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[] . . . .
Real Wishart distributions

e 1 is a positive integer; X > 0 is a p X p postive definite matrix ;

e A p x p semi-positive matrix W follows the Wishart distribution W,,(n, X), i.e.
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provided n > p — 1;
— For n < p — 1, no density exists. For a p X p positive definite matrix s,
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Stein-Haff identity for nonsingular Wishart matrices

e Decompose W = OLQO’ where L is a diagonal matrix with the ordered
eignevalues ¢1 > {9 > --- > {,, and O is p X p orthogonal matrix.

e For n > p+ 1, under some regularity conditons,
E[2ODiag(¢n, ..., 1,)0'] = E[ODiag(t", ..., )0’

where ¥;'s(i = 1, 2, ..., p) are differential real-valued functions on /1 > {5 >
- > ¢, and
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Approaches to derive the identity

e Stein's approach: Use Integraton-by-parts for centered Normal distributions
and convert it to Wishart distributions;

e Haff's approach: Use Integraton-by-parts for Wishart distributions.
Wishart density.

e Sheena's approach:
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Use Integraton-by-parts for eigenvalues’ distribution of
Wishart matrix for trace style formula, i.e.,

g ¢p)0/)] —

p
an—l

z:1

%
l;

+ 2

;i
%

2

Vi — Py
l; — 4

bt




[]

Singular Wishart case
e Decompose W = O,Diag(¢y, ..., ¢,)O1, where O is p X n semi-orhogonal
matrix such that 070, = I,,.

e For n < p— 1, under some regularity conditons,
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where wz(l"“) _ 288% w@ + Zb#z w@_wb

e Kubokawa and Srivastava's formula via Sheena's approach:
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[
Corollary

e To obtain an unbiased risk estimate for E[Tr (XX~1 — 1,)?] for an estimator
Y, = O1Diag(vq, ..., ¥,)07, we need
E[Tr (57188 718)] = E[Tr (37101 Diag (¢, ..., ¢:9)0))],

where
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Sketch of the proof

o Let Z follow the standard normal distribution. For real valued-function g, we
have

Elg(2)] = E[Zg'(Z)].

o Let X = (z;;) : n X p be Npuxp(0, I, ® ¥). For G(W) = (gi;) : p X p and
W=XX,
EX'WG] =E[nG + (X'Vx)'G),

where Vx = (0/0x;;) and X = (x;;). Here

(X'Vx)'G=( Z Lok (OFkyj /O hyi))
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e By chain-rule,
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where Oy : p X n = (0;5), W = O1Diag(¢y, ..., £,)01.



