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Complex normal distribution
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* Good reference is Andersen et al. (1995, Lecture note in
Statistics vol. 101).

* We say that a random variable Z has a standard complex
normal distributions CN(0, 1) if

RFARTRE ]

* Then the density (w.r.t. Lebesgue measure on C ) of Z is
given as

f2(z) = —— exp(~Z2)

where Z is the conjugate of a complex x (x € C).
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* Assume that Z ~ CN(0, 1). For ¢ € C, o € Ry,
X := ¢+ 0Z ~ CN(&, o2).

* Let X be CP-valued random vector. For Yc € CP, & € CP,
and X € @’j_xp

¢*X ~ CN(c*¢, c*Xc) & X ~ CNy(¢, X),

where ¢* is the transpose complex conjugate of a column
vector ¢ and Cixp is the set of all p.d. complex matrices.

* Let X ~ CNp(&, X). Then the density of X(w.r.t. Lebesgue
measure on CP) is given as

fx(x) = ;—p(Det ¥) T exp{—(x - £)*T 7 (x - £)).
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* Let X ~ CNp (&, X). Then the density of [X](w.r.t Lebesgue
measure on R?P) is given as

[ ReX Re & 1( ReX -ImX
[X]'_(ImX)~N2p[(Im§)’§(ImZ Re X )]’

where Re X and Im X are symmetric and skew-symmetric.
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* Let X4, X2, ..., Xp be mutually independent CN, (0, X)
random vectors. Then the distribution of

S = zan,XT
i=1

is called a complex Wishart distribution with parameters n, £
( this is denoted by CWy(n, X))

* If n > p, then P(S is p.d.) = 1 and the density of S(w.r.t.
Lebesgue measure on C’r‘p ) is given as

Det (w)"P exp(-Tr (wX 1))

fs(W) = ’
Det (X)"2P(P=1/2N7_ T(n +1- )

where w € C’:‘p, the set of all p.d. complex matrices, and
() is Euler's gamma function.
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Set-up of a problem

Set-up of a problem

Observation for the problem of estimating mean matrix =

* Two random matrices X: mxpandS: p X p are
independent and distributed as follows.

* X:mxp ~CNpxp(S, In®Z)andS: pxp ~ CWp(n, Z),
where = is unknown m x p matrix with complex entries and
is unknown Hermitian p.d. p x p matrix.

Write X’ := (X1, X2, ..., Xip) and =7 = (&1, €25 + -+ €m),
the transpose of the matrix =. Then X; (i =1, 2, ..., m) are
independently distributed as (CNp(g'{, Z).

* Assume that n > p.
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Loss function

* We consider the problem of estimating unknown mean matrix
= based on observation X and S under a loss function:

L((E’ Z)a E’ ) =Tr {2_1 (g_ E)*(E_ E)}9

where = is an estimator for =.
* Risk function

R((Z, %), £) = E[L((3, £), )],

Goal
Find estimators = s.t.

—_

R((Z £),S) <R(E %), X)=mp  forY(3, £).
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Key ingredients
E We consider a class of estimators = whose modification of the
estimator X depends on the eigenvalues of X*XS~1.
El Then R((Z, £), ), the risk of estimators =, depends on
unknown parameters (=, Z).
To compare R((Z, £), Z) with R((S, £), X) = mp, we
derive the unbiased estimate of the risk R((Z, £), Z).

R((Z, %), ) = mp + E[4]

Here, A is a function of the eigenvalues of X*XS~1.

B If A < 0, then = improves upon X, i.e., R((Z, £), =) < mp
for Y(5, Z).

A To derive A, we use integration-by-parts formulae (Stein
identity for complex normal distribution and Stein-Haff identity
for complex Wishart distribution).
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Stein identity for complex normal distribution

Integration-by-parts formulae

Notation 1

* Rm C and Im c: the real and imaginary parts of a complex
number c.

* ]Rg:{(ﬁ, {2y ..., fp)GRp {126 > ‘Z€p>0}
* CM*P: the sets of all m x p matrices of complex entries.

% C’ and C: the transpose and the conjugate of C € C™*P,
c*=2cC.

