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Outline

(In this talk we consider the problem of estimating large covariance matrices

in a decision-theoretic manner when the dimension of variables p is larger than

the number of observations n (both n and p are finite). Population distributions

include not only real multivariate distributions but also complex multivariate

distributions. The resulsts of real and complex cases parallel each other. See
Konon (JMVA, 2009).

Outline

(1) Wishart matrix and its distribution

(2) Notation and settup of the problem

(3) Class of estimators and Stein's Unbiased Risk Estmate (SURE) methodO
(4) Improved estimators

(5) Simulation Study
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Wishart distribution (1)

Assume that RP-valued random column vectors X, X5, ..., X,, are distributed
as multivariate normal distribution with mean zero vector and covariance X:

1 I
N,(0, ¥)(dz) = 2 2ot (5)1)° exp {—533’2 1:1:} dx

where dx is Lebesgue measure on RP and
¥ € Sym; (R) ={S e RP*?: 2/Sx > 0 Ofor z € R?\ {0}}.

Here z’ is the transpose of column vector x[]



Yoshihiko KONNO(O'O OO) Shrinkage estimators for large covariance matrices in multivariate normal distributions

Wishart distribution (2)

Wishart Matrix

Let X :n xp=|Xq, ..., X,;]" and put

W:pxp=X'X=) XX]
j=1
* By definition W ¢ Symg(R) [ the closure of Symg(R) 0.

x It i1s known that

P{W € Sym, (R)} =1 <= n >p.

* When n < p the distribution of W concentrates on the boundary of
Sym;(R).
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Wishart distribution (3)

4 I
S sum of square o
Normal distribution :>q Gamma distribution
with mean zero O y?-distribution
J (multivariate generation) J
o L. Wishart matrix . L
Multivariate normal distribution — Wishart distribution
with mean zero vector
.
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Wishart distribution (4)

- Wishart density (2 € Sym | (R) and n > p) N
1 n/2 1 —1
W,(3, n)(dex) = - 2)n/Q(det )2 exp <—§tr (2 x))
dx
Lsym @) @) (er ywrnze

N y
where dx is Lebesgue measure on the space of p X p symmetric matrices,

p—1

o = 2P DAT] (0 —i)/2)
i=0

_ [ 1 (zeSymf(R)),
1Sym;§(R)(x) - {O (otherwise)
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Decomposition of Wishart matrix

W = HLH/, H € Op(R), L = diag(fl,fg, Cee fp)

DWIthﬁlzﬁgzzngO
N J

Here

0,(R)={H e R**?: H'H = HH' = I,,)}
and I, is the identity matrix of size p (p x p matrix).

Remark Observe that 4,,;1 = --- = ¢, = 0 when n < p and that the distribution
of eigenvalues is complicated except 3 = cI, (¢ > 0).
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Distribution of the eigenvalues of Wishart matrix (1)

density of eigenvalues of MLE
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Figure 1. (¢1, ..., £4)/10 (p = 4, n = 10): Plot of simulated eigenvalues (divided
by 10) of Wy(I4, 10) .
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Distribution of the eigenvalues of Wishart matrix (2)

density of eigenvalues of MLE
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Figure 2: ({1, ..., f10)/4 (p = 10, n = 4): Plot of simulated eigenvalues (divided
by 4) of WIO(I107 4) .
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Distribution of the eigenvalues of Wishart matrix (3)

density of eigenvalues of MLE density of eigenvalues of MLE
o o
(3] —
e
™
L.
o o |
-
o
2 -
wn
@
.
o | o
—
n
9
e e -
o o
T T T T T T T T T T T T
0 1 2 3 4 5 0 2 4 6 8 10

Figure 3: left: Wy (14, 10), right: Wig(I10, 4)
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Distribution of the eigenvalues of Wishart matrix: from RMT
view

Mar&henko and Pastur law[1]

When p = p(n) and p/n — 7 < 1(n — o0)0

t_
- Z Ix,<z — / V- ) lo<i<pdi

27Tt7'

(almost surely).
Here a = (1 — 71/2)2 b = (1 + 71/2)2
See Lecture 4 of [12].
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Distribution of the eigenvalues of Wishart matrix (5)
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Figure 4. Density of Maréhenko-Pastur's quater-circle law (7 = 4/7 = 0.57,
a = 0.06, b = 3.086).
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- Shrinkage estimators (1)

x| n>p| Assume that W : p xp ~ W,(X, n)(X¥ > 0andn > p) and

0y >l > ---> 1, > 0(with probability one) are the eigenvalues of W. Then
W /n is unbiased estimator for 3.

x However (¢1/n, ..., ¢,/n), the eigenvalues of W /n, are biased estimator
for the eigenvalues of X.. [l

Shrink eigenvalues toward a center!
* Many shrinkage estimators have been proposed under different risk functions.

