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* Z0O00OO0O00OO0O00CN(o,1) 00000

Rez 0 1{1 0
e = (mz )-e[(2)- 36 1))
> Z0000000O (w.rt. Lebesgue measure on C) [

f2(x) = —= exp(~%x)

O0000x0 x (x € C) O complex conjugate
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* Z~CN(0,1),0€C,o0eR, 0000
X := 604 aZ ~ CN(8, o?).

* XOCPOOOOOOOOODODOOOVe eCPOOEeCPO
Y eHerm(p, C)+ 0O0OOODO

c*X ~ CN(c"6, c*Xc) & X ~ CNy (0, X).

OO00O0Oc*O c O transpose complex conjugate O O O O

* X ~CNp(6, X) 0000000 (w.rt. Lebesgue measure on
CP) O

f(x) = ﬂip(Detz)-l exp{—(x = 0)"=1(x — O)).
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* X ~CNp(6, £) 0000

1= (%) <o [ 0. (REE m=)]

O0O000ReX, Im X O symmetric [0 skew-symmetric.
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* CPO0ODOOOOOO0O X1, Xy ++, XpOOODODOO
CNp(0, X) 00O O0DOOODOODOOO

i=1
000 X, p,n000 Wishart 000000000
CW, (X, n) 0000
*n>p0000PRKSO0O0OO0)=100SO0000000
(w.r.t. Lebesgue measure on Herm(C, p) ) O

Det(w)" P exp (=Tr (WE™1))

fs(W) = ’
Det(¥) 2P C-1/21°_F(n +1-j)

0000w € Herm™(C, p)O(-) O Euler's gamma
function.
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*x X:mXp ~CNnxp(S, In ®Z)
* S:pxp~CWy(Z n)
*x XO sOOO
O000On>p00Z0O0000 pxpOddooooonon
aooon
>« XO SOOOOOOO0O0OO0O0O0O s=000ooooooon
ogooooooood

L (E: (E’ Z)) =Tr {Z_l(g - E)*(g - E)}a

D0O00S0=000000*0 complex-conjugate
transpose.
x 000000

RE 5 2) =ELE E ),
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A X*Xs'0000000000000000000 xooa
oooooo =oooo.

AO0000s0000REG (52)00000 (5,5)000.
B XO0OOOR(X (5 2)=mp 000000000000
DOo0o0o000000000000.

RE, (5 %)) = mp +E[A]

D00D0DAODOOOOOOOOOOX*XsSlooOooooo
uo.

@AA<00000S0XO0O0O.

ADO0D0D00DOD (Steinidentity O Stein-Haff identity) O
oooooo.
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*

Let R and C denote the field of real and complex numbers.

Re cand Im c: the real and imaginary parts of a complex
number c.

RY = {(b1, 2, «vs Ep) ERP : £y > £ > ¢+ > £, > 0}
RMXP and C™*P: the sets of all m x p matrices of real and
complex entries.

C’ and C: the transpose and the conjugate of C € C™*P,
cr=cC.

@ﬁ_x'): the set of p x p Hermitian positive definite matrices.
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* Forz =x + Y-1y (x, y € R) and differentiable function
9(z) = u(z2) + V-1v(2),

0z 2 \ox ay
1{du ov -1(0v du
)T (-3
2\ox oy 2 \ox oy
0 _1(o 4 VoI 0
Big 2 \ax ay -
_ l(au 8v) V=1({6v éu
— 2\ox oy 2 \dx = dy
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* G = (0j)i=1,2,..,m,j=1,2,..,p D€ @1 M X p matrix
(gij’'s are complex-valued differentiable functions on C™*P).

