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Abstract

The problem of estimating a mean matrix of a multivariate complex normal distribution with

an unknown covariance matrix is considered under an invariant loss function. By using complex

versions of the Stein identity, the Stein-Haff identity, and calculus on eigenvalues, a formula is

obtained for an unbiased estimate of the risk of an invariant class of estimators, from which several

minimax shrinkage estimators are constructed.

1 Introduction

The multivariate complex normal and complex Wishart distributions were first explored in Good-

man [8], and followed by Khatri [14]. These models play an important role in signal processing

methods. See Kay [13] and Schreier and Scharf [24] for the need of complex data models with complex

parameters and DoGondžić and Neborai [6] for a unified approach based on complex GMANOVA mod-

els to analyze and extend signal processing models. Lillestøl [20] first investigated Stein-like shrinkage

methods on simultaneous estimation of a mean vector of the complex normal model. However, shrink-

age methods for these models have received less attention so far, although it is important to develop

these methods beyond the maximum likelihood estimator of estimating the unknown signals in the

multivariate complex normal distribution. The goal of this paper is to show how certain decision

theoretical results concerning the problem of estimating a mean matrix of the real normal distribution

can be extended to the complex multivariate normal case.

In this paper, we consider the problem of estimating an m× p unknown constant complex matrix

Ξ that is observed with additive complex normal random errors in a decision theoretic set-up. Our
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observations are an m × p data matrix Z and a p × p positive definite Hermitian matrix S, which is

represented as

Z : m × p ∼ �Nm×p(Ξ, Im ⊗ Σ),

S : p × p ∼ �Wp(Σ, n) with Z and S independent,
(1)

where n > p, Σ is a p× p positive definite Hermitian constant matrix. Here we assume that Ξ and Σ

are unknown. Furthermore �Nm×p(Ξ, Im ⊗ Σ) and �Wp(Σ, n) stand for a matrix-variate complex

normal distribution with the mean matrix Ξ and the covariance matrix Im⊗Σ and a complex Wishart

distribution with the degree of freedom n and the parameters Σ, respectively. In other words, the

model (1) means that the density of Z with respect to the Lebesgue measure on �m×p is given as

π−mpDet(Σ)−m exp
{−Tr

(
(z − Ξ)Σ−1(z − Ξ)∗

)}
, z ∈ �

m×p,

while the density of S with respect to the Lebesgue measure on �
p×p
H is given by

Det (s)n−p exp
(−Tr (sΣ−1)

)
Det (Σ)nπp(p−1)/2Πp

k=1Γ(n + 1 − k)
, s ∈ �

p×p
+ . (2)

Here Γ( · ) is the usual Gamma function, Tr ( · ) and Det ( · ) denote the trace and determinant of a

square matrix, and the superscript ”∗” means the complex conjugate transpose of a matrix. Further-

more �m×p, �p×p
H , and �

p×p
+ stand for the sets of all m × p complex matrices, of all p × p Hermitian

complex matrices, and of all p × p positive definite Hermitian complex matrices, respectively.

Based on (Z, S) we consider the problem of estimating the mean matrix Ξ with respect to a loss

function

L (Ξ̂, (Ξ, Σ)) = Tr {(Ξ̂ − Ξ)Σ−1(Ξ̂ − Ξ)∗},

where an m × p random matrix Ξ̂ is an estimator of Ξ. The risk function corresponding to this loss

function is

R(Ξ̂, (Ξ, Σ)) = �[L (Ξ̂, (Ξ, Σ))],

where the expectation above is taken with respect to the joint distribution of (Z, S).

This estimation problem is important since it is a prototype of estimating the regression matrix

of a complex MANOVA model and of predicting multivariate responses in a linear regression complex

model. We extend a large body of the results obtained by Efron and Morris [7], Bilodeau and Kariya [2],

Kariya et al. [12], Konno [15], and van der Merwe and Zidek [30] in the multivariate real normal set-up

to the complex normal set-up (1). The results in the real normal model were obtained by extensive

use of the integration by parts approach, known as the Stein identity derived by Stein [26, 28], and the
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Stein-Haff identity by Stein [27] and Haff [9, 10]. In addition to these identities, the eigenvalue calculus,

developed by Loh [21, 22, 23], Konno [15], and Kariya et al. [12], is important to the development for

a systematic search for shrinkage estimators. We extend these approaches to the complex normal set-

up. The Stein identity for the multivariate complex normal is easily derived by using an isomorphism

between real and complex variables stated in Andersen et al. [1] while the Stein-Haff identity was

extended to the complex Wishart distribution by Svensson and Lundberg [29]. These identities and

the eigenvalue calculus for the complex matrix developed in this paper are exploited to establish a

systematic search for shrinkage estimators for the model (1), which includes the FICYREG estimator

of van der Merwe and Zidek [30].