* Stein’s unbiased risk estimate method works well to evaluate the performance
of the shrinkage estimators.

12
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- Shrinkage estimators (2)

* | n < p | Problem is more difficult since W is not invertable and /,,. 1 =
s — 'gp — O.

x Ledoit and Wolf(2004, JMVA) proposed a shrinkage estimator under
a quadratic loss function and evaluate the performace of the estimator
asymptotically as the number of observations and the number of variables
go to infinity together.

* Our goal is to evaluate the performace of different shrinkage estimator
(modification of Haff's estimator for n > p) under different loss function in a
finite sample settup.

13
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. Notation and settup
* Let X1, Xo, ..., X, ~ N,(0, ), independently. Each X; (i =1, 2,..., n)
Is a p-variate column vector. Here X is unknown p X p positive definite matrix.
* n equals “sample size minus 1" and p is dimension of the variables.

* Defien Wishart matrix(px p matrix ) as W := > X, X! Here "’"denotes
the transpose of the matrix and the vector.

* Consider the estimation problem of covariance matrix X2 under a loss function

AN AN

loss: L(Z, B) = tr (B2 = 1)%  risk: R(Z, X)) := E[L(E, 2)].

Here 3 is an estimator for 3, and I, denotes p X p identity matrix.

* Our goal is to compare the risk among the estimators uniformly in 3.

14
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. Some remarks (1)
* Without loss of generality, we can assume that the mean is zero.
* The Wishart matrix Wishart W is positive-deffinite <= n > plJ

* When p > n, the distribution of W exists, but its density does not exists in
usual sense.

*x Examples of loss functions which are invariant under the group of the
transformations 3 — A A’; 3 +— AXA’ (A is p x p nonsingular)

LE D) =tr (21— 1)% Lg(B, =) = tr (T2 7Y — logdet(ZX 1) — p.

But we can not use Lg if p > n as we can not evaluate the expected value of
Lgof n™'W.

* Ledoit and Wolf (JMVA, 2004) used a loss function Lp(f], ) =tr (2—2)2.

15
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- Some remarks (2)

x E[n 'W] = X. But the eigenvalues of n='W are more spread-out than
those of 3.

x When p > n, n='W semi-p.d (not invertable!). This makes everything
difficult!

x Under the loss Lg, the eigenvalues of n='W are shrunk and expanded to
obtain improved estimators when n > p + 1(because of technical reason). See
Stein (Prague Symp, 1977),Dey and Srivastava (AQOS, 1985), Haff (AOS,
1991) et al.

x To evaluate risk, SURE(Stein’s unbiased risk estimate) and eigenvalue-
caluculus [were worked well. — Do these senario work for the case when
p > n and the loss L?

« When p > n, Ledoit and Wolf (JMVA, 2004) considered a loss tr(% —
3)% (not invariant!) and obtained asymptotically efficient estimators(roughly
speaking) among the linear combinations of n='W and I,,.

16
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- Class of estimators
*x Decompose W = """ | X, X! £y > --- >/, are the nonzero eigenvalues
of W, and
W = 0,LO7, L = Diag(y, ..., l,);
O, is a p x n semi-orthogonal s.t. 00, = I,,.
* | Our estimators | [ f]:()l\IJ(L) 1) (1)

Here W := W (L) = Diag(11, ¥2, ..., ¥,) and ¥y := Y (L)(k=1,2, ..., n)
are differentiable functions from Rg to RR.

x| Our goal | OEvaluate the risk E[tr (27! — 1,)%].

* Generally the risk depends on X generally. Hence it is impossible to derive
analytical expression of risk for the class of estimators (1).

* Instead, we derive the unbiased risk estimate for the class of estimators (1)
and compare the perfomance of estimators via the unbiased risk estimate.

