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Preliminaries [0 Complex normal and Wishart distributions

Complex normal distribution

Complex Wishart distribution

* Good reference is Andersen et al. (1995, Lecture note in
Statistics vol. 101).

* We say that a random variable Z has a standard complex
normal distributions CN(0, 1) if

=(52) 13- )]

* Then the density (w.r.t. Lebesgue measure on C) of Z is
given as

f2(2) = —= exp(-22)

where Z is the conjugate of a complex x (x € C).
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Preliminaries [0 Complex normal and Wishart distributions

Complex normal distribution
Complex Wishart distribution

* Assume that Z ~ CN(0, 1). For£é € C, o € Ry,
X := €4+ 0Z ~ CN(&, 0?).

* Let X be CP-valued random vector. For Yc € CP[0 £ € CPO
and X € Cixp

c*X ~ CN(c*&, c*Xc) & X ~ CN,y (&, X),

where c* is the transpose complex conjugate of a column
vector ¢ and Cﬁ_Xp is the set of all p.d. complex matrices.

* Let X ~ CNp (¢, X). Then the density of X(w.r.t. Lebesgue
measure on CP) is given as

f(x) = ﬂip(DetZ)‘l expl=(x — &)*E1(x = &)}.
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Preliminaries [0 Complex normal and Wishart distributions

Complex normal distribution

Complex Wishart distribution

* Let X ~ CNp (¢, X). Then the density of [X](w.r.t Lebesgue
measure on R?P) is given as

1= (B ) - [ 06 ), 2R mE ),

where ReX and Im X are symmetric and skew-symmetric.
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Preliminaries [0 Complex normal and Wishart distributions

Complex normal distribution

Complex Wishart distribution

* Let X1, X2, ..., Xn be mutually independent CN, (0, X)
random vectors. Then the distribution of

S = i XiXi*
i=1

is called a complex Wishart distribution with parameters n,
(this is denoted by CW, (n, X))

* Ifn > p, then P(S is p.d.) = 1 and the density of S(w.r.t.
Lebesgue measure on Cixp ) is given as

Det (w)"P exp (-Tr (wX™1))

fs(W) = ,
Det(}:)”np(P‘l)/zl'ljp:ll'(n +1-j)

where w € @‘J’rxp, the set of all p.d. complex matrices, and
() is Euler's gamma function.
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Set-up of a problem

Observation for the problem of estimating mean matrix =

* Two random matrices X : mxp andS: p x p are
independent and distributed as follows.

* X:mxp ~CNnyp(5 Imn®Z)andS: pxp ~ CW,y(n, Z),
where = is unknown m x p matrix with complex entries and
is unknown Hermitian p.d. p X p matrix.

Write X’ := (X1, X2y «vvy Xm) and = = (&1, €25 vy €m),
the transpose of the matrix =. Then X; (i = 1, 2, ..., m) are
independently distributed as CNp (.fi’, ).

* Assume thatn > p.
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Set-up of a problem

Loss function

* We consider the problem of estimating unknown mean matrix
= based on observation X and S under a loss function:

L((Z £), 5 ) =Tr £ E-3)"(E-3)},

where = is an estimator for =.
* Risk function

R((E’ 2)9 g) = IFI3['— ((E’ 2)9 g)L

Goal
Find estimators = s.t.

R((Z,2),2) <R((E 2),X) =mp  for (3, Z).
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Key ingredients

Key ingredients
We consider a class of estimators = whose modification of the
estimator X depends on the eigenvalues of X*XS™1.
Then R((Z, £), =), the risk of estimators =, depends on
unknown parameters (=, Z).
To compare R((Z, £), =) with R((S, £), X) = mp, we
derive the unbiased estimate of the risk R ((Z, £), =).

R((S 2), g) =mp + E[Z]

Here O A is a function of the eigenvalues of X*XS™1.
If A < 0, then = improves upon X, i.e., R((Z, £), =) < mp
for Y(5, Z).
To derive A, we use integration-by-parts formulae (Stein
identity for complex normal distribution and Stein-Haff identity
for complex Wishart distribution).
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Notation 1

*x RmC and Im c: the real and imaginary parts of a complex
number c.

* R ={(61, oy oo () €ERP 1 126,24+ 2 £ > 0)
* CM*P: the sets of all m x p matrices of complex entries.