Shrinkage methods for estimating the regression matrix in a multivariate linear regression model

have been extensively investigated to overcome the shortcomings of the ordinary least squares esti-

mator. The literature includes Brown and Zidek [4, 5] and van der Merwe and Zidek [30]. Later

Breiman and Friedman [3] proposed to predict a future observation by a ridge-type shrinkage esti-

mator in order to use information of correlated variables. See Solanky [25] for further investigation

on this problem, which is application of minimax estimators to construct better predictors in order

to overcome shortcomings of the predictor based on the least squares estimator. This shows that

the results obtained in this paper can be immediately applied to the problem of predicting a future

observation in a multivariate linear model for complex data.

The remaining parts of this papers are organized as follows. In Section 2, some notation used

throughout this paper are introdouced. Next integration by parts formulae, complex versions of the

Stein identity and the Stein-Haff identity, are given. These identities play vital roles in obtaining

unbiased risk estimate in Section 3. In Section 3, we obtain unbiased risk estimate for invariant

estimators, from which several shrinkage estimators are derived. The detailed proof for the results is

available at http://mp-w3math.jwu.ac.jp/˜ konno/pdf/tr10.pdf.

2 Preliminaries: Notation and Basic identities

2.1 Notation

Let � and � denote the field of real and complex numbers, respectively. We represent any element

c ∈ � as c = a +
√−1 b, where a, b ∈ �. We also denote the real and imaginary parts of c by Re c and

Im c, respectively. In particular we denote by �+ the set of all positive real numbers. The conjugate

of a complex number c is given by c̄ := a −√−1 b. We define by �p and �p the sets of all p-tuples of
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real and complex numbers, respectively. We set �p
> = {(�1, �2, . . . , �p) ∈ �

p : �1 > �2 > · · · > �p > 0}.
In this paper, these tuples are represented as columns. The sets of all m × p matrices of real and

complex entries are denoted by �
m×p and �

m×p, respectively. The transpose and the conjugate of

C is denoted by C′ and C, respectively. Furthermore the conjugate transpose of an m × p matrix

C ∈ �
m×p is denoted by C∗ = C′. The set of p × p Hermitian positive definite matrices is denoted

by �
p×p
+ . For any c = a +

√−1b ∈ �p (a, b ∈ �p), we denote by [c] a 2p-dimensional real vector

(a′, b′)′. For a positive integer q and real numbers a1, a2, . . . , aq, Diag(a1, a2, . . . , aq) denotes a q×q

diagonal matrix with the i-th diagonal element ai (i = 1, 2, . . . , q). For an m × p complex matrix

C = A +
√−1B (A, B ∈ �

m×p), we denote by {C} a 2m × 2p real matrix A −B

B A

 .

Let g(x, y) be a real-valued function on an open set U ∈ �
2. We say that g is differentiable if

∂g/∂x and ∂g/∂y exist on U . Let u, v be real-valued functions on an open set U ∈ �2. A function

g := u +
√−1 v is called differentiable if u, v are differentiable. For z = x +

√−1 y (x, y ∈ �) and

differentiable function g(z) = u(z) +
√−1 v(z), we define

∂

∂z
g =

1
2

(
∂

∂x
−√−1

∂

∂y

)
g =

1
2

(
∂u

∂x
+

∂v

∂y

)
+

√−1
2

(
∂v

∂x
− ∂u

∂y

)
,

∂

∂z̄
g =

1
2

(
∂

∂x
+

√−1
∂

∂y

)
g =

1
2

(
∂u

∂x
− ∂v

∂y

)
+

√−1
2

(
∂v

∂x
+

∂u

∂y

)
.

It is checked directly that

∂

∂z
z = 1,

∂

∂z
z̄ = 0,

∂

∂z̄
z = 0,

∂

∂z̄
z̄ = 1.