17
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n ldea of SURE(Stein’s Unbiased risk estimate) method

x For & = 0, ¥(L)O), derive unbiased estimator R(X) ( which depends only
on 1, ...,y and £y, ..., £, ) for the risk E[tr (X' —I,)?], i.e,

Eftr (EX7! - I,)?] = E[R(Z)].
* As E[tr (n"'WX ™! — I,)?] is constant,

AN AN

R(X) < Eftr (n " 'WX~! — I,)?] = constant
Siy—1 2 \ 1 1 2
Eftr (33X —I,)°] <Eltr(n”" WX~ " — I,)°] = constant.

« To derive unbiased risk estimate R(X) for the class (1), we need some
technical lemmas.

18
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SURE
Result | Recall that W = O,LO}, L = Diag(¢y, ..., 1,). [OFor the class of

estimators 3 = ODiag(y1(L), ..., ¥,(L))O7 and p > n + 1, we have

R(E, %) = Elr(E="'—1,)% =E[RZ)]
n (1) (1)
N oy oYk Yy, 50k
R(3) = ;{(p n—1)( . Kk)+2( ETh 2%)
" (" = 20n) — (") — 2u)
+ u L }+
b; 0 — U

Here, for k=1, 2, ..., n,

~1y  (p—n—1); Oy, — b — Py
ko ékz +4¢k8€k +2¢k2 .

19
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' Some technical lemmas for derivation of SURE (1)

« Expand the risk for & = O, %0’, = O Diag(¢1(L), ..., 1n(L))O) as

Eltr (27! —1,)?
=E[tr {0, PO, '0, %07} — 2E[tr {0, PO, =1} + p.

* We need unbiased risk estimate for
E[tr {710, $0O, 2710, v0}]
and

E[tr {&'0,%0}}].

20
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Some technical lemmas for derivation of SURE (2)

* Let X :n X p = (:cw) = [Xl, XQ, ce ey Xn]/ ~ Nnxp(O, In &) 2) and
W=3" XX,

* | Loh’s identity | For p x p matrix function G = G(W) = (g;;(W))

EX'WG] =E[nG + (X'Vx)'G].

x For X :n x p = (z;;), n x p differential matrix operator V x is defined as

(9 / / & 8gk2]
VX (5%) . (XY= 0, ) R Sy

1=1,2,...,n
1=1,2,...)p k1=1 ko=1

* Put G = ODiag(¢; 41, ..., £-%),)O} in Loh's identity. Recall that our
class of estimator is of the form ¥ = O;Diag(¢1(L), ..., ¥,(L))O] where
W = O,LOY, L = Diag({4, ..., 1,). O

21
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-~ Some technical lemmas for derivation of SURE (3)
* Put G = ODiag(¢; "1, ..., £714,)O in Loh’s identity

E[X"'WG]=E[nG + (X'Vx)'G],

x| Stein-Haff identity for n < p | For ¥ = Diag(t1, ..., ¥,), one has

E[X 10,20, = E [OlDiag(W”, UYL+ (I, — 0,0t (L—lql)} .
where

(1) ~=~Ux— Ok i
-y 00Uk _ Wk b1 9
b bty oty O S

22
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U Some technical lemmas for derivation of SURE (4)

* Taking the trace of
E[E 0,90, =F [01\11“"“)0’1 + (I, — 0,0))tr (L‘l\Il)} |

one has Kubokawa and Srivastava (2008)’s identity:

- wk Y — Yy
E[tr{Z7'0,0}] = (p—n—l) i
! ; azk b; 0 — U

23
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J Some technical lemmas for derivation of SURE (5)
* Put G = X710 Diag(l; "1, ..., £71,)0, 20O Diag(1, ..., 1¥,)0,
in Loh’s identity E [2_1WG] — K [nG + (X/VX)/G].
*x For ¥ = Diag(t1, ..., ¥n),

Eltr {0, 90,210, %0)}] = Etr {0, Diag(\", ..., (N O,}].

where @Z](Cl) =(p—n— 1)% + 4a)y, - 8% + 20k Dy ﬁ’f_zpb fork=1,..., k.

x Apply Kubokawa and Srivastava's |dent|ty for o' = = Diag(v PV %1))
to get
1 [ n AN (1) n ~121)_ ~l§1) ]
tr{x10, %0’ —n—1 2
E [tr{ 1 1t = ]; (p—n )gk - @gk +b¢zk Cr, — Uy