% C’ and C: the transpose and the conjugate of C € C™*P,
C*=cC.
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Notation 2
* Forz =x + ¥-1y (x, y € R) and differentiable function
9(z) = u(z) + VY-1v(z) (u(z) and v(z) are real-valued
differential functions),

o 1(0 o
0z 2 \ox ay
_ 1(8u +8v V-1(dév du
— 2\ox  ay 2 \ox oy’
Therefore

(a_u a_v)_l(a(Reg) a(lmg))
ay) 2

Re (a—g) = l =
0z 2 d(Rez) d(Imz)
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Notation 3

* G = (9j)i=1,2,..,m,j=1,2,..,p D€ @n M X p matrix
(gjj’s are complex-valued differentiable functions on C™*P).

* Forx = (Xjj)i=1,2,..,m,j=1,2,..,p € C"*P, set

v, — (i) ,
X i=1,2 '

ey My j=1,2,...,p

and define
Re(Tr (V,G)) = Tr (Re(V,G))
_ 1 p 3(Reg” B(Im gij)
- E;;{B(Rex”) a(Im xij)}'
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Stein identity for complex normal distribution
Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Lemma (Stein’s identity for complex normal distribution)

Let X be am x p matrix having CNmxp (=, Im ® Z) and let
G = (9j)i=1,2,..,m,j=1,2,..,p With

|3(Regij) '3(|m 9ij)
—_— < o0, —_— < oo,
0 (Rexij) x=X a(lm Xij) x=X

and x = (Xij )i=1,2,...,m,j=1, 2y er P in C™*P . Then we have
E[Tr {Z71(X = £)*G(X) + Tr {ZT'G*(X)(X - 2)}]

= 2E[Tr (Re(V.G))],_,]
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Sketch of proof
Recall that, for X ~ CNp (¢, X), we have

X1 = ReX N Reé ) 1 [ ReX —-ImX
XI:=1 jmx |~ N Imé P2\ ImE Rex I
N —

[£]: 2px1 {}: 2px2p

and note that
(X =€)"'27g(X) + g*(X)=7H(X - 0) = 2[X - £]'{Z)7*[g].

From Stein’s identity for the multivariate real normal distribution,
we have
b
X=X

p
E[[X - &' (2}/2) " [o]] = E IZ (
i=1
14/30
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

We consider a real normal case for simplicity.
ForZ ~ N(&, 1) and a function g : R — R such that
E[g’(Z)] < oo, we have

[[e-ae@en--e12e
=[s@ e~z - 022"+ [ o' exp(- - 9?/2)dz

0

because f_‘: g(z) exp(=(z = £€)?/2) dz < oo. This shows that
E[(Z - £)9(2)] = E[g’(2)]-

Note that E[g”(Z)] < oo implies E[Zg(Z)] < o and E[g(Z)] < oo.
See Sourav Chaterjee’s lecture note(Stein’s method and
applications).
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Notation

* Lets:p xp = (sik) and G(s) = (gj(s))-
*

0 1 0 0
— = =(1+ k) + (1= 0k) V-1———,
Osik 2 6(R Sik ) (Im sj)
forj, Kk =1, 2, ..., p and 6y is the Kronecker delta.
* LetDg = (0/dsjc) be ap x p operator matrix given by

99Kk

P
{DsG(S)l = Zg()
=1

_ 146 & Ik _ Ik
= Z{—B(Res“) + (1 - 68¢) «/-_1—6( s,|)}

=S
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Stein identity for complex normal distribution
Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Lemma (Stein-Haff identity for complex Wishart distribution)

Assume that each entry of G(S) is a partially differentiable function
with respect to Resy and Im sy, j, k =1, 2, ..., p. Under some
regularity conditions on G(S), the following identity holds:

E[Tr (G(S)Z™)] = E[(n - p)Tr (G(S)S™") + Tr (DsG(S))]- (1)
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Sketch of proof
Forx = (Xij )i=1, N3 =1, 0, note that

9 exp (=Tr x*x) = =xj exp (=Tr x*x),
6xi,-
Assume that X ~ CNpxp (0, In ® Ip) and put

S = (sj) = X*X ~ CW(n, Iy). Then we have

[ p n [ p n
— 0
ug,—.‘ = E ZZXHXHQH =E|), e 9
j=1 k=1 ,. I
4 agjl
= E|n X
gil +ZZ kj Xk

j=1k=1
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Stein identity for complex normal distribution

Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

In matrix form
E[SG] = E[nG + (X'Vx)'G].