* For x = (Xj)i=1,2,..,m,j=1,2,..,p0 € C™*P, set

0
VX = 8_ ’
Xij Ji=1,2, vy m,j=1,2, s

and define
Re(Tr (V,G)) = Tr (Re(V,G))

A B(Regij) a(lm gij)
a(Rexij) (9(|m Xij) )

p
j=1i=1
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Lemma (Stein’s identity)

Let X be ap x 1 complex random vector having CN, (6, Z) and let
g = (91, 92, ..+, gp) : CP — CP be differentiable with

B(Im gi)
6(Im Xi)

b

|8(Regi)
0 (Rexi)

X=X X=X

and X = (X1, ..., Xp) € CP. Then we have
E[(X - 6)*Z7'g(X) + g"(X)Z™"(X - )]

P (0(Regi) d(Img)

Z{B(Rexi) + d(Im xi)} sz"

i=1

=K
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* Assume that S = (sjx) ~ CW,(Z, n) and let
G(S) = (9i(9)).

* Let Ds = (8/dsjc) be ap x p operator matrix, and

i) 1 6 0
— = =(1+6k) + V-1———¢, (1)
Osix 2 6(R Sik ) a(Im sj)

forj, k =1, 2, ..., p and 6 is the Kronecker delta.
*

p
{DsG(S)}k = Zag—l_k(s)
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Assume that each entry of G(S) is a partially differentiable function
with respect to Resy and Im sj, j, k =1, 2, ..., p. Under some
regularity conditions on G(S), the following identity holds:

Lemma (Stein-Haff identity)

E[Tr (G(S)=™")] = E[(n - p)Tr (G(S)S™") + Tr (DsG(S))]- (2
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*

*

Let F = Diag (f1, f2, .+, fmin(m,p)) be the eigenvalues of
X*XS™1,

For p > m decompose XS™1X* = UFU*, where U is an

m X m unitary matrix.

For m > p we decompose S = (A*)~A~! and

X*X = (A*)"1FA~1, where A is a p x p non-singular matrix.

Consider a class of estimators of the form
= _ = [ X{lp + AH(F)A™Y} ifm>p
== 2% 5) = { {Ilm + UH(F)U*}X ifp>m ’
| 3
where H := H(F) = Diag (h1(F), h2(F), ..., hmin(m,p)(F))
whose i-th element h; := hi(F),i =1, 2, ..., min(m, p), is

min (m,p)

a real-valued function on IR>
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% Stein’s identity [1 Stein-Haff identity D 0 OO0 O0OOOO
o000

REH, (5, ) = E[Tr Y (X + G -Z)*(X + G -3)}]
= E[Tr {Z™}(X - 2)*(X - 2)}

+Tr {Z71G*(X = )} + Tr {Z71(X = £)*G} + Tr {Z'G*G}}]

= mp + E[27Tr {Re(V,G(X, S))} + Tr {DsG"(X, S)G(X, S)}

+(n = p)Tr {S7'G*(X, S)G(X, S)}]-
* G =XAH(F)A' OO0 G =UH(F)u*XxOOOOoOoooo

000,X*Xs™' 0000 F = Diag(fy, f2, «+ -« fmin(m,p)) O
O00000000000D00o0oO0o0on
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Theorem

Under the suitable conditions, we have

mp + &
mp + IE

Z(n, m, p; H)] ifm >p

where hy (F) = (ahk/afk %(F) and

A(n, m, p; H) = Z{Z(m —p + 1)h (F) + 2fihi (F)

k=1
fic hi (F) = fohp (F)
+4 ) T +(n +p - 2)fh2(F)

b >k

—2f2hy (F)he (F) =2 ) ==X
e (FIh(F) =2 D, ———

212 _f2RK2
f2h2(F) fbhb(F)}
b >k
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Fork =1, 2, ..., min(m, p), let

k T on-p+42k’
(AS) _(AS) C(ﬁ_\S)
HAS)(F) = -Diag S .., ()
f f2 fmin(m,p)
Then the estimator
=as) _ [ Xllp + AHAS)(F)A™Y ifm >p
= {Im + UHAS)(F)u*}X ifp >m

iS minimax.
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