Stein-Haff identity for the complex Wishart distribution
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Notation 2
* Forz = x + Y=1y (x, y € R) and differentiable function
9(z) = u(z) + V=1v(z) (u(z) and v(z) are real-valued
differential functions),

Y. XA
0z 2 \ox ay
1 8u+6V V-1 {ov du
— 2\ox oy 2 \ox ay)’
Therefore
Re (69) 1 (au av) 1 (B(Reg) 4 a(Img))
dz)]  2\ox  3dy) 2\8(Rez) 8(Imz)
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Integration-by-parts formulae

Notation 3

* G = (gjj)i=1,2,..,m,j=1,2,..,p D€ an m x p matrix
(gij’s are complex-valued differentiable functions on C™*P).

* For x = (Xj)i=1,2,..,m,j=1,2,..,p € C™*P, set

0
Vx = (_
0Xij)i—1,2,...m,j=1,2,..p

and define
Re(Tr (V,G)) = Tr(Re(V,G))
1 P d(Re gj)
T2 Z Z {6(Re Xij)

j=1i=1

6(1111 X,'j)

Stein-Haff identity for the complex Wishart distribution
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Lemma (Stein’s identity for complex normal distribution)

Let X be a m x p matrix having CNmxp(Z, Im ® Z) and let
G = (gij)i=1’2""’m’j=1s2’-"’P Wlth

0 (Re X,'j)

'3 (Im gj)
< oo, [E|——

< oo,
x=X

and x = (Xjj)i=1,2,..,m,j=1,2,..,p in C™*P. Then we have

E[Tr {7 (X - 2)*G(X) + Tr {£71G*(X) (X - )}]
= 2E[Tr (Re(V;G))L(:X]
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Sketch of proof
Recall that, for X ~ CNp (¢, X), we have

[ ReX Re é ReX -ImZX
[X] '_( Im X ) ~ NZP[( Im & ) ( InX ReX )]’
[

[€]: 2px1 {Z}: 2px2p

and note that
(X-&)z7"g(X) + g*(X)Z7 (X - 0) = 2[X - £1'(z} "[g].
From Stein’s identity for the multivariate real normal distribution,

we have
9
x=X

B[IX - £ (15)/2) ' [g]] = Z (
14/30

d(Re g;) (')(Im g,-))
d(Re x;) B(Im X;)

where x” = (x1, X2, ..., Xp) and g’ = (g1, 92, -, 9p)-

Stein identity for complex normal distribution
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We consider a real normal case for simplicity.
ForZ ~ N(¢, 1) and a function g : R — R such that
E[g’(Z)] < o, we have

[ - 9@ exp(-(z - £%12) oz
= [o@) exp(~(z - %/2)|"_+ [ o'(2) exp(~(z - £)%/2) oz

0

because [* g(z) exp(—(z — €)/2) dz < co. This shows that
E[(Z - £§)9(2)] = Elg’(2)].

Note that E[g’(Z)] < oo implies E[Zg(Z)] < oo and E[g(Z)] < oo.
See Sourav Chaterjee’s lecture note(Stein’s method and
applications).
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Integration-by-parts formulae Stein-Haff identity for the complex Wishart distribution

Notation

* Lets: pxp = (sx)and G(s) = (gij(s)).
*
0 1 0 0
—— = (14 8 | T + (1= 6) V=T ——— 1,
asjk 2 6(Re Sjk) 6(Im Sjk)
forj, k =1, 2, ..., p and dj is the Kronecker delta.
* Let Ds = (d/0sjx) be a p x p operator matrix given by

09k

{DsG(S)}x = Z —( )
=1
1 + J; 0 0
jl Z gk +(1-6;) N gk .
i=1 \9(Resy) d(Im sj) ) |s=s
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Lemma (Stein-Haff identity for complex Wishart distribution)

Assume that each entry of G(S) is a partially differentiable function
with respect to Re sjx and Im s, j, k =1, 2, ..., p. Under some
regularity conditions on G(S), the following identity holds:

E[Tr(G(S)X™")] = E[(n - p)Tr(G(S)S™") + Tr(DsG(S))]. (1)
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Sketch of proof
For x = (Xjj)i=1,...,n; j=1,.., p, NOte that

0 -
— exp(-Trx*x) = —x; exp(-Tr x*x),
Xij

Assume that X ~ CNpxp(0, I, ® Ip) and put
S = (sj) = X*X ~ CW(n, lp). Then we have

P [ p n [P n
- i)
E LZ sijgu| = E Z XkiXkjgj| = E Z Z r(xkjgjl)
i—1 [ j=1 k=1 [j=1 k=1 OXki
° » Bg,,—
= [E|n Xyj——
gi + ]; kz=1 kj 6in
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Class of estimators
Unbiased risk estimate

Class of estimators and unbiased estimate of the risk IO G e

In matrix form
E[SG] = E[nG + (X'Vx)'G].

