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Mean matrxi estimation when covariance is known

Mean matrxi estimation when covariance is known

m Assume that m, p are postive integers s.t. m > p.
m Let

be an m x p data matrix whose row vectors are independently
distributed as

Xi: px1 ~Ng&,o?lp), (i=1,2,...,m)
Here =7 := (&4, ..., £€m) @nd o > 0 are unknown.
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Mean matrxi estimation when covariance is known

m First consider the problem of estimating = under a loss
fucntion and its risk

LE D) =tr{E-HE-) = 1=E-212
and _ _
Ri(3, =) = E[L4(Z, ).
m Here = is an estimator based on X.

m ||A]|f is the Frobenius norm of a matrix A.

m tr A and AT stand for the traace and the transpose of a
matrix A, respectively.

m Low-rank mean matrix condition, i.e.,

rank= = r < p; risunknown.
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Mean matrxi estimation when covariance is known

Eckart-Young approximation theorem

m Singular Value Decomposition: Decompose X as

X = ULVT; U= (Uty...,Up), V=(V1, ..., Vp)
L = diag(¢s, b2, ..., tp) withl1 >l >--->6,2>0
whereuj e R™, vie RP (i=1, ..., p)s.t.
uru=VvTv =1,
m The total least squres (TLS) pseudo estimator is given by

r
= = . — 2
=TLS = Z f,'U,'V;r. & =115 € argmin ||= - X"F'
i—1 =:rank =<r
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Mean matrxi estimation when covariance is known

A hard-shreshholding rule

m Assume that o2 is known.
m Solve

SVHT,(X) = arg;nin[llE — X|12 + Arank (z)]

where A > 0 is a tuning scalar parameter.
m Then the solution is given by

1 {i>A

P
e - - - T' - e
SVHT(X) = Z GG > BuvT; 1{E 2 A) = { 0 offerwise

i=1

4
m The optimal shreshholding is ? Vpo when p = m.
3
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Mean matrxi estimation when covariance is known

A soft-thersholding rule

m Céndes et al. define an adaptive soft-shreshholding rule
based on SURE:

p
SVT(X) = Z(l’, ) 1t > AuvT =: Z(t’,— — D) uvT
i=1
(1)
which is obtained from
p
myin{||X ~ Y| + (22) z; ,1,-} Y = SVT,(X).

l:

m The parameter 4in (1) is selected by minimizieng SURE,
Stein’s unbiased risk estimate for (1).
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Mean matrxi estimation when covariance is known

m Gaussian integration-by-parts (=Stein’s identity) and a bit of
algebraic calculation lead to

Re(SVT,, =) = [E[SURE(SVT,)(X)],

P
SURE(SVT,))(X) = -mpo?+ > min{2, A%}
i=1
+202div(SVT,(X)),
p p
div(SVTy(X)) = (m-p) ), (1 - [i) + )G > A
i—1 i+ iz

whenever £1 >l > --- > £, > 0.
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Mean matrxi estimation when covariance is known

m An adaptive estimator is given by

P
SVTA(X) = D (ti—-A)iuv], )
i=1

P
A = argmin| > min{2, A2} + 202div(SVT (X))
20 |i= '

m Numerical evaluation of the risk of (2) was carried out by
Candés et. al. Obviously

R(SVT(X), =) < R(X, =) for V=
m Butitis not clear if R(SVTy(X), =) is close to R(Zms(X), 2)
forV=strank=<r < p.
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Sufficient conditions for Stein’s identity

Sufficient conditions for Stein’s identity

m Fors > 0and A c RP, let H*S be the Haussdorff measure,

i.e.,
HE(A) =
I diamC;\°® - )
(ISL% inf ;a(s)( 5 ) ;A C Ui:1cj’ diamC; < 6
where
71'5/2
o(s) = ——.
r1+s/2)
m Let X = (X1, ..., Xp)T be distributed as Np(Z, o2lp) and

= (2;19 ey EP)T Wherez‘:i: RP —)R(’: 1, 2, ceey p) .
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Sufficient conditions for Stein’s identity

Stein’s lemma by Niels R. Hansen(SPL(2018))

m Let A c RP be a closed subset s.t. = : A® — RP is
contineously diffrentiable. If HP~1(A) = 0 and

P\ [|0€i
E El|l—=
=1 [

aX,'

] < oo, (2)
then

P
é ; Cov(& xi) = #E[( —=)TE] = E[div(Z)] = E

Q|
x| )
——

m The condition (3) is replace with

div(Z) > 0, Lebesgue almost everywhere.
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Sufficient conditions for Stein’s identity

m Hansen (2018) showed that Stein’s lemma is valid for

p
Z [I ulV ’

III)

h; : (0, co) — Ris continously differentiable

fori=1,2,..., p—1and
hp : [0, o) — Ris continously differentiable with hp(0) = 0

as well as (3) is satisfied for each h; (i =1, 2, ..., p).
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Case when the covarianc matrix is unknown

