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oo oo

COVI[X, Y] = E[(X — E(X))(Y — E(Y))] E[XY — XE[Y] — YE[X] + E[X]E[Y]]

= E[XY]-E[X]E[Y]

goooo O

o0 3.6 OX0OYOOOOoooOo

COV[X, Y] =0
gooad
oo oo
COV[X, Y] =E[(X —E(X))(Y —E(Y))] = E[XY]- E[X]E[Y]
= E[X]E[Y] - E[X]E[Y]
goood O

o0 3.6 MO 3.60000000000000000O000OO
00 3.7, b0000000eX +0Y OO0ODDOOOOODODODODODOOO

ElaX +0Y] = aE[X]+bE[Y],
VAR[aX +bY] = a?’VAR[X]+ b*VAR[Y] + 2abCOV[X, Y]

0000000X0O YOOOoOOoOooOoOo
VAR[aX + bY] = a®?VAR[X] + b*VAR[Y]
0000

oo 0O O
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0 3.7 (X,Y)000000000

1, I<zr<lz<y<z+1,
fxv=
0, (OOD),

gooooooooooDD X0 vyooooooooooooox o yoooooooooooooDbbokzxkl
0000 fx,v(z,y) >00000000000000<2x<10000

[e3e) x+1
33)=/ Ix, v (z, y)dy=/ dy =1

0000000000 fxy(z,y)=00000fx(z)=0000000000

1, 0<z<l,

fX(x):{o, Coo),

000000D00<y<20000fx,v(z,y)>0000000000000

[e%e] Y
ldz, 0<y<1, Y, O0<y<l,
Y) Z/ Ix,v(z, y)dﬂﬁ{ f01 d < :{
oo fy_ll x, 1<y <2, 2—y 1<y<2,

gboooooooad

Y, 0<y<l1,
frly) =4 2—y 1<y<2,
0, (Ooo)

gbooobooboooobooon

o} 1
/ xfx(x)dx/ xdle,
—0o0 0 2

ElY] = /Ooyfy()dy—/(]ydy+/2y( )dy—% gzl,

E[XY] = / / zyfx,v(z, y dmdy—/ / xydydx—/ [—2]z+1 dx

re+1)  [a2? x21
/0 s =3 T, 12

=
ks
I

gboooooooan

71 1
COV[X, Y] =E[XY] -EXE[Y] = - - 5 = 5
0000
0000
XOoyoooo
X —E[X] Y —E[Y]
VAR[X]’ VAR[Y]
000000 X0 YOOoOoooooodo
X-EX] Y-EY]|  COVX,Y]

X, Y] =FE x _
pIx. Y] JVARIX] VAR[Y]| +/VARX]./VAR[Y]
ooooooogo
p[X,Y]>0|:||:||:||:||:|XDYDDDDDD,O[X,Y]<ODDDDDXDYDDDDDDDDDDDD
p[X,Y]ZODDDDDXDYDDDDDDDDDDDDDDDD3.6|:||:||:|X|:|Y|:||:||:||:||:||:||:|X|:|Y
Oo0oo0o0o0ooboOooboon0 3600 XO YOOOOOOOOO XOvYoOooOooooooooooao
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0038 0OXOYOOOOOOOOODOOOODODOOOOOOOOOOO
(i) O-1<p[X,Y]<1.
(i) Olp[X,Y]|=1000000000000000 a,b(a£0)000000

P(Y=aX+0b) =1

O0000000000000p[X,Y]=10000e>00000p[X,Y]=-10000ae<00000

00 O@G)0000000
h(t) = E[{(X — pux)t + (Y — py)}?]
00000000px =E[X],uy =E[Y]0000000000000000

h(t) = PE[(X - px)’] + 2E[(X — pux)(Y — py)] + E[(Y — py)?]
= t*VAR[X] +2COV[X, Y] + VAR[Y]
COV[X, Y] > > VAR[X]VAR[Y] — {COVI[X, Y]}?
VAR[X] VAR[X]

= VAR[X] (t +

00000000t >00
VAR[X]VAR[Y] — {COV[X, Y]}* >0

gbobooooooan

{covix, v)y* _ COV[X, Y] -
VAR[X]VAR[Y] — VVAR[X]/VAR[Y]| ~

00o0o0@G) 00000
() 000000 |p[X,Y]|=10000000000000

VAR[X]VAR[Y] — {COV[X, Y]}’ =0«= t000000 h(t)=0000000
00000000 ¢,0000000 0E[(X — pux)to+ (Y —py)]=00000000
0= h(to) = E[{(X — px)to + (Y — py)}?] = VAR[(X — px)to + (Y — py)]