Transform X = X(P*)~' (S - P~'$(P*)~")and G —» P*G(P*)™",
where £ = PP* and P is a p X p nonsingular matrix. Then

E[Z"'SG] = E[nG + (X'Vx)'G].

Replacing S with S~'G, taking the trace, and using the chain-rule
of differentiation, we have

E[Tr27'G] = E[(n - p)Tr (GS™") + Tr (DsG)].
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Class of estimators

* Let F = Diag (fi, f2, ..., fnin(m,p)) be the eigenvalues of
X*Xs™1.

* For p > m decompose XS~1X* = UFU*, where U is an
m X m unitary matrix.

* Form > p we decompose S = (A*)~'A~" and
X*X = (A*)~'FA~1, where A is a p x p non-singular matrix.

* Consider a class of estimators of the form

= = _ | X{l, + AH(F)A™"} ifm>p
=ni=Zu(X, S) = { {lm + UH(F)U*}X ifm<p ’
(2)
where H := H(F) = Diag (h1(F), h2(F), ..., Bmin(m,p)(F))
whose i-th element h; := h;(F), i =1, 2, ..., min(m, p), is

min(m, p)

a real-valued function on ]R>
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Class of estimators
Unbiased risk estimate

Improved estimators
Class of estimators and unbiased estimate of the risk mprov !

Theorem

Under the suitable conditions, we have

mp + E
mp + E

A(n, m, p; H)] ifm>p

R((Z %), Zh) = { A(n+m-p, p, m; H)] ifm<p

where hy, (F) = (Bhk/égk)(F) and

B(n. m pi H) = 2 {2(m = p + )1e(F) + 2hchua(F)
k=1

fxhg (F) — fohp (F)
4
U Z fx — fp

+ (n + p - 2)fxh’ (F)
b>k
f2h2 (F) — f2h? (F)
—2f2hy (F)hi (F) =2 )

g b>k fk - fb

}I[{f1 > .o >1f >0}
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Class of estimators
Unbiased risk estimate
Improved estimators

Class of estimators and unbiased estimate of the risk

Evaluation of risk
* We have

R((Z, £), Zx) = E[Tr (Z7'(X + 6 - 2)* (X + G - S)}|
= E[Tr{z7'(X - 5)*(X - )}

mp

+E[Tr{Z7'6*(X - Z)} + Tr (27" (X - 5)*G}]

Stein’s identity
+ E[Tr{z7'G*6}]

Stein and Haff identity
= mp + ]E[Z Tr {Re (v;(G)}]
+E[Tr (DsG*G} + (n - p)Tr {S7'G"G}.
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Unbiased risk estimate

Improved estimators

Class of estimators and unbiased estimate of the risk

* When m > p, recall that =y = X + G = X + XAH(F)A™",
where A is a p x p nonsingular matrix s.t. $ = (A*)~1A-1
and A*X*XA = F = Diag (f1, ..., f,), and that the
modification H depends only on the eigenvalues of X*XS™1, .

*

R((Z, ), Z4) = mp + E[2Tr (Re (V}G)}]
+E|Tr {DsG*G} + (n - p)Tr {S~'G"G}][.
= mp + E[2Tr (Re (V) XAHA™")}]|
+E[Tr {Ds (XAHA™")*(XAHA™")}

(A*)~THFH(F)A-1
+(n - p) Tr (™' (XAHA™")*(XAHA™")} .

Tr {FH2)}
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Class of estimators
Unbiased risk estimate

Improved estimators

Class of estimators and unbiased estimate of the risk

* The terms inside the first and second expectations are written
as

’ -1
Tr (Re (V/, XAHA™"))

p
= Z{fkhkk+(m_p+1)hkk+22

k=1 b>k
Tr {Ds((A*)""HFHA"")}

fxhyx — fohyp
f — £

p
= 2(p — 1)fh? — 2f hyxhyx — 2
Z{(P )kk k Nkk Nk Z P—

k=1 b>k
where H = Diag(hy, ..., hp) and hyx = 0hy/0fx, and Ais a
p % p nonsingular matrix such S = (A*)~'A-1, and that the
modification H depends only on the eigenvalues of X*XS~7,
F= Diag(f1, fz, ceey fp).