Transform X — X(P*)~1 (S -» P7IS(P*)~!)and G —» P*G(P*)71,
where £ = PP* and P is a p X p nonsingular matrix. Then

E[271SG] = E[nG + (X'Vx)'G].

Replacing S with S™1G, taking the trace, and using the chain-rule
of differentiation, we have

E[Tr 27'G] = E[(n — p)Tr (GS™!) + Tr (DsG)].
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Class of estimators
Unbiased risk estimate

Improved estimators

Class of estimators and unbiased estimate of the risk

Class of estimators

* Let F = Diag (f1, f2, ..., fmin(m,p)) be the eigenvalues of
X*Xs™1,

* For p > m decompose XS™1X* = UFU*, where U is an
m X m unitary matrix.

* Form > p we decompose S = (A*)"1A~1 and
X*X = (A*)~"tFA~1, where A is a p x p non-singular matrix.

% Consider a class of estimators of the form

- = _ [ Xp +AH(AAT}  ifm >p
Zhi=Z=u(X, S) = { {lm + UH(F)U*}X ifm<p ’
(2)
where H := H(F) = Diag (hl(F)’ hZ(F)’ R hmin(m,p)(F))
whose i-th element h; := h;i(F),i =1, 2,..., min(m, p), is

min (m,p)

a real-valued function on IRi>
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Class of estimators
Unbiased risk estimate

. . . Improved estimators
Class of estimators and unbiased estimate of the risk F -

Theorem
Under the suitable conditions, we have

Z(n, m, p; H)] ifm >p
E(n+m—p, p, m; H)] ifm<p

mp + E
mp + IE

R((5 Z)”E\H) = {

where hy (F) = (Bhk/(‘)‘f)k)(F) and
A(n, m, p; H) = Z{Z(m = p + 1)he (F) + 2fchi (F)

k=1
fichi (F) = o hi (F) ,
4 - 2)fkh(F
> i * (1 +p = 2)hZ(F)

b>k
f2hZ(F) — f2hZ(F)

~282huc (F)h (F) =2 ) }H{fl >.oe>fy >0}
b >k

fk = fp
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Class of estimators
Unbiased risk estimate

Improved estimators

Class of estimators and unbiased estimate of the risk

Evaluation of risk
* We have

R((3, £), Z4) = E[Tr £} (X + G - 2)*(X + G - 5)}]
= E[Tr (27 (X - 2)*(x - )}]

mp

+E[Tr (£716*(X - 2)) + Tr (27}(X - 2)*G)]

Stein’s identity
+ E[Tr{z7'c Gl
Stein and Haff identity
= mp + E[27Tr {Re(V,G)}]
+E[Tr {DsG*G} + (n - p)Tr {S7'G"G}].
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Class of estimators
Unbiased risk estimate

. . Improved estimators
Class of estimators and unbiased estimate of the risk f

* Whenm > p, recall that =4 = X + G = X + XAH(F)A™L,
where A is a p x p nonsingular matrix s.t. S = (A*)71A!
and A*X*XA = F =Diag(f, ..., fy), and that the

modification H depends only on the eigenvalues of X*XS71, .
*

R((% %), Z4) = mp +E[2Tr {Re(V,G)}]
+E[Tr {DsG*G} + (n - p)Tr {s7'G"G}|].
= mp +E[2Tr (Re(V] XAHA™)}]
+E[Tr {Ds (XAHA™!)*(XAHA ™)}
(A*)~LHFH(F)A-L
+(n = p) Tr {STH(XAHA™!)*(XAHA)}].