000000000 (i) 00
P((X —px)to+ (Y —py) =0) =1

O000000000a=—ty,b=pxto+puy 0000 0OPX+b=Y)=1000000000000000

COVI[X, Y]>2 0

h(t) = VAR[X] (t - VARX]

goooooboooo

h(t) = VAR[X] (t + wy =0

VAR[X]
oo
COVIX, Y]
t=tg= ———
VAR[X]
oo
_ COV[X, Y]
VAR[X]

0000000000« 0000 pX,Y|OODOOOOOODOOOOOG)DOOOODO O
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3.5 20000000Ugg

(X,Y)0OODDOOO0OOOO0O00O00000000 g(x,y), g2(x,y) 00 0000000000000000
(U, V)= (g1(X,Y), g»(X,Y)) D0 OD0D0000000O000R2 00000000 BOOOOOR20000O
0 AO

A={(z,y) €R*: (g1(x, y), g2(, y)) € B}
ooooo
P((U,V) e B)=P((X,Y) € A)

00000o0o0ooooood ¢,9 00000, V)OOOOD (X,Y)OOOOOOODOODOOODOOOOO

3.5.1 U0O0Oobooobboobooboo

(X,Y)0ODODOOODOODO0000000000(X,Y)00000000 fx,y(z,y) 000, V)OO
0000000 fuv(u,o) D0OOO0O0D0000000S ={(z,y) €R?: fx y(z,y)>0000

T={(u,v) eR*: 00 (z,9) €SOO0000 Ou=gi(z,y), v=ga(x, y)}

ooooood (w,v)eTO00OOfy, v(v,v)>0000070000000000000000000 (u,v) €T
goood

SUU = {(3), y) € S: gl(‘xa y) :U'a QQ(JZ, y) :U}
goood

fU,V(uv ’U)ZP(UZ’U,,VZ’U)ZP((X, Y)E‘S’uv): Z ,fX,Y('ra y)
(%, y)€Suv

gooo

00 39 0OX0OYOOOOOO#AO>00 AXA>00000000000000000000X+Y OO
O+ 200000000DOO

00 0000 (X,Y)Ooooooooo

Gre=0 \ve—>

' —,  2=0,1,2...,y=012, ...
z! y!

Ifxvy(z, y) =

0000000000S={0,1,2,...}x{0,1,2,...} 0000
000U =X+Y,V=YOO0OO0UOO0OOOOg(z,y)=xz+y, g,y =y0000y=v,z=u—0v00
v=0,2,...00 u—v=0,1,... 00 u=wv,v+1L,v+2,... 0000000000

T={v=0,1,2,...;5u=v,v+1Lv+2 ...} ={u=0,1,2,...;0=0,1, ..., u}

0000000 (u,v) €T 000008y, ={(u,u—v)} 000000

eu—ve—f) )\ve—)\
fU,V(u’ ’U)Zf)gy(u,u—’u): -

3

(u—0)! !

oooboubooooboobooobooboooboooooon «000oon

{U = U'} = L-Jv:fU, v(u,v)>0{U =u, V= 'U}



48 20040 70 140

{v:fuvu,v)>0}={0,1,...,u}
oooooood

fulu) = PU=u)=PUi_o{U=u,V=0})= ZP(U =u,V=uv)= ZfU,V(u, )
v=0 v=0
n Pu—ve—0 \vo—A n gu—v )\
= A )Y Z A
= (u—v)! o = (u—v)! vl
—(6+)) 1 —(9+k)(9 + )
e u oy €
S N G e
v=0
gooooboooooobooa O

3.5.2 OO0OOOO

(X,Y)0DO00000000000000000 fx,y(e,y) 0000000000000000000 (U, V)
OU=qn(X,Y),V=¢XY)DOooooo

S = {(x,y) eR*: fx y(z,y) >0}
T = {(u,v)eR?*:00 (2,9) €SO00000 Ou=gi(z,y), v=gaz,y)}

gogdoooobbobobbbooobooboobg, e bbb oobo
x:hl(ua U)) y:hQ(ua U)

goooooooooooano
oo G| _Owdy owdy
9y 9y Oudv Ovou

ou ov
niCininininlnlnln

Ox  Ohi(u,v) Ox _ Ohi(u,v) 9y _ Oha(u,v) 9z Oha(u, v)

ou ou ' v v 7 Ou ou 1 v ov '
ooooooo0ob0 Joooooooooooooooooooo
,f _ fX,Y(h’l(ua U)7h2(ua U))|J|7 (ua U)ET
A ) (u,v) ¢ T