2,02 2.2
fkhk_fbhb}
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Class of estimators and unbiased estimate of the risk

* When m < p, recall that ?H := X + G where G = UHU*X,
where U is an m x m unitary matrix such that
XS~'X* = UFU*, and recall thatan m x m diagonal matrix H
depends only on F = Diag(fi, f2, ..., fn).

* Form < p, we have

R((Z, ), Z4) = mp + E[27Tr (Re (V}G)}]
+E[Tr {DsG"G + (n - p)Tr {S'G*G}].
= mp + E[2Tr (Re (UH(F)U*X)}|
+E[Tr {Ds (UH(F)U*X)* (UH(F)U*X)}

X*UH2U*X

+(n - p) Tr {S™" (UH(F)U*X)* (UH(F)U*X)}].

Tr {FH2)}
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Class of estimators and unbiased estimate of the risk

* The terms inside the first and second expectations are written
as

Tr {Re (V) UHU*X)}

fihe — foh
—Z fuhi + (p — m + 1) hy, +ZZM
k=1 b fk = 1o
= >k
Tr {Ds (X*UH2UX)}
m , , flfhk—fghb
= 2(m - 1)fih? = 2fPhichy -2 Y ———
Z=: ( )1 k K kk Tk l;( f — fp ’

where H = Diag(hy, ..., hy) and hyx, = dhy/0fy, and U is
an m X m unitary matrix s.t.
XS~1X* = UDiag(fy, f2, ..., fm)U*. o
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Class of estimators
Unbiased risk estimate

Class of estimators and unbiased estimate of the risk fmpioyediestmator

Theorem (Efron-Morris type estimator)

Class of estimators
Unbiased risk estimate

Class of estimators and unbiased estimate of the risk lmpeediestimaters

Theorem

Let mep .
c = { Fp’im Ifm ZP
T Zmp ifm<p
and put
c cC c
o(e) = -viog(2, 2+, —)
f1’ f2, ’ fmin(m,p)
Then the estimator
= _ | X{lp - ¢(X*X)'s} ifm > p
T U —c(XSTIX) X ifm<p

improves upon X, i.e., R((Z, £), Zx) < R((E, £), X) for Y(Z, ).
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m+p—2k -2k

Letcx = Feritmn

(k =1,2,..., min(m, p)) and put

c .
H(F) = —Dlag(c1 il —mm(m’p)].

i £ A fmin(m,p)
Then the estimator

[ X{l, + AH(F)A™"} ifm>p
{lm + UH(F)U*}X ifm>p

11)

improves upon X, i.e., R((Z, £), =x) < R((Z, £), X) for Y(Z, £).

Recall that U is an m x m unitary matrix s.t. XS~'X* = UFU* and
that A is a p x p nonsingular matrix s.t. 8 = (A*)~'A~".
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Concluding remarks

Concluding remarks

El The results are complex version of those for estimation
problem for the mean matrix of the real multivariate normal
distribution (see Konno (JMVA, 1991) and Kariya et al. (JMVA,
1999)).

E However the results are parallel to real case.

E Note that the substitution rule to get the second part from the
first partis (p, m, n) - (m, p, n + m - p),ie.,

mp + E
mp + E

A(n, m, p; H)] ifm>p

R((Z £),Zn) = { A(n+m-p, p, m; H)] ifm<p

This is the same as the rule substitution for the joint
distribution of X*XS~1.

29/30

When = = 0, the joint distribution of X*XS1is, apparting from
normalizing constants,

fmr
P k p-1p 2P
ﬂk=1 (1 + fk)"+m nk=1 rlj=k+1(fk - f}) nk=1dfk

if m > p while itis
fom

m k m-1 m " 2m
k=1(1 4 fi)n+m k=1 nj=k+1 (fc — 1) nk=1dfk’

if p > m. The second one is obtained by the substitution rule
(p, m, n) - (m, p, n + m — p). Good reference is Khatri(1965,
Ann. ,Math. Statist).
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