Tr {FH2)}
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Class of estimators
Unbiased risk estimate
Improved estimators

Class of estimators and unbiased estimate of the risk

* The terms inside the first and second expectations are written
as

Tr {Re (V] XAHA™))

P fihk = fohp
= Z fuhie + (M = p + 1)hi +22—

k=1 b>k fk =fb
Tr {Ds((A*)"*HFHA™1))

p szhi - fshs
=Z 2(p—1)fkhf—2fkhkkhk—22— )
k=1 & fk = fo
= >k

where H = Diag(hy, ..., hp) and hy = dhy /dfc, and Ais a
p x p nonsingular matrix such S = (A*)~1A~1, and that the
modification H depends only on the eigenvalues of X*XS™1,
F= Diag(fl, foy vees fp)
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Class of estimators
Unbiased risk estimate
Improved estimators

Class of estimators and unbiased estimate of the risk

* When m < p, recall that ?H := X 4+ G where G = UHU*X,
where U is an m x m unitary matrix such that
XS~1X* = UFU*, and recall that an m x m diagonal matrix H
depends only on F = Diag(f1, fz, .., fm).

* Form < p, we have

R((Z 2), 1) = mp +E[2Tr (Re(V,G)}]
+E[Tr {DsG*G + (n — p)Tr {S'G*G}].
= mp + E[2Tr {Re(UH(F)U*X)}]
+E[Tr {Ds (UH(F)U*X)*(UH(F)U*X)}
X*UH2U*X
+(n=p)Tr {S‘l(UH(F)U*X)*(UH(F)U*X)}].

Tr {FH2)}
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Class of estimators
Unbiased risk estimate

Improved estimators

Class of estimators and unbiased estimate of the risk

* The terms inside the first and second expectations are written
as

Tr {Re (V] UHU*X)}

i fxhg = fohp
= Z fuhie + (p = m + 1)hw +22—

k=1 b>k fic = o
Tr {Ds (X*UH?UX)}

M=

2(m = 1)fch? = 2f%hi hy = 2
{( )ich? = 22hichi =2 ) T

2 2
fkhk - fbh|D }
b >k

k=1

where H = Diag(h1, ..., hm) and hi = dhy /dfx, and U is
an m x m unitary matrix s.t.
XS~ix* = UDiag(f, f2, «.., fm)U*. o
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Class of estimators
Unbiased risk estimate

. . . Improved estimators
Class of estimators and unbiased estimate of the risk P

Theorem (Efron-Morris type estimator)

Let

m-p
C—{pr_ |fm>p
nramop ifm<p
and put

H(F) o _Diag (2, 2’ cee, ;]
fi 2 fmin (m,p)

Then the estimator

= _ [ X{lp = c(X*X)"s} ifm >p
T U —c(XSTIXH) X ifm <p

improves upon X, i.e., R((Z, £), Z4) < R((E, £), X) for V(Z, ).
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Class of estimators
Unbiased risk estimate

. . . Improved estimators
Class of estimators and unbiased estimate of the risk P

-2k .
Letcyx = Tfpp+2k (k =1,2,..., min(m, p)) and put
. [c1 c2 Crmin (m, p)
H(F) = -Diag|—, —, ..., ——|.
fi™ f2 fimin (m,p)
Then the estimator
= _ [ X{lp + AH(F)A™Y} ifm >p
=7\ {Im + UH(F)U*}X ifm >p

improves upon X, i.e., R((Z, £), =n) < R((S, £), X) for V(Z, £).

Recall that U is an m x m unitary matrix s.t. XS™1X* = UFU* and
that A is a p x p nonsingular matrix s.t. S = (A*)~*A-1,
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Concluding remarks

The results are complex version of those for estimation
problem for the mean matrix of the real multivariate normal
distribution (see Konno (JMVA, 1991) and Kariya et al. (JMVA,
1999)).

However the results are parallel to real case.

Note that the substitution rule to get the second part from the
first partis (p, m, n) = (m, p, n +m —p), i.e,

mp + E
mp +E

Z(n, m, p; H)] ifm>p

R((E,Z)7EH) = { Z(n+m—p, P, m’H)] ifm<p

This is the same as the rule substitution for the joint
distribution of X*XS™1.
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Concluding remarks

When = = 0, the joint distribution of X*XS™1 is, apparting from
normalizing constants,

§m-p
nizlmni;llnjpzk+l(fk - fj)z”i:ldfk
if m > p while it is
fP=m
nm —————Aminm  (f - f)27_ df,

k=l(1+fk)n+m k=1 j=k+1

if p > m. The second one is obtained by the substitution rule

(p, m, n) = (m, p, n + m — p). Good reference is Khatri(1965,
Ann. ,Math. Statist).
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