24
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Some technical lemmas for derivation of SURE (6)

* Put i i
& % Y — Uy
tr {X"t0,90) —n—1) 2—
E [tr { WO} =E |) ((p—n + A ng_gb
k=1 bk ]
and
Eltr {710, $0O, =10, 90"}
i <1> He Zw(l) _ g ]
=E (p—n—1)——
= ek (%k ol _
Into

Eftr (£37" ~ 1,)°]
= E[tr {0, $0,2 10,90, X7 1}] - 2E[tr {0, B0, =} + p

25
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Shrinkage estimators for large covariance matrices in multivariate normal distributions

SURE
Result | Recall that W = O,LO}, L = Diag(¢y, ..., 1,). [OFor the class of
estimators 3 = O,Diag(yn (L), ..., ¥,(L))O}, we have
R(S, %) = E[ur(327! - 1,)"] = E[R(2)]
n (1) (1)
~ S Vi 0 Oy,
R(Y) = —n— 1) (- — 228 (- 97
() ;{(p n= DG =20 25~ 2,
n_7(1) (1)
— %) — —9
+Z( K ¢lg) é b ¢b)}+p.
o k— Lo
Here, for k=1, 2, ..., n,
~1y  (p—n—1); Oy, — b — Py
- L)
k 0k T4k T Un D 0r — b

26
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Best scalar multiple

To get risk for estimators of the form aW where a is a positive constant, apply

n (1) (1)
5y _ o (Pl %Ry O Ok
R(X®) = ;{(p n 1)(& ék)H( 5, 28@)
" (g = 20n) — (95 — 2u)
+) ) }+p

bk
with o = alp (k=1, ..., n). Then

2

) p*+p
+ :
p+n—+1 p+n+1

R(aW,X) = nplp+n+1) (a -~

Result p—l—iH—lW is the best among estimators of the form aW'.

27
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Improved estimators

Estimators | [JAssume that p > n + 1 and consider estimators of the form

~ 1 t
3 = W + 0,0}).
! p+n+1( trwt )
Here O is p X n semi-orthogonal matrix consisting of column eigenvectors
coresponding to the positive eigenvalues of W and W™ is the Moore-Penrose

inverse of W, and t is positve constant.

Results | [IWe use SURE and evaluate the risk of f]t to get the following: If
0<t<2n-1)p-n-1)/{(-n+1)(p-n+2)}

then R
R(E, X)<R((p+n+1)""W, %)
for all X,

Remark that R((p+n+1)"'W, ) < R(n"'W, %)

28
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. Modification of improved estimators

* 3, improves upon the usual estimator (p +n + 1)"!W. But 3>, is not p.d.

« Modify 3 = L (W + L 0,0 ) (0 <t < 20-Den"1) 44 get:
p+n+ tr W (p—n+1)(p—n+2)

1 t

%% .

2ln—1)(p+n+1)
—1
p+n+1{ +EHV+ph

S — .
HE (p—n+1)(p—n+3).

lg =

* Unfortunately, we can not evaluate the risk of the estimators Sur by using
SURE! But we can see that this estimator is better than the usual estimator
via the simulation results we did.

29
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Simulation study (1)

the percentage relative improvement in average loss of Syr over W/(n+ p + 1)

PRIAL(f] - average loss of W /(n 4+ p + 1) — average loss of S uE
e average loss of W /(n+p+1)

30



Yoshihiko KONNO(O O O 0)

Table 1: Result of 1000 Monte-Carlo simulations for p/n = 1/2 and ¥ = I,

Shrinkage estimators for large covariance matrices in multivariate normal distributions

Simulation study (2)

p n W/n+p+1) Sur PRIAL
10 5  6.863(0.013) 6.3465(0.017)  7.5%
20 10  13.549(0.014) 12.654(0.017)  6.6%
40 20  26.891(0.014) 25.647(0.016)  4.6%
60 30  40.216(0.014) 38.821(0.016)  3.5%
80 40  53.570(0.014) 52.095(0.015)  2.8%
100 50  66.894(0.014) 65.362(0.015)  2.3%

The values in parentheses refer to the standard error on average loss.
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Thank you!
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