If g is differentiable, then
∂

∂z
g =

∂

∂z̄
ḡ. (3)

Let G = (gij)i=1, 2, ..., m, j=1, 2, ..., p be an m×p matrix, where gij ’s are complex-valued differentiable

functions on �m×p. For z = (zij)i=1, 2, ..., m, j=1, 2, ..., p ∈ �m×p, we set

∇z =
(

∂

∂zij

)
i=1, 2, ..., m, j=1, 2, ..., p

,

and we define

Re(Tr (∇′
zG)) = Tr (Re(∇′

zG)) =
p∑

j=1

m∑
i=1

{
∂(Re gij)
∂(Re zij)

+
∂(Im gij)
∂(Im zij)

}
.
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2.2 Complex normal distributions and the Stein identity

Recall that a p × 1 complex random vector Z is said to have a p-variate complex normal distribution

with a mean vector θ ∈ �
p and a covariance matrix Σ ∈ �

p×p
+ if the density of Z with respect to

Lebesgue measure on �p is given as

fZ(z) =
1
πp

Det(Σ)−1 exp{−(z − θ)∗Σ−1(z − θ)}, z ∈ �
p.

We use the notation Z ∼ �Np(θ, Σ) for this.

Lemma 1. Let Z be a p × 1 complex random vector having �Np(θ, Σ) and let g = (g1, g2, . . . , gp) :

�
p → �

p be differentiable with

�

∣∣∣∣∂ (Re gi)
∂ (Re zi)

∣∣∣∣
z=Z

< ∞, �

∣∣∣∣∂ (Im gi)
∂ (Im zi)

∣∣∣∣
z=Z

< ∞, i = 1, 2, . . . , p.

Then we have

�[(Z − θ)∗Σ−1g(Z) + g∗(Z)Σ−1(Z − θ)] = �

[
p∑

i=1

{
∂ (Re gi)
∂ (Re zi)

+
∂ (Im gi)
∂ (Im zi)

} ∣∣∣∣
z=Z

]
.

2.3 Complex Wishart distributions and the Stein-Haff identity

Assume that a p×p Hermitian positive definite matrix S has a complex Wishart distribution �Wp(Σ, n)

with the density function (2). Let G(S) be a p × p matrix, the (i, j) element gij(S) of which is a

complex-valued function of S = (sij). For a p × p Hermitian matrix S = (sjk), let DS = (∂/∂sjk) be

a p × p operator matrix, the (j, k) element of which is given by

∂

∂sjk
=

1
2
(1 + δjk)

{
∂

∂(Re sjk)
+

√−1
∂

∂(Im sjk)

}
, j, k = 1, 2, . . . , p. (4)

Here δjk is the Kronecker delta ( = 1 if j = k and = 0 if j �= k). Thus the (j, k) element of DSG(S)

is

{DSG(S)}jk =
p∑

l=1

∂glk

∂sjl
(S) =

1
2
(1 + δjl)

p∑
l=1

{
∂glk

∂(Re sjl)
(S) +

√−1
∂glk

∂(Im sjl)
(S)

}
.

Lemma 2. Assume that each entry of G(S) is a partially differentiable function with respect to Re sjk

and Im sjk, j, k = 1, 2, . . . , p. Under conditions on G(S) specified in Konno [17], the following

identity holds:

�[Tr(G(S)Σ−1)] = �[(n − p)Tr(G(S)S−1) + Tr(DSG(S))]. (5)
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Remark 1. The Stein-Haff identity was extended to an elliptically contoured complex distribution

by Konno [17]. Hence, if we know the improved estimators for the normal case, we can establish the

robustness of improvement for the elliptically contoured complex distribution in a manner similar to

that demonstrated in Kubokawa and Srivastava [18, 19].

3 Unknown case and invariant loss

3.1 Unbiased risk estimate for a class of invariant estimators

Consider a class of estimators of the form Z+G(Z, S), where G := G(Z, S) is an m×p matrix whose

(i, j) element gij (i = 1, 2, . . . , m, j = 1, 2, . . . , p) is a complex-valued function based on (Z, S).

Lemma 3. Assume that all elements of G(Z, S) are absolutely continuous functions of Z and S.