00000000, v) eTO00000O00O0OO0OOOOOOOOOOOO

82 82
< < =
5o DU <u, V <) &@w/émwxwmmw@fxﬂ%ymx@
82 U U
- / / Fxy (ha (s, £), ha(s, £)]]|ds dt
ouov J_o J_o

gbooooooooobon

038 UX0OYUOOoOooooooooooooooooooooo

U=X+Y, V=X-Y
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00000000000 g(z,y)=2z+y, g2(z,y)=2—y0000(X,Y) 0000000000

1

fx.v= 2.€

—(=z*+y%)/2

000000S=R?0000000¢,¢. 00000000000

U+ v U—0
x:hl(ua U) = 9 y:hQ(ua U) = )

00000000007 =R200000000

9z Oz

9z 1 1 1
J=1] 0u Ov | _| 2 2 _ _ -
’ dy Oy ’ ’ 1 1 2
ou  Ov 2 2
O0ooooU,Vv)oooooooooo
fov(u,v) = fx v (hi(u, v), ha(u, v))|J]

_ Lo (L ety L (u—v)?) L
T R W 1 P75 1 2

_ ( 1 e_u2/4> ( 1 e_v2/4>
\/271'\/5 \/271'\/5
Oo0o00000oobo0O 3100 voO viooooooo

00 3.10 0X,Y 00000000000 ¢(z)0 000000 ¢(y) 0 y00O00O0O000O0O00O000
U=gq(X)O V=g(Y)DOOOOOO

00 O0OU,VOOOOOOO0000000000000 weR,veROOODOD
Sy ={reR: gi(x) <u}, Sy ={y eR: ga(y) < v},
000000000V, V)oooooooo

Fyv(u,v) = PU<u V<o)
P(XeS,,YeS,)=P(XeS,)PYes,)

000oooooo (U, v)oooooooooo

2

fovtu o) = Pt o) = (oPCce s0)) (P07 €5)

gobobooooooobobo saoogoooooonog O
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3.6 LUUO0oooooooogd

3.6.1 OUOOUOooOO

00 3.12 000 (X,Y)OUOOODODOO0O0O0OO0000o00000(X,Y)O000 —oo < px < 00, —00 <
py <00, 0<ox <00,0<0oy <oo, -1l<p<100000000000C0COO

1 1
fx.v(z, y) = exp{—iQx,y} —00 < T <00, —00 <Y < Q.
(@ y) 2roxoyy/1— p? 2(1 —p?) ( )
googoo
(z — px)* (z—px) (y—py) | (y—py)?
Q(J?, y): P} _2p + P}
UX ox oy O’Y

gooo

00 3.6 (0000000000) () 0000 «,y0 fxy(zr,y) >00000

(i) [ [ fxv(z,y)dedy=10000
(ii) X 0000000000

fﬂ@=/ﬁf@wwy

oooo
(iv) O(X,Y)0oooooo

1
Mx v (s, t) =exp |sux + tuy + 5(3203( + 2stpox oy —|—t20%/) —o00< s, t< o0,

gooo
(v) X0 YOOOOoOOoooooooooooooo

EX] = ux, EX’=o%+upk, E[XY]=jpoxoy +puxpy
0oooo0o0oon
VARLX] = E[X? - (BX]) = 0},
COV[X,Y] = E[XY]-E[X|E[Y]= poxoy

gooo

00 0@ 00000G) 0000000

goooooo
Qz, y) =u® = 2puv + 0% = (u — pv)* + (1 — p*)0°

gooooood
U — pv

V1=p?

w =
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ogooo
o] o] o] o] 1 _ 2 2
/ / flz,y)dedy = / / 76331){—%—“—}6@6&1
—00 J —00 —o0 J—o0 2T 1—,02 2(1_10) 2
[e%e] 1 'LU2 3] 'U2
= exp| —— | dw ex — | dv
— 0 \/271' p( 2> /oo\/ p( 2>
=1
oooo
(i) 0X0D0DO0O0000000
o0
@ = [ rwway
2 2
s o[ () —am () e
2mox+/1 — ox 2(1 —p?) ox
ooooodod
1 ( x—ux>
w v—p
1—p? ox
ooood
2 2
1 1 — > 1 1 —
fx(z) = exp|—o oA / e 2 quy = exp|—5 TAX
2mox 2 ox oo 2mox 2 ox
ooog