Case when the covarianc matrix is unknown

m Assume that min{m, n} > p and that

p
—>
—>

—>
—>
m The m x p mean matrix Zisofrank r < p
m The error E is an (m + n) x p error matrix(unobservable)
whose rows are identically distributed as Np (0, X).
m The covariance matrix X is a p X p positive-definite and
unknown.
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Case when the covarianc matrix is unknown

m We consider the problem of estimating = under low-rank
mean matrix condition, i.e.,

rank= = r < p; risunknown.
m A loss fucntion and its risk are given by
L5, 3) =tr{E-)="E-)N = 1=-2E ;

and _ _
Ra2(Z, =) = E[L2(=, Z)]
where = is an estimator based on (X, S).

mS=Y"Y ~ Wy(X, n), which is the Wishart distribution with
the degree of freedom n and the scale matrix ¥.
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Case when the covarianc matrix is unknown

m To derive a class of estimators, first assume that X is known.
m Then we have

XZ2 o N (S, Im® 1p), = =Zx""2
which leads to an estimator of = given by
Zrs = argmin|XE V2 -2 = S =Zps¥?
rank =<r

m Hence we consider a class of estimators of the form
P
Sy = [Z h,-(l’,-)u,-viT] s'/2. xs1/2 — yLyT
i=1

where L = diag(¢4, ..., fp), H = diag(hy, ..., hp),
U=(uy,...,up)and V = (vq, ..., Vp)s.t.
Utu=VvTv =1,
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Case when the covarianc matrix is unknown

m If

c .

h,'(fi) = {i— F(I =1, 2, ceey p);
1

¢ is a known positive constant,

then it results in the Efron-Morris estimator which is given by

Sh = XSTV2[l, - c((XxsTV?)T(XxST2))"] 82
= X-cX{X"X)'s.

m On the other hand, Tsukuma and Kubokawa (2015)
considered estimators of the form

Sr=X-UTU™X,
where T = diag(t(£3), ..., tp(fg)).
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Case when the covarianc matrix is unknown

m Recall that
XSV2 = ULVT <= L'U"X = VS'/2
From a simple calculation we get
Sy = UHVTS'2 = UHL™'U"X = UL'HX.
m Ifwesetlp — T = L' H(ti(x) = hi( ¥x)), then we have

—_

—H==T.

)

m From this we can see that

— —

Lu(ZH, =) = Lm(=T, 2).
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Case when the covarianc matrix is unknown

m Furthermore, using the result due to Tsukuma and
Kubokawa (2015), we have

Ru(Zr, =) = E[SURE(T)];
P
_ 2 42 o 24 37 _ 247
SURE(T) = § [m+a(’i t? — 2bt; — 4624t — 4631

p 042 - 412 p L%t - P
) I ]

i j
2 2 - “42, 2 ]
J#I i j J#FI i i
hi(¢; 1 h(¢;
A S W VL]

¢ ! 202\ ! ¢
1
a, b : known positive constants.
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Case when the covarianc matrix is unknown

m Then we have an adaptive soft-thresholding rule

P
=, = SVTy(XSs™'2)s'2 = [Z(t’,- —i)+u,-v,T] s'/?
i=1
where
A = argmin SURE(SVT,;)(XS™"/?);
120
P
SURE(SVT,)(XS™"/?) = Z[m + al’t? - 2bt; — 424t
i=1
p [:‘tlz - f4t2 2t — 02t
—4fy -2y ———— ——— -4 ———— ]
j#i [ - [ jEi -
ti-21
t,-:1—u(i:1,...,p);
i
1 bi—A
v — - (1> 0+ u)
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Case when the covarianc matrix is unknown

Special case

m T = o2, where o is postive but unknown.

m Lets?2 = tr(YTY)/p.

m Then an adaptive soft-thresholding rule for this case is given
by =5 = > (6 - 2s?) fuvT;, X =ULVT,with

—_

A = argminSURE(SVT,)(X) and
20

p p f?tiz - f?tjz
SURE(SVT)(X) = [m32 +al’t?-ant -2y ———
; I 1 I I ; [iz _ [l?

24 _ Pt
+s2(at’2t2 Y Ep M)]
ii i 2 2
[ETE P
i i

ti — As? ti — As?
t=1- u; t = —l[ll{f,- > 1s?} + ('—);L
i ! £ tion/



Case when the covarianc matrix is unknown

m Remark: It is routine to convert this result to case for complex
normal distribution.
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Simulation Study

Simulation Study
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Simulation Study

References

E Candés, E.J., Sing-Long, C.A., and Trzasko, J.D. (2013):
IEEE on Signal Processing 61 4643—-4657.

H Chételat, D. and Wells, M.T. (2012): AOS 40 3137-3160.
H Efron, B. (2004): JASA 99 619-642.

A Hansen, N.R. (2018): SPL 135 76-88.

H Josse, J. and Sardy, S. (2016): Stat. Comput 26 715-724.

@ Mukherjee, A., Chen, K., Wang, N., and Zhu, L. (2015):
Biometrika 102 457-477.

Tsukuma, H. and Kubokawa, T. (2015): JMVA 139 312-328.

23/23



	Mean matrxi estimation when covariance is known
	Sufficient conditions for Stein's identity 
	Case when the covarianc matrix is unknown
	Simulation Study