Then we have

R(Z + G(Z, S), (Ξ, Σ)) = mp + �
[
2Tr {Re (∇′

ZG(Z, S))} + Tr {DSG∗(Z, S)G(Z, S)}
+(n − p)Tr {G∗(Z, S)G(Z, S)S−1}]. (6)

To describe our class of estimators, let F = Diag (f1, f2, . . . , fmin(m, p)) be the eigenvalues of

Z∗ZS−1. For p > m decompose ZS−1Z∗ = UFU∗, where U is an m × m unitary matrix. For m > p

we decompose S = (A∗)−1A−1 and Z∗Z = (A∗)−1FA−1, where A is a p× p non-singular matrix. We

consider a class of estimators of the form

Ξ̂H := Ξ̂H(Z, S) =

 Z{Ip + AH(F)A−1} if m > p

{Im + UH(F)U∗}Z if p > m
, (7)

where H := H(F) = Diag (h1(F), h2(F), . . . , hmin(m, p)(F)) whose i-th element hi := hi(F), i =

1, 2, . . . , min(m, p), is a real-valued function on �
min(m, p)
> .

Let

∆̂(n, m, p; H) =
p∑

k=1

{
2(m − p + 1)hk(F) + 2fkhkk(F) + 4

∑
b>k

fkhk(F) − fbhb(F)
fk − fb

+(n + p − 2)fkh
2
k(F) − 2f2

khkk(F)hk(F) − 2
∑
b>k

f2
kh2

k(F) − f2
b h2

b(F)
fk − fb

}
×�{f1 > f2 > · · · > fp > 0}, (8)

where hkk(F) = (∂hk/∂fk)(F), k = 1, 2, . . . , p, and �{f1 > f2 > · · · > fp > 0} is an indicator function

of the set {(f1, . . . , fp) ∈ �p : f1 > f2 > · · · > fp > 0}.
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Proposition 1. Under the suitable conditions, we have

R(Ξ̂H , (Ξ, Σ)) =

 mp + �
[
∆̂(n, m, p; H)

]
if m > p

mp + �
[
∆̂(n + m − p, p, m; H)

]
if p > m

.

Remark 2. Assume that Ξ = 0 in (1). From [14], the joint distribution of the eigenvalues of Z∗ZS−1

is, aparting from normalizing constants,

Πp
k=1

fm−p
k

(1 + fk)n+m
Πp−1

k=1Π
p
j=k+1(fk − fj)2Π

p
k=1dfk

if m > p while it is

Πm
k=1

fp−m
k

(1 + fk)n+m
Πm−1

k=1 Πm
j=k+1(fk − fj)2Πm

k=1dfk

if p > m. Note that the substitution rule to get the second distribution from the first distribution,

i.e.,

(p, m, n) → (m, p, n + m − p)

is valid to obtain the second assertion of Proposition 1 from the first assertion of Proposition 1. Hence,

if we know the estimator of the form Z{Ip+AHA−1} when m > p, we can easily write down estimators

of the form {Im + UHU∗}Z when p > m by using the above substitution rule.

3.2 Alternative estimators

Proposition 2. Let γ1(F), γ2(F), . . . , γmin(m, p)(F) be functions satisfying

(i) 0 ≤ γk(F) ≤ max{2(m − p)/(n + p), 2(p − m)/(n + 2m − p)};
(ii) (∂γk/∂fk)(F) ≥ 0 for k = 1, 2, . . . , min(m, p);

(iii) γ1(F) ≥ γ2(F) ≥ · · · ≥ γmin(m, p)(F).

Then the estimator (7) with

H(F) = −Diag
(

γ1(F)
f1

,
γ2(F)

f2
, . . . ,

γmin(m, p)(F)
fmin(m, p)

)
is minimax.

Corollary 1. The Efron-Morris estimator

Ξ̂(EM) =


Z{Ip − m − p

n + p
(ZZ∗)−1S} if m > p

{Im − p − m

n + 2m − p
(ZS−1Z∗)−1}Z if p > m

is minimax.
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Proposition 3. For k = 1, 2, . . . , min(m, p), let

c
(AS)
k =

m + p − 2k

n − p + 2k
, H(AS)(F) = −Diag

c
(AS)
1

f1
,

c
(AS)
2

f2
, . . . ,

c
(AS)
min(m, p)

fmin(m, p)

 .

Then the estimator

Ξ̂(AS) =

 Z{Ip + AH(AS)(F)A−1} if m > p

{Im + UH(AS)(F)U∗}Z if p > m

is minimax.
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