(iv) O(X,Y)O0oooooo

Mx v(s,t) = Elexp(sX +tY)] = /00 /00 exp(sz + ty) fx, v (z, y) dz dy

exp [s,ux +tuy + = (s O'X + 2stpox oy + t2o? ¥)

gobooboobbboddd—-oco<s, t<oodgnon

good
T — Ux Yy— Ky
U= — v= "
ox Oy
goooood
mx,y(s, t) = // exp(sz +ty) fx, v (z, y) dz dy
RQ
1 (u—pv)2 22
=exp{uxs+ puyt // exp{soxu +toyv 7exp{—7—— du dv
{ } R? { }271_ 1—,02 2(1_'02) 2
goooooao

U — pv

V1=p?

51
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goooao
exp{—(uxs + pyt)}Mx vy (s, t)
= // exp{sox (v/1 — p?w + pv) —|—t0’y’U}iﬂ_ exp{—w72 - ?} dw dv
//]Rz exp{—— —Saxm) —%(v—(spox—ktay))Z}dwdv
§exp{(s 0% (1= p*) + (spox +toy)?)}

= exp{%(SQUg( + 2stpoxoy + tZU%)}

goooooooboooon

1 1 2 1
—// exp{—— (w—sz\/l—pQ) — —(v—(spox —|—t0y))2}dwdv:1
s R2 2 2

000000000000 N(sox+/1—p2?,1)0 N(spox +toy,) 0000000000000 0O00OOOOO
gbobooooboboooboogooon
(v) X0 YOOOooooooooooo

0
E[X] = 8_mX7Y(3a t) = MX,
s s=0
2 o 2 2
E[X] = 82mX Y(S t) 70:UX+MX)
o2 B
E[XY] = IS v (s, t) = poxoy + ix iy
t s=0,t=0
goooooooo
VAR[X] = E[X?] - (E[X])*= 0%,
COV[X,Y] = E[XY]-E[X]E[Y]=poxoy

gooo |
o0 3.7000

¥ — 0'3( 14 'd% %

pPOXOYy O’%/
goood
q T—px
Qz,y) = (x— px, y — py)S" . Bl =okov(1-p%)
Yy — py

goog

1 1 _ T — px
fxv(@, y) = 075 & P[ (= px,y— )" ]
2m || 1/2 2 Y — py
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3.7 goUuoono 2

00 3.11 (00000000) MO p,g0 1/p+1/g=100000000E[|X[?] < oo, E[|Y]9] < 0o OO
0000 X,YOODOOOOOOOO

E[IXY ] < {E[IX["}/*{E[Y |}/
gooooboobobp=2,q=20000000
E[IXY]] < VE[IX]P[VE[Y ]

gooobooooooboood
00 0DMoOoOO0o0oodgd e, 00000

1 1

—af + =b? > ab (3.3)

P b
000o00oo0oooooooooooo e?P=00000000b000000

1

1
gla) = —a? + =07 —ab
p q

O0000Og(e)0 a00O0DOO0OO0OOOOO

% (a)=a’' —b=0<=b=0a"""!

00002000000000000e=0YP-Y0000000000000000
g(a)>g(b1/(p‘1))=lbp/(p‘1)+lbq—b1/(p‘1)b=lb‘ﬂ-lbq—quo
- p q p q

00000000 2000000 p/(p—1)=qO000000

ooo
o Xl po 1Yl
(E[JX|r])H/e’ (E[[Y]a])t/a’
00D0D0(3.3)000000
LXp 1 |y XY
pE[IXIP) ~ qE[Y|9] = (E[ X)) /P (E[|Y]2])}/
00000000000000000000000000 O

039 0X0OYOOOODOOODOE[X? <00, EY? <eo000000000-0 < pux = E[X],uy =
E[Y] <o OOOUDODODDOOOOOCCauchy-Schwarz 000000

E[(X = 1x)(Y = py)]l < E[(X = px)(Y = )| < VEI(X = px)2IVEY — py)?}

00
(COVIX, Y])? < VAR[X]VAR[Y]

gooooooood
PIX, V]| <1 -1<p[X, Y] <1

gooo



