w = (v—px MX)
1—p? ox
goooao
2 2
1 1 — e 1 1 —
fx(x)= exp|—= T kX / e 2y = exp|—= T Rx
2mox 2 ox oo 2mox 2 ox
gooo

(iv) O(X,Y)0000000

Myy(st) = Blewp(X 4= [ [ explso+ ty)fx (o, o) dody

1
exp {sux +tuy + 5(3203( + 2stpoxoy + t20%)

gooobopoobobbD0d—-co<s, t<oo0dgn

oo
L= px Yy— Ky
u=—" v=
ox oy
gpoooood
mx,y(s, t) = // exp(sz + ty) fx,v(z, y) dx dy
]RZ
1 (u—pv)? 02
- t toyv}———expd — P g
exp{uxs+ py }//]R{2 exp{soxu + va}27T — exp{ 20— 2 u dv
ogooooono

U — pv

Vv

w =

51
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goooo
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exp{—(uxs + pyt)} Mx,y (s, t)

1
= // exp{sox(\/1— p?w + pv) —|—tayv}—7T exp{—% - %} dw dv

iexp{(s o%(1—p*) +

2 2

T T ot

(spox + toy) )}

1
= exp{§(320§( + 2stpoxoy + tQU%/)}

gboooboooood

2
i// exp{—1 (w—saxx/l—pz) —l(v—(spax +t0y))2}dwdv—1
s R2 2 2

000000000000 N(sox
gbooooooboobooboooood

1_p2a

1)0 N(spox +toy,1)0000000000OOOODOOOOOO

(v) X0 YOOOoDOooOoooooooo

[ ] 8sz’Y(8’ )5:0 HX,
2 82 2 2
EXT = samxvy(s ) 7O:UX+MX7
82
EXY] = —=mx v(s 1) = poxoy + pix iy
ds0t s=0,t=0
ogoooooood
VAR[X] = E[X? - (E[X])” = 0%,
COV[X,Y] = E[XY]-E[X]E[Y]= poxoy
gooad
oo 3.7 000
v Ug( pPOXOYy
POXOY U%/
ooooao
_ T — pux
Q(xa y) = (:L' —HXx,Y— ,LLY)E ! ) |E| = 03(012/(1 - p2)
Y— Ky
gooo

. 1 1 1 T — pux
fx,v(z, y)—WeXP[—E(w—MLy—HY)Z ( )]

Y — Ky
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3.7 OOO0O0O 2

00 3.11 (000O00000) MO p,q0 1/p+1/g=100000000E[X|?] < oo, E[|Y]9] < 0o OO
0000 X,YOOOOOoOooooo

E[IXY]] < {E[|X["}V/P{E[]Y|*}'/e
ggoobobboobdp=2,¢g=20000000
E[|XY]] < VE[X]P]VE[Y]?]
ggboobooooobooobooo
00 0MooopooonD e, b00000
1 1
—aP + =b% > ab 3.3
pa +b > a (3.3)
0000o0bO000O0oDObODOO0obOOoUOoOD eP=bt000000O0b0OD0OODOO
1 1
g(a) = —a? + -b? —abd
p q

0O0O00yg(e)0 «000000O00O0OO

d
%g(a)zoﬂk1 —b=0<b=qaP!

000D02000000000000e=03YP-Y) 0000000000000 000
g(a)>g(b1/(p_1)):lbp/(p_l)—l—lbq—bl/(p_l)b:lbq—l—lbq—quo
- P q P q

00000000 2000000 p/(p—1)=¢qO0O0000O

0oo
0o Xl po 1Yl
(B[l X|P])r/e” (E[[Y]a])t/a’
0000@33)000000
.S | XY
pE[XP]  qE[lY|9] ~ (BX|P])Y/P(E[|Y]e])/a
00000000000000000000000000 O

039 UXU YODUOOUOUOOOODE[X? < 0, EY? <ec0D00000000-00 < pux = E[X], uy =
E[Y]<ooDODOOOOOOOO0ODODO Cauchy-Schwarz 000000

E[(X = px)(Y = i)l SE[(X = px) (Y = py)l] < VEI(X = px 2IVEY - pv)?}

00
(COV[X, Y])? < VAR[X|VAR]Y]

gooooooogo
PIX, Y] < 14> —1<p[X, Y] <1